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ABSTRACT. Let I be a squarefree monomial ideal of S = K|[z1,...,z,]. We prove that if
hdepth(S/I) < 6 or n < 9 then hdepth(I) > hdepth(S/I), giving a positive answer to a
problem raised in our previous paper [3].
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1. INTRODUCTION

Let K be a field and S = K][x1,...,z,], the polynomial ring over K, equipped with the
standard grading. Let M be a finitely generated graded S-module. The Hilbert depth of M,
denoted by hdepth(Af), is the maximal depth of a finitely generated graded S-module N with
the same Hilbert series as M. For the basic properties of this invariant, we refer the reader to
1, 5].

Let 0 C I € J C S be two squarefree monomial ideals. In [2], it was presented a new method
of computing the Hilbert depth of the S-module J/I, as follows: For all 0 < j < n, we let
a;(J/I) be the number of squarefree monomials u of degree j with w € J\ I. Forall 0 < ¢ <n
and 0 < k < ¢, we consider the integers

k .
(1.1) BT/ =D (1) (Z - ;) a;(J/I).

=0
In [2, Theorem 2.4], it was proved that the Hilbert depth of J/I is
hdepth(J/I) = max{q : BL(J/I) > 0forall 0 <k < g}

Using this new combinatorial characterization of the Hilbert depth and Kruskal-Katona theorem,
in our previous paper [3]|, we studied connections between hdepth(S/I) and hdepth(l). We
proved that if I C S is a squarefree monomial ideal with hdepth(S/I) < 3, then hdepth([) > 4;
see [3, Theorem 3.9]. Also, we proved that if hdepth(S/I) < 5, then hdepth(I) > hdepth(S/I);
see [3, Theorem 3.12] and [3, Theorem 4.4]. We conjectured that if hdepth(S/I) < 6 or n <9,
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then hdepth(Z) > hdepth(S/I). In this paper, we give a positive answer to this question; see
Theorem 2.8 and Theorem 2.10.

2. MAIN RESULTS

Let (0) # I C S = Klz1,...,xy,] be asquarefree monomial ideal with hdepth(S/I) = ¢ < n—1.
For convenience, we denote
aj = a;(S/1),0 < j <n, and B} = BL(S/T), 0 <k <qg<n.

Also, we denote m = (x1,...,x,), the maximal graded ideal of S.
First, we recall the following result:

Theorem 2.1. (see [3, Theorem 2.3]) The following are equivalent:
(1) I is principal.
(2) hdepth(I) = n.
(8) hdepth(S/I) =n — 1.
Theorem 2.1 shows that, in order to prove that hdepth(l) > hdepth(S/I), it suffices to assume
that I is not principal. Hence, n > ¢ + 2. Another important reduction which can be done is to

assume that I C m?; see [3, Remark 2.4]. Hence, ag = 1 and a1 = n.
Let N and k be two positive integers. Then N can be uniquely written as

N = (T]L:>+<:kll>++<nj>, where ng >ng_1 >--->n; >j> 1
- J

Indeed, we let n; to be the maximal n such that £ > (Z), than we replace £ with ¢ — (72’“) and k
with £ — 1 and repeat until the difference becomes zero.

As a direct consequence of the Kruskal-Katona Theorem ([4, Theorem 2.1]), we have the
following restrictions on «y’s:

Lemma 2.2. If g = (%) + (1) + - + (73?'), as above, where 2 <k <mn —1, then

(1) en-1 = (%) + (1) +---+ (2).
(2) a1 < (krzﬁ) + (nkkfl) +ot (31]1)
Also, we have the following result:

Lemma 2.3. (See [3, Lemma 3.11] and [3, Proposition 3.2]) Let (0) # I C S be a proper
squarefree monomial ideal with hdepth(S/I) = q. The following are equivalent:

(1) hdepth(I) > hdepth(S/I).
(2) Bl < (”_q:k_l), for all 3 <k < q.

We recall also the following lemma:

Lemma 2.4. (See [3, Lemma 4.1]) Let (0) # I C S be a proper squarefree monomial ideal.
(1) If ¢ = 6 then BS(S/I) < (”54).
(2) If ¢ =7 then B3(S/1) < ("3°).

In the following, our aim is to tackle the open problems from [3]. Also, we assume that
g = hdepth(S/I) > 6.

Lemma 2.5. With the above notations, we have that 3§ < ("13).
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Proof. First note that n > 8. Since ﬁg >0 and 5§ > 0 it follows that
(2.1) az > 5(n—3), ag > 4o —10(n —2) > 10(n —4), 4das < az + 10(n — 2).

We consider the functions

=) o (= ()5 ) o= () -+ )

Note that f(z) = sy2(z — 1)(z — 2)(z — 15) and we have:

TABLE 1

x 1123 |4 |5 |6 7 |8 19 10 11 12 13 14 | 15| 16
f(xz) 0[]0 |-3]-11]-25|-45|-70 |-98 [-126 | -150 | -165 | -165 | -143 | -91 | 0 | 140

Also, f is decreasing on [2,11] and is increasing on [12, 00).

Note that g(z) = ¢z(z — 1)(z — 11), so we have:

TABLE 2

x |12 (34 |5 (6 |7 |8 |9 |10 |11|12|13 |14
g(x) |0[-3|-8|-14[-20|-25|-28 |-28 |-24|-15|0 |22|52|91

Also, g is decreasing on [1, 7] and is increasing on [8, 00).
Since h(z) = 3x(z — 7), we have:

z 112 (3 (4|56 [7|8[9]10]11]12|13
h(z)|-3|-5|-6{-6|-5[-3|0[4]|9[15|22]|30]39

Also, h is nondecreasing on [3, 00).
We consider several cases:

(a) as = (”33) From Lemma 2.2 it follows that oy < (7213) and agp > ("23) If n3 = n then
oy = (g) and therefore

=)o) o) o= (1)

as required. Hence, we can assume that n3 < n.

Since a9 < (;) and ay < (7213), a sufficient condition to have 3§ < ("23) is f(ng) <
f(n). This is clearly satisfied for n > 15; see Table 1, with values of f(z). Hence, we
may assume n < 14. We consider several subcases:

e n = 14. From (2.1) it follows that as > 10(14 — 4) = 100 > (3) = 84 and thus
n3 > 10. In particular, we get f(n3) < f(13) = —143 < f(14) = —91 and we are
done.

e n = 13. From (2.1) it follows that ag > 90 and thus n3z > 10 and again we have
f(n3) < £(10) = —150 < £(13) = —143.
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e n = 12. From (2.1) it follows that ag > 80 and thus ng > 9. If ng = 11 then
f(n3) = f(11) = f(12) and we are done, so we may assume that ns € {9,10}, i.e.
as € {84,120}, If ng =9, i.e. a3 = 84, then from (2.1) it follows that

o > 5-9 =45 and 4o < 184.
Therefore ay € {45,46}. Since ay < (Z) = 126, it follows that
; 12 -3
B <126 —-3-8446-46—-10-12415=45 <126 = 4 .

Similarly, if ng = 10, i.e. asz = 120, then 4o < 220, that is as < 55. Since
ay < (140) = 210, it follows that

12 -3
Bff§210—3-120+6-55—10~12+15:75S126:( 4 )

Hence, we are done.
e n = 11. From (2.1) it follows that as > 70 and thus n3 > 9. If ng = 9 (a3 = 84),
then from (2.1) it follows that

as > 40 and 4as < 174, ie. ag < 43.

Since ay < (Z) it follows that

By <126—-3-84+6-43—-10-11+15=37<70= 4 ,
and we are done. If n3 = 10 (ag = 120) then, from (2.1), it follows that 4as < 210,
that is ag < 52. Also, ay < (14?) = 210. Hence

11-3
ﬁgg210—3-120+6-52—10-11+15:67§70:< A )

and we are done again.
e n = 10. From (2.1) it follows that ag > 60 and thus ng = 9 and ag = 84. Also
ay < 126. Again, from (2.1) it follows that 4ae < 164, i.e. ag < 41. Therefore

10—3
6ff§126—3-84+6-41—10-10+15:35:< A )

and we are done.
e n =29. From (2.1) it follows that a3 > 50 and thus n3 = 8 and ag = 56. Also,
ay < 70. Again, from (2.1) it follows that 4ag < 126 and as < 31. It follows that

9-3
5g§70—3~56+6-31—10-9+15:13§15:( A >

and we are done.
e n = 8. From (2.1) it follows that a3 > 40 > (g) = 35, a contradiction, since ng < 7.
(b) a3 = (%) + ("), where n > ng > ng > 2. From Lemma 2.2 it follows that

e () (5) e ()3



ROMANIAN JOURNAL OF MATHEMATICS AND COMPUTER SCIENCE Issue x, Vol. xx (20xx)

Since az < (3), in order to have 8§ < ("f’) it suffices f(ng) + g(n2) < f(n). If n > 16
then

f(n) = (f(n3) + g(n2)) = f(n) = (f(n —1) +9(n - 2)) = %(n —2)(n—-9) >0,

and we are done. If n = 15 then, looking at the tables of values of f(z) and g(z) it is
easy to check that f(n3)+g(n2) < 0= f(15), so we are done as well in this case. Hence,
we may assume n < 14. We consider several subcases:
e n = 14. Asin the case (a), we have ag > 100. We claim that n3 € {9,10, 11,12, 13}.
Indeed, if ng < 8, then ag < (g) + (7) = 77 < 100, a contradiction. Also, ng <

2
n—1=13. Since 9 < ng <13 and 2 < ny < ng — 1 <12, from the tables of values

for f(z) and g(x) it follows that
f(n3) + g(n2) < f(9) +g(12) = =126 + 22 = —104 < —91 = f(14),

and we are done.
e n = 13. As in the case (a), we have a3 > 90. Thus ng € {9,10,11,12}. Also,
2 <ng <11. If ng > 10 then

f(n3) + g(ne) < f(10) + g(11) = —150 < —143 = f(13),
and we are done. Now, assume that ng = 9. It follows that ny < 8. If no > 5 then
f(n3) +g(n2) < f(9) +g(5) = —146 < —145 = f(13),

and we are done again. If ng = 4 then a3 = 90. From (2.1) it follows that
4oy < ag + 110 = 200, that is ag < 50. If follows that

13-3
Bggf(9)—|—g(4)—|—6-50—10-13+15:45<( A >

If ny < 3, then ag < 87, a contradiction.

e n = 12. As in the case (a), we have a3 > 80 and ng € {9,10,11}. If ng = 11
then ng < 10 and therefore f(n3) + g(n2) < f(ns) = f(11) = f(12), as required. If
n3 = 9 then az < (g) + (g) = 112. From (2.1) it follows that 4as < 212, that is
oy < 53. It follows that

B8 < f(nz) 4 g(ng) +6-53 —10-12+15 = £(9) + g(ny) + 113 <
< £(9) + g(2) + 113 = —126 — 3 + 113 = —16,
a contradiction. Thus, we are done. If ng = 10 then ny < 9. If ny > 5 then
f(n3) +g(n2) < f(10) + g(5) = —170 < —165 = f(12),

and we are done. If ny < 4 then

= (3) () o5 (3) () o

From (2.1) it follows that 4as < 226, that is as < 56. Since ay < (%)) + (5) = 214,
it follows that

12 —
62§214—3-121+6-56—10-12+15:82g126:( A 3).
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e n = 11. As in the case (a), we have ag > 70. Thus n3 € {8,9,10}. If n3 = 8 then
ny > 6and 72 = (3)+(5) < az < (§)+(}) = 77. In follows that 4as < 77+90 = 167
and thus as < 41. Since ay < (i) + (?7)) =112, we get

B8 <112-4-7246-41—-10-11+15 = —25,
a contradiction. If ng = 9 then 85 < ag < (g) + (g) = 112 and thus
4o < 1124 90 = 202, that is ag < 50.

Since ay < (3) + (5) = 182, it follows that
8
52S182—4-85+6-50—10-11+15:47§ <4> —70.
If ng = 10 and np > 5 then f(n3) + g(n2) < —170 < f(11) = —165 and there is

nothing to prove. Hence we may assume ny < 4. If no = 4 then ag = 126 and, from
(2.1), it follows that ag < 54. Since ay —3as < f(10) + g(4) = —164, it follows that

8
52§—164+6-54—10-11+15:65<7(): (4)

If no € {2,3} then ag < 123 and therefore ae < 53. Since ag — 3z < f(10)+g(2) =
—153, it follows that

8
B$§153+6-5310-11+15:7o:<4>,

e n = 10. As in the case (a), we have ag > 60. Thus n3 € {8,9}. Assume ng = 9.
If ny € {6,7} then f(ng) + g(n2) < —151 < —150 = f(10) and we are done. So we
may assume no < 5. If ng =5 then ag = 94 and therefore 4as < 94 + 80 = 174, i.e
ag < 43. Since ay — 3ag < f(ng) + g(n2) = f(9) + g(5) = —146, it follows that

7
B8 < —146 + 6 - 43 — 100 + 15 = 27 < 35 = (4).

If ng = 4 then asz = 90 and therefore cg < 42. Similarly, we get Bff <27. Ifny <3
then ag < 87 and therefore as < 41. We get

7
ﬁff <f(9)+9(2)+6-41—-100+15=32< <4)
Now, assume that ng = 8. If ny < 3 then a3 < (i) + (g) = 59, a contradiction.
Thus ng € {4,5,6,7}. If ng = 4 then a3 = 66 and thus 4as < 142, that is ay < 35.
It follows that
7
B < f(9)4+9g(4)+6-35—100+15=3 < (4).

If no > 5 then a3 < 77 and thus as < 39. It follows that

B8 < £(9) +g(5) +6-39 — 100+ 15 = 31 < (D
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e n =9. As in the case (a), we have g > 50 and n3 € {7,8}. Assume that n3 = 8.
If no = 7 then

f(n3) +9(n2) = f(8) + 9(7) = =98 — 28 = —126 = f(9),

and we are done. If no = 6 then ag = (2) + (g) =71 and 4as < 141, that is as < 35.
Thus

6
B < f(8)+g(6)+6-35—-90+15=12< <4> = 15,

and we are done. If ng = 5 then ag = (g) + (g) = 66 and a9 < 34. Thus

6
B < F(8) +g(5)+6-34—90+15=11< (4) = 15.
If no = 4 then a3 = 62 and oy < 33. Thus
6
B < f(8)+g(4)+6-32—90+15=11 < <4> = 15.

If ny = 3 then a3 = 59 and az < 32. Similarly, we get 8§ < 11. If ny = 2 then
a3z = 57 and ap < 31. Similarly, we get 8 < 10. Now, assume that ng = 7. It
follows that ny = 6 and a3 = 50. Thus as < 30 and

BS < F(7) + g(6) +6-30 —90 4 15 = 10 < 15.
e n = 8. As in the case (a), we have az > 40. Thus ng = 7 and ny € {4,5,6}. If
no = 4 then a3 = 41 and ay < 25. It follows that
5
B < F(T)+g(4)+6-25-80+15=1< (4) = 5.

If no =5 then a3 = 45 and a9 < 26. It follows that

B < F(T)+g(5)+6-26—-804+15=1< (Z)
If no = 6 then a3 = 50 and a9 < 27. It follows that

BE< f(T)+g(6)+6-27T-80+15=2< (i)

(¢) ag = (7;3) + ("22) + ("11), where n > ng > no > nq > 1. From Lemma 2.2 it follows that

ns no n1 ns na
< > .
oy < <4>+<3>+<2> and ag > <2>+<1>+1
Since az < (%), in order to have 8§ < (",?) it suffices that f(n3)+g(n2) +h(n1) < f(n).
If n > 16 then
f(n) = (f(n3) +g(n2) + h(n)) = f(n) = (f(n = 1) + g(n = 2) + h(n = 3))
=n—-6>0.
If n = 15 then, looking at the tables of values of f(z) and g(z) it is easy to check that

f(n3) + g(n2) + h(ny) < 0= f(15), so we are done as well in this case. Hence, we may
assume n < 14. We consider several subcases:
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e n = 14. As in the case (b), we have
ag > 100 and ng > {9,10,11,12,13}.
If ng > 10 then
f(n3) + g(n2) + h(n1) < f(13) + g(12) + h(11) = —143 + 22 + 22
=-99 < —91 = f(14),
and we are done. If ng =9 then ny < 8 and ny < 7 and thus
f(n3) + g(n2) + h(n1) < f(9) = —126 < —91 = f(14).

e n = 13. As in the case (b), we have ag > 90 and n3 € {9,10,11,12}. Assume that
ng = 9. If no > 4 then

f(n3) +g(n2) + h(n1) < f(9) +9(4) + h(1) = 143 = f(13),

and we are done. If ny < 3 then az < (g) + (g’) + (?) = 89, a contradiction. If

ng = 10 then ny <9 and n; < 8. In particular, g(ny) < 0 and h(ng) < 4. Therefore
f(n3) +g(n2) + h(n1) < f(10) +4 = —146 < —143 = f(13),
and we are done. Similarly, if ng € {11,12} then ny < 11 and ng < 10. Therefore
F(n3) + g(ng) + h(n1) < —165+ 0 + 15 = —150 < —143 = f(13),
and we are done again.
e n = 12. As in the case (b), we have a3 > 80 and nz € {8,9,10,11}. If ng = 11 then
ng < 10 and ny < ng — 1. If is easy to check that g(n2) + h(n1) < 0 and therefore
f(n3) +g(n2) + h(n1) < f(n3) = f(11) = f(12),
as required. Assume ng = 9. It follows that ag < (g) + (g) + (I) =119. From (2.1) it

follows that 4 < 219, that is ag < 54. Also, ny < 8, ny < 7and ag > (g) +2 = 86.
Since ag — 3az < f(n3) + g(n2) + h(ny), it follows that

B8 < f(nz) 4 g(ng) + h(ny) +6-54 —10-12 4 15 =

4

and we are done. If ng = 10 then ny <9 and n; < 8. As in the case (b), if ng > 5
then

f(n3) + g(n2) + h(n1) < f(10) + g(5) + h(8) = —166 < —165 = f(12),

and we are done. If no <4 thenn; <3 and 122 < a3 < (130) + (3) + (‘z’) = 129. From
(2.1) it follows that 4as < 229, that is as < 57. Since ay < () + (3) + (3) = 217,

4
it follows that

= £(9) + g(ng) + h(ny) + 219 = 93 + g(ng) + h(ny) < 126 = (9>

12 —
BffS217—3-122+6'57—10'12+15:88§126:( 4 3).

If ng = 8 then the condition ag > 80 implies ny = 7 and 3 < n; < 6. In particular,
we have ag < 83 and thus as < 45. Also, we have

ag — 3oz < f(n3) + g(n2) + h(n) < f(8) + g(7) + h(6) = —129.
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If follows that
9
B8 < 1294645 — 120+ 15 = 36 < 126 = <4).

e n =11. As in the case (b), we have ag > 70 and n3 € {8,9,10}. First, assume that
ng = 8. As in the case n = 12 above, it follows that a3z < 83. We get as < 43. If
ng = 7 then oy — 3az < f(8) + ¢(7) + h(6) = —129. Therefore

8
BS<—129+6-43—110+15=234 < (4) — 0.

If ny <6 then a3 < (i) + (g) + (?) = 76 and a9 < 41. Since
ag — 3az < f(n3) + g(n2) + k(1) < f(8) +9(2) + k(1) = —104,
it follows that
B8 < —104+6-41 —110+15 =46 < (i) = 70.

Now, assume ng > 9. If ng =9 and ny = 8 then

()0 ()= 0+ ()- ()

4oy < 119 4+ 90 = 209, that is ag < 52.
Note that ay < (Z) + (g) + (;) = 203. If a3 > 114 then it follows that

9
52S203—3-114+6~52—10-11+15:78<80:(4),

as required. If ag = 113 = (g) + (g) + G) then oy < (Z) + (2) = 182 and it is easy
to conclude that 8§ < 80.

Now, assume ng = 9 and no < 7. We have that 86 < a3 < 111. It follows that
4as < 201 and thus as < 50. Also, we have ay < (Z) + (g) + (g) =176. If g > 101
then

8
5$§176—3-101+6-50—10-11+15:78<80:<4>,

and we are done. Assume a3z < 100 = (g) + (g) + (%) Then a4 < (Z) + (g) = 146
and as < 47. Hence

8
B8 <146 —3-864+6-47—10-114+15 =75 < 80 = (4),

and we are done. Now, assume ng = 10. As in the case (b), we can assume ny < 4
and ny; < 3. Moreover, if no = 4 then
f(n3) 4+ g(n2) + h(ni) < f(10) + g(4) + h(1) = =167 < —165 = f(11),

and we are done. So we may assume ng < 3. It follows that ag < 125. Hence,
4o < 215 and thus ag < 53. Since

ay — 3az < f(n3) + g(n2) + h(n1) < f(10) + g(2) + (1) = —156,
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it follows that
8
@?S —156+6-53—-10-114+15=67< 80 = (4)

e n = 10. As in the case (b), we have a3 > 60 and n3 € {8,9}. First, assume that
n3 = 9. If ng > 6 then we are done as in the case (b). If no =5 and ny > 2 then

f(ng) + g(n2) + h(n1) < f(9) + g(5) + h(2) = —151 < —150 = f(10),

and we are done. If no = 5 and ny = 1 then a3 = 95 and as < 43. Since

ag —3az < f(n3) + g(na2) + h(n1) = f(9) + g(5) + h(1) = —149, it follows that
B8 < 1494643 - 100415 = 24 < 35 = <Z>

If ny = 4 then a3 < (3) + (3) + (}) = 93 and thus ay < 43. Since
oy — 3ag < f(9) + 9(4) + h(l) = —143,

as above, we get ,6’2 < 30 < 35 and we are done.
If ny < 3 then a3 < (g) + (;’) + (3) = 89 and thus ay < 42. Since

s — 3ag < £(9) +9(2) + h(1) = 132,
it follows that

7
B§ < —132+6-42— 100+ 15 = 35 = (4)7

and we are done.
Now, assume that ng = 8. It follows that a3 < 83 and ap < 40. If ny > 5 then

ay —4az < f(ng) + g(n2) + h(n1) < f(8) +g(5) + h(1) = —121

and therefore
B% < 1214640 — 1004 15 = 34 < 35 = (Z)
If no <4 then a3 < 65 and ay < 36. It follows that
B < £(8) +g(2) + h(1) +6-36 — 100 + 15 = 27 < <D

e n =9. As in the case (b), we have ag > 50 and n3g € {7,8}. Assume ng = 8. If
ny = 7 then we are done with the same argument as in the case (b). Similarly, if
ng = 6 then

f(n3) +g(n2) + h(n1) < f(8) +9(6) + h(1) = =126 = f(9).
If no = 5 then ag < 70 and 4as < 140, that is ag < 35. Hence

6
,6’2 <f®)4+gB)+h(1)+6-35—-90+15=14 < 15 = <4>
If no = 4 then a3 < 65 and thus as < 33. Therefore

B < F(8) +g(4)+h(1)+6-33—-90+15=8<15= (2)
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If ng < 3 then ag < 61 and thus as < 32. We get
6
ﬁffSf(8)+g(2)+h(1)+6-32—90+15:13§15: (4)

Now, assume that ng = 7. Since az > 50 = (g) + (g), it follows that no = 6 and
a3 = 50 + ny < 55. Thus as < 31 and

6
ﬂff < f(7)+9(6)+h(1)+6-31—90+15=13< 15 = <4>,
and we are done.

e n = 8. As in the previous cases, we have g > 40. Thus n3 = 7 and ny > 3. If
ng = 3 then n1 = 2, ag = 40 and as < 25. It follows that

(3)

B < F(T)+9g(5) +h(1)+6-27T—80+15=4<5= <i>

If ng = 6 then f(7) + g(6) + h(1) = —98 = f(8) and we are done.

5
BS<F(T)+g(B)+h(2)+6-25-80+15=2<5= ( >
If no = 4 then a3 < 44 and ag < 26. It follows that

BS< F(T)+g(4) +h(1)+6-26—-80+15=4<5

If no =5 then a3 <49 and ay < 27. It follows that

O

Note that, if hdepth(S/I) = 7, then the condition 3] < ("14) do not hold in general; see [3,
Example 3.14].
Lemma 2.6. With the above notations, we have that ﬂg’ < ("g2).
Proof. First, note that
BS = a5 — (285 + 385 + 485 + 557 + 647) <
<as— (585 +668) = a5 — (5(n—6) +6) = a5 — (5n — 24).

If as < (”g2) + (5n — 24) then there is nothing to prove. Hence we may assume that
-2
(2.2) as > <” . ) + 5n — 23.

We denote fi(z) = (7)) —2(,",) for all 2 < k < 5. We have the following table of values:

TABLE 4
x 213 (4|5 6 7 8 9 10 11 12 13 14
fs(x 00 |-2]-9 [|-24]|-49|-84|-126|-168 |-198 |-198 | -143 |0
0

-2 -T|-15|-25|-35|-42|-42 |-30 |0 55 143 | 273
-2|-5(-8|-10|-10|-7 |0 12 130 |55 |88 130 | 182
-2-3|-3|-2|0 |3 |7 |12 |18 |25 |33 |42 |52 |63

jen] ) Ran) B
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We claim that
1
(2.3) 3as — das < 3<§> - 4(2) = Sn(n—1)(n—6).

If ag = (’;) then (2.3) is obviously true. Suppose that ay = (’122) for some ny < n. Then
ag < ("32) and thus, since n > 8, we get

3ag — dag < %ng(ng —1)(n2 —6) < %n(n —1)(n —6).
Similarly, if ap = ("?) + (")) for some 1 < ny < ng < n, since n > 8, we get
3as — 4dag < %ng(ng —1)(ny —6) + %nl(Bnl —11) <
(n—1)(n—-2)(n—7)+(n—2)(3n—17)) = %(n —2)(n* —5n —10) =
= Jn(n—1)(n—6) — (60— 20) < %n(n ~1)(n—6),

<

— N =

and thus we proved the claim. Since 556 = a5 — 2ay4 + 3as — 4das + 5n — 6, from (2.3) it follows
that, in order to complete the proof, it suffices to show that a5 — 2a4 < f5(n). If ay = (Z) this
is obviously true, so we can dismiss this case.

Since hdepth(S/I) = 6 it follows that:
BS =y —5n+15>0, 85 = az —4ag + 10n — 20 > 0.
As in the proof of Lemma 2.5, we deduce that

(2.4) az > 5(n—3), ag > 4o —10(n —2) > 10(n —4), 4oz < az + 10(n — 2).
Moreover, since 3% = ay — 3as + 6ag — 10n + 15 > 0, by using (2.4), we deduce that
(2.5) ayg > 3ag — 6ag + 10n — 15, 3as < ayg + 20n — 75 and ayg > 10n — 45.

We consider several cases:

(a) ay = (") with ny < n. Note that a5 — 2a4 < fs5(n4). From (2.2) it follows that
oy > ("12) and thus ng =n — 1. If n > 12 then f5(n4) = f5(n — 1) < f5(n) and we are
done. Hence, we may assume that n < 11. We consider several subcases:

e n = 11. Since ay = (140) = 210, from (2.5) it follows that

3ag < 210 + 220 — 75 = 355,

and thus a3 < 118. On the other hand, ag > (130) = 120, a contradiction.

e n = 10. Since ay = (Z) = 126, from (2.5) it follows that a3 < 83. On the other
hand, as > (g) = 84, a contradiction.

en = 9. We have iy = (i) = 70. From (2.5) it follows that ag < 58. Also
g > g) = 28. Therefore

7
BS < f5(8)+3-58 —4-28 +45 — 6 =17 < 21 = <5>

e n = 8. From (2.2) it follows that as > (g) +95-8-23 =23 > (g) and therefore
oy > (Z), a contradiction.
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(b) ag = (1) + (%) with 3 < ng < ng < n. From (2.2) it follows that ng >n—2. If n > 13

f5(n) = (f5(na) + fa(nz)) > fs(n) = (fs(n — 1) + fa(n —2)) =

_ é(n —2)(n—3)(n —10) > 0,

and we are done. We consider several subcases:
o n =12 If ng = 11 then f5(n4) + fa(ng) < fs(na) = f5(11) = f5(12) and we are
done. Assume that ny = 10. From (2.2) it follows that as > (150) + 37. Since
(D <37 < (Z), if follow that n3 € {8,9} and thus

f5(n4) + fa(nz) = —168 — 42 = —210 < —198 = f5(12),

and we are done.
e n =11. From (2.2) we have a5 > (g) +55-23> (g) + (2) + (g) + (g) Therefore,
it follows that as > (g) + ((15) + ((5)) = 43. Assume that ns = 10. If ng > 7 then

f5(n4) + fa(nz) < —168 — 35 = —203 < —198 = f5(11),

and we are done. If ng < 6 then ay < 230 and thus, using (2.5), a3 < 125. Therefore
B < f5(10) + f4(3) +3-125 —4-43 +5-11 —6 =82 < 126 = (g)

If ngy =9 then ay < (Z) + (g) = and thus, from (2.5), we have a3 < 109. Therefore
BE< f5(9) + f1(3) +3-109 —4-43+5-11 — 6 =78 < 126 = (2)

and we are also done.
e n = 10. From (2.2) we have az > (g) +50 - 23 > (g) + (2) + (g) and thus
g > (g) + (fli) + (8) = 35. If ny =9 and n3 = 8 then

f5(n4) + f4(n3) = —168 = f5(10),

and we are done. If ny = 9 and 4 < n3 < 7 then ay < (Z) + (;) = 161. From (2.5)
it follows that ag < 95. Therefore

8
BE < f5(9) + f4(4) +3-95—4-35+5-10 —6 = 56 = <5)
If ny = 9 and ng = 3 then ay = 127 and, by (2.5), ag < 84. Therefore
8
BE < f5(9) + f4(3)+3-84—4-35+5-10 -6 =28 < 56 = <5)

Assume ng4 = 8. Since a5 > (g) + 27 and (2) < 27 it follows that n3 = 7. Therefore
oy = (i) + (;) = 105 and, by (2.5), ag < 76. It follows that

8
BE < f5(8) + f4(3) +3-76—4-35+5-10 —6 = 45 < 56 = (5)

and we are done.
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e n=29. From (2.4), we have a3 > 50 and a > 30. Since, by (2.2), a5 > (g) +22 and
22 > (g) = 15, it follows that ngs = 8. Assume n3 > 6. Note that ay < (Z) + (;) =
105 and thus, by (2.5), we have a3 < 70. It follows that

B8 < f5(8) + fa(6) +3-70—4-30+5-9—-6=20< 21 = (;)
If ng < 5 then oy < (3) + (5) = 80 and thus, by (2.5), a3 < 61. Therefore

7
BS < f5(8) 4 fa(3) +3-61 —4-30+5-9—6=16 < 21 = <5>

and we are done.

e n = 8 From (2.4), we have a3 > 40 and ay > 25. Since, by (2.2), we have
as > () +17=23= () + () + (). it follows that as > (}) + (5) = 45, ie.
ng € {5,6}. If ng = 6 then ay = 55 and thus, by (2.5), a3 < 46. Hence

B8 < f5(7) + f4(6) +3-46—4-25+5-8—6=—2<0,
a contradiction. If n3 = 5 then ay = 45 and thus, by (2.5), as < 43. Hence
B < f5(T) + fa(5) +3-43—4-25+5-8—6=—1 <0,

again a contradiction.
(¢) ag = (724) + (7?) + ("22) with 2 < ny < ng < ng < n. From (2.2) it follows that ngy > n—2.
If n > 13 then

fs(n) = (f5(na) + fa(ns) + fs(nz)) =
> fsn) — (fsln = 1)+ faln = 2) + foln —3)) = S(n—3)(n —8) >0,

and we are done. We consider several subcases:
e n=12 If ng =11 then

f5(na) + fa(ns) + f3(n2) < fs(na) —4 = f5(11) — 4
= —202 < —198 = f5(12),

and we are done. Using a similar argument as in the case (b), if ny = 10 then
as> (1) + (5) + (3). 1t follows that

f5(na) + fa(nz) + f3(na) < f5(10) + f4(7) + f3(2) = —168 — 35 — 2
= —205 < —198 = f(12),

and we are done.

e n = 11. As in the case (b), we have ag > 43. If ny = 10 and n3 > 7 then we are
done as in the case (b). If ny = 10 and ng < 6 then ay < 240. From (2.5) it follows
that a3 < 128. Therefore

B8 < f5(10) + fa(3) + f5(2) +3-128 — 4434511 -6 =89 < @

Since ay > (g) + 37 > (g) + (D + (g), it follows that ay > (Z) + (g) + (;1) On the
other hand, ay < (2) + (g) + (;) = 203 and thus, by (2.5), ag < 116. Therefore

9
B8 < £5(9)—43+3-116 —4-43+5-11 — 6 = 56 < 126 = <5>
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and we are done.

e n = 10. As in the case (b), we have ag > 35. Assume ngy = 9. If nzg = 8 then we
are done as in the case (b). If 6 < ng < 7 then ay < (Z) + (g) + (g) = 176 and thus,
by (2.5), ag < 100. Therefore

8
B8 < £5(9) + f4(6) +3-100—4-35+5-10 — 6 = 51 < 56 = <5>

If ng <5 then ay < (Z) + (g) + (;L) = 142 and thus, by (2.5), ag < 89. Therefore

BE < f5(9) + f1(3) + f3(2) +3-89 —4-35+5-10 —6 =41 < (i)

Now, assume n4g = 8. Since ay < (i) + (;) + (g) = 120, by (2.5), it follows that
ag < 81. Therefore

B < f5(8) + fa(6) + f3(5) +3-81—4-35+5-10 — 6 = 40 < <§)

and we are done.
e n=9. Assume ny = 8 and n3 > 6. We have ay < (i) + (g) + (g) = 120 and thus,
by (2.5), ag < 75. Also, ag > (g) + ((15) + (g) = 35. Therefore
7
BE < f5(8) 4 fa(6) + f3(2) +3-7T5—4-35+5-9—-6=13 <21 = (5>

If ng <5 then ay < (i) + (g) + (;L) = 86 and, by (2.5), as < 63. Also, from (2.4),
we have ag > 30. Therefore

B3 < f5(8) + fa(3) + f3(2) +3-63 —4-304+5-9-6=20 <21 = @

and we are done. Assume n4 = 7. Since a5 > (g) + 22 it follows that n3 = 6 and
ng = 5. Therefore ay = 65 and thus, by (2.5), a3 < 56. Hence

B8 < f5(7) + fa(6) + f3(5) +3-56 —4-30+5-9-6=3 <21 = @

and we are done.

e n = 8 As in the case (b), we have ag > 40, ao > 25 and a5 > 23. Since
a5 > (g) + (i) + (g) it follows that ny = 7 and, either ng = 4 and ny = 3, either
n3 € {5,6}.

Assume nz = 6 and ny > 3. Since ay < (Z) + (g) + (g) = 65, by (2.5), it follows
that a3 < 50. Hence

B8 < f5(7) + f4(6) + f3(3) +3-50 —4-25+5-8 —6 =5 < 6 = <§>

If ng = 6 and ny = 2 then ay = 56 and, by (2.5), ag < 47. Therefore

B8 < £5(7) + f4(6) + f3(2) +3-47—4-25+5-8—6=—1 <0,
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a contradiction. If ng = 5 then ay < (Z) + (g) + (;l) =51 and, by (2.5), az < 45. It
follows that

BE < f5(T) 4+ fa(5) 4+ f3(2) +3-45—-4-254+5-8—6=3 <6 = (g)

If ng = 4 and ny = 3 then ay = (Z) + (g) + (g) = 42 and, by (2.5), ag < 42. It
follows that

BS < () + fa(4) + f3(3) +3-42—4-25+5-8—6=—1 < 0,

a contradiction.

(d) ag = (7214) + (%3) + (7122) + ("11) with 1 < nj < ng < ng < ng < n. From (2.2) it follows

that nqy >n — 2. If n > 13 then

f5(n) = (fs(na) + fa(nz) + f3(n2) + fa(n1)) >
fs(n) = (fs(n—=1)+ fa(n —2) + f3s(n —=3) + fa(n —4)) =n—6 > 0,

and we are done. We consider several subcases:
o n=12. If ny = 11 then

f5(na) + fa(nz) + f3(n2) + fa(n1) < f5(na) —6 = f5(11) — 6
= —204 < —198 = f5(12),

and we are done. Using a similar argument as in the case (b), if ny = 10 then
a4 > (140) + (g) + (3) + (?) It follows that

f5(n4) + fa(ns) + f3(n2) + fa(n1) < —207 < —198 = f5(12),

as required.

e n = 11. As in the case (b), we have ag > 43. If ny = 10 and ng > 7 then we are
done as in the case (b). If ngy = 10 and ng < 6 then a4 < 244. From (2.5) it follows
that ag < 129. Therefore

B9 < f5(10) + fa(3) + F3(2) + fo(1) +3-129 — 443+ 5 11— 6 = 90.

Hence ﬂg <126 = (g), as required.
Since ay > (g) + 37 it follows that ay > (Z) + (;) + (g) + G) On the other hand,
oy < (140) — 1 =209 and therefore, by (2.5), ag < 118. Therefore

B < £5(9) + f4(7) + f3(3) + f2(2) +3-118 —4-43 4+ 5-11 — 6 = 62.

Hence ,Bg < 126 = (g), as required.

e n = 10. As in the case (b), we have ay > 35. Assume ng = 9. If ng = 8 then we are
done as in the case (b). Assume 6 < n3 < 7. Since oy < (Z) + (;) + (g) + (?) = 181,
by (2.5), we have aig < 102. Therefore

B8 < f5(9) + f1(6) + f3(2) + f3(1) +3-102—4-35+5- 10 — 6 = 55.
Hence 88 < 56 = (g), as required.

If ng <5 then ay < (Z) + (g) + (;) + (‘I)) = 145 and thus, by (2.5), ag < 90. Therefore

B8 < F5(9) + f4(3) + f3(2) + f2(1) +3-90 —4-35+5-10 — 6 = 42.
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Now, assume n4 = 8. Since a5 > ( ) +27, it follows that ay > ( )+ (g) + (g) + (f)

Also, since ay < (i) + (g) + (g) + ( ) = 125, from (2.5) it follows that as < 83.
Therefore

B8 < f5(8) + f4(6) + f3(5) + f2(2) +3-83 —4-35+5-10 — 6 = 43,
and we are done.
e n =29 Assume ng = 8 and n3 > 6. Since ay < (Z) —1 =125, by (2.5), ag < 76.
Also, ag > (g) + (6) + 1 = 35. Therefore
B8 < f5(8) + f1(6) + f3(2) + f2(1) +3-76 —4-35+5-9 — 6 = 14.

Hence 88 < 21 = ( ), as required.

If ng < 5 then ay < ( ) + (g) + (3) + (?) = 89 and, by (2.5), ag < 64. Also, from
(2.4) we have ag > 30. Therefore

B8 < f5(8) + fu(3) + f(2) + fo(1) +3-64—4-30+5-9— 6 = 21,

and we are done. Assume n4 = 7. Since ag > (g) + 22 it follows that n3 = 6 and
ne > 4. On the other hand, ay < (i) — 1 =69 and thus, by (2.5), ag < 58. Hence

B8 < f5(7) + f4(6) + f3(4) + fo(1) +3-58 —4-30+5-9—6=0,

and we are done.

e n = 8. As in the case (b), we have a3 > 40 and ay > 25. Similar to the case (c),
we have ny = 7 and, either ng = 4 and ng = 3, either n3 € {5,6}. Assume nz =6
and ny > 3. Since ay < (i) —1=69, from (2.5) it follows that a3 < 51. Hence

X 6
B < f5(7) 4 f4(6) + f3(3) + fo(1) +3-51 —4-25+5-8 —6 =6 = (5>
If ng = 6 and ng = 2 then ay = 57 and, by (2.5), ag < 47. Hence

B8 < f5(7) + fa(6) + f3(2) + f2(1) +3-4T —4-25+5-8 -6 = -3,

a contradiction. If ng = 5 then ay < (Z) + (g) + (3) + (?) = 54 and, by (2.5),
ag < 46. It follows that

BS < fs(T) + fa(B) + f3(2) + fo(1) +3-46 —4-25+5-8 — 6 = 4.

If ng =4 and ny = 3 then ay < (Z) + (g) + (g’) + (%) = 44 and, by (2.5), a3z < 43.
It follows that

B8 < f5(7) + fa(4) + f3(3) + fo(1) +3-44 —4-25+5-8 -6 = 0,
and we are done.

Hence, the proof is complete. O

Lemma 2.7. With the above notations, we have that Bg < (ngl).

Proof. Since 8¢ = ag— 32 and 82 > 0, the conclusion follows immediately if ag < ("gl). Hence,

we may assume that
o > n—1 11— n—1 n )
=\ 6 6 5)
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From Lemma 2.2 it follows that

1
. (n . >+ <j51>, for all j € {2,3,4,5).

J
We denote fi(z) = (3) — (,%,) for all 2 < k < 6. We have the following table of values:
TABLE 5
T 112 (3 (4|5 (6|7 |8 |9 10 | 11
Fo(x) [0 [0 [0 [0 [-1|-5|-14|-28[-42[-42]0
Fs(z) [0 [0 [0 [-1|4|9|-14|-14[0 |42 [132
fa(x) |0 [0 [-1|-3|-5|-5]|0 14 |42 |90 | 165
Fa(x) [0 |-1|-2(2|0 |5 |14 |28 [48 |75 |110
Folw) [-1|-1]0 [2 |5 [0 |14 [20 |27 |35 |44

If ag = (g) then oy — a3 < (Z) — (g) If a3 < (g) then, since n > 8, from the above table, it
follows that
fa(n) — (u —a3) > fa(n) — (fa(n — 1) + f3(n —2) + fo(n —3)) > n — 4,
and thus oy — a3 < (}) — (3), again. In particular, we get

-1
B§:a4—a3+a2—n+1§ <n4 )

Hence, in order to prove that 5§ < (”gl) it suffices to show that
ag — a5 < fg(n).
This is clearly true for as = (g), hence we can assume in the following that a5 < (g)
Note that, if a5 = ("gl) + (") then ag < ("gl) + ("#) and therefore
ag —as < fo(n —1) + f5(na).
Similarly, if as = (”gl) + (") + (%) then ag — a5 < fo(n — 1) + f5(na) + fa(ns) ete.

Let gr(z) = (7) — 2(,%,), for k =2,3. We have the table:

TABLE 6

x 12345 [6 |78 |9
gs(x) |0 [2[-5[8[-10[-10 -7 |0 |12
() [2[3[3[2[0 [3 |7 [12]18

Since a9 > (ngl) + (?) and n > 8, from the above table it follows that
1
(2.6) ag — 2az < max{gz(n — 1) + ga(n — 2),93(n)} = g3(n) = 6’”(" —1)(n—8).

Since 3¢ > 0 it follows that
(2.7) 2(aq — ag + a2) < as + (a3 — 2a2) + 5n — 6.
From (2.6) and (2.7) it follows that

1 1
(2.8) ﬁ3=a4—a3+a2—n+1g§(a5+3n)+ﬁn(n—1)(n—8)—z
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We consider several cases:
(1) m > 11. From the table of values of fi(z)’s, we deduce that
fo(n) — (a6 — as) >fs(n) — (fo(n —1) + fs(n —2) + fa(n — 3)
+ fas(n—4)+ fa(n —5)) =n—6 > 5,

and we are done.
(2) n =10. Since a5 > (g) + (Z), from the table of values of fi(z)’s, we deduce that

ag — a5 < f6(9) + f5(5) = —46 < —42 = f(10),

and we are done.
B)n=29. Ifas>178= (g) + (2) + (g) + @) then, from the table of values of fi(x)’s, we
deduce that

ag — a5 < f6(8) — 14 = —42 = f5(9).
Now, assume that az < 77 = (S) + (g) + (g) + (g) + (}) From (2.8) it follows that
Bf,f < 56. Also, a5 > (g) + (i) Therefore

8
52 <ag— a5+ 56 < f5(8) + f5(5) +56 = =32+ 56 =24 <28 = (6)’
as required.

(4) n=8 Ifas>42= (g) + (Z) + (g) + (g) + G) then, from the table of values of fi(x)’s,
we deduce that ag — a5 < —28 = f4(8), and we are done. Assume that

5= ()+()+ () () zoen

From (2.8) it follows that 8} < 30. Therefore

7
BS < ag—a5+30< fo(7T)+ f5(6) —3+30=—-25+30=5<7= ( )

(@)

If a5 < 37 then, from (2.8) it follows that 5} < 28. Therefore, if a5 > 30 = (g) + (Z) + (3),
then

6
Now, if (g) + (2) =26 < a5 < 29, then, by (2.8), we have 8§ < 24. It follows that

B8 < ag—as+28 < fo(7) + fo(5) + fa(b) +28 = —21 428 =7 = <7>

Bg < o6 —as+24 < fo(7) + f5(5) +24 = 18 +24 =6 <7 = @

as required.

Hence, the proof is complete. O

Theorem 2.8. Let I C S be a squarefree monomial ideal with hdepth(S/I) < 6. Then
hdepth(I) > hdepth(S/I).

Proof. 1f hdepth(S/I) < 5 then the conclusion follows from [3, Theorem 3.10], [3, Theorem 3.15]
and [3, Theorem 4.4].

Now, assume that hdepth(S/I) = 6. The conclusion follows from Lemma 2.3, Lemma 2.4
(the case ¢ = 6), Lemma 2.5, Lemma 2.6 and Lemma 2.7. O
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Lemma 2.9. If I C K[xy,...,x9] is a squarefree monomial ideal with hdepth(S/I) = 7, then
5,Z§k+1forall3§k:§7.

Proof. The case k = 3 follows from the proof of Lemma 2.4(2) together with the fact that,
hdepth(S/I) = 7 implies B¢ > 0 for all 0 < k < 6. Since hdepth(S/I) = 7 we have:

BY =as—33>0,

B3 = a3 — 5ag 4 100 > 0,

BT = ay — 4az + 100y — 145 > 0,

BY = a5 — 3ay4 + 6az — 10y + 114 > 0,

BE = ag — 205 + 3y — 4z + bag — 47 > 0,
Bl =ar—ag+as—as+ag—as+8>0.

On the other hand, from (1.1), we can easily deduce that

k .
7
ap = g (k—;) 37, forall 0 <k <T.
Jj=0

Since 8§ = 1 and 8] = 2 it follows that
o > ’ +2. 6 .
2= \2 1
044Z<Z>+2'<§>:75, a52<;>+2'<2>:51,
oz () <2 (5) =0 o= (7)< ()

Moreover, since 6]7 >0, for all 2 < j < 7, in order to deduce that 3] < 5, we can assume

8 5 2
> 81 = .
Indeed, if ay < 80 then

CHES @ﬂg— (g)ﬂf— (i’)ﬁ% <ay—T75<5,

as required. Similarly, in order to prove that ﬂg < 6 we can assume that

a5 > 58 = (i) + (i) " @

Also, in order to prove that 3 < 7 we can assume that

8
a6227:<6>—1,

and, finally, in order to prove that ﬂg < 8 we can assume that

wz2= () (6)+ () - () 6)

We have several cases:
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(a) k= 4. Since 8] > 0 it follows that

1
(29) ag < 5013 + 20
For 2 <k <4 welet fy(z) = (}) —4-(,%,)- We have the table:
TABLE 7

x 11213 4 ) 6 7 8 9
fa(x) |0 |0 | -4 |-15|-35|-65|-105 | -154 | -210
fa(z) [0 | 4 |-11|-20|-30 | -40 | -49
Folz) [ 4|79 |[-10]-10]-9

Since BZ = ay — 4az + 10as — 145, it is enough to show that
oy — dag + 10(042 - 36) < f4(9) = —210,

in order to obtain 8] < 5. We consider the subcases:
o If g > 80 = (g) + (5) + () then ay — das < f1(8) + f3(7) + f2(3) = —212 and we
are done.

e If 79> a3 >75= (g) + (g) + (‘11) then, by (2.9), s < 35 and therefore

a4 —4ag —10 < —-154 — 49 — 10 = —213.

o If 74> a3 >70=(5) + (3) + (}) then, by (2.9), as < 34 and therefore

ay —4az —20 < -154 — 40 — 20 = —214.
e If 69 > a3 >65= (g) + (3) + (‘?) then, by (2.9), ag = 33 and therefore
ag —4ag — 30 < —154 — 29 — 30 = —213.

Thus, the case k = 4 is complete.
(b) k=5. For 2 <k <5 welet fy(z) = (7) —3-(,%,). We have the table:

TABLE 8
T 112 (3 |4 5 6 7 8 9
fs(x) [0 |0 [0 [-3 [-14|-39|-84|-154 |-252
fa(x) |0 | O [-3|-11|-25|-45|-70
fa(x) |0 |-3[-8|-14|-20|-25
fo(x) |-3]-5[-6|-6 [-5

Since ag > bag — 100, we have also the following table:

Now, we consider the following subcases:
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(2.10)

(2.11)

TABLE 9
Qo 33134135 |36
min(os) 6570 | 75 | 80
max(ag) 66 | 71|77 |84
max(6as — 10ag) | 66 | 86 | 112 | 144

(i) g = 36. Since B > 0 it follows that az > 536 — 100 = 80. Also, from Table 9,

we note that 6as — 10as < 144, so in order to obtain 5; < 6, it is enough to show
that a5 — 3ay + 144 + 114 < 6 which is equivalent to

as — 3ay < —252.
If g > (3) + (5) + () + () = 120 then
a5 — 3o < f5(8) + fa(7) + f3(6) + f2(1) = =252,
and we are done. Hence, we may assume in the following that 75 < a4 < 119. Since
Bl = oy — daz + 360 — 145 = ay — dag + 215 > 0,
it follows that
1
az < 1(04 + 215).

Also, as as = 36, in order to prove that ﬂg < 6, it is enough to show that
as — 3ay < 252 — 6as.
Since ay < 119 then, by (2.10), ag < 83 and therefore
252 — 6ag > —246.

We consider several cases:

o If oy > (i) + (g) + (g) + G) = 116 then, from Table &, it follows that

as — 3aq < f5(8) + fa(7) + f3(5) + f2(1) = —247
< —246 < 252 — 6ag,

and thus (2.11) is satisfied. We use similar reasoning below.
e Now, assume ay < 115. Then, by (2.10), as < 82 and 252 — 6z > —240. If
as > () + () +(5) + (1) = 112 then a5 — 3as < —241 and (2.11) is satisfied.
e Now, assume ay < 111. Then, by (2.10), as < 81 and 252 — 6z > —234. If
oy > (i) + (;) + (g) + G) = 109 then a5 — 3ay < —235 and (2.11) is satisfied.
e Now, assume ay < 108. Then, by (2.10), as < 80 and 252 — 6z > —228. If
as > (3)+ () + (3) + (1) = 107 then a5 — 3ay < —230 and (2.11) is satisfied.
e Now, assume a4 = 106. If a3 < 79 then BZ < 0, so ag = 80. Note that

a5 < (8)+ () =91 and ag < () + ({) = 49. If a5 = 91 then

B <49-2.-914+3-106—-4-36+5-9—6< —2,
a contradiction. It follows that as < 90 and thus a5 — 3ay < —227. On the

other hand, as 106 = (i) + (g) + (g) and f5(8) + fa(7) + f3(2) = —227, we are
done.
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Now, assume oy = 105 = (i)—k (g) As above, we have a5 < 91 and ag < 49. If

as > 89 then we get again a contradiction, hence we may assume a5 < 88. If
a5 = 88 = (g) + (2) + (g) + (;1) + (}), it follows that ag < 43. From this we get
Bg < 0, a contradiction. Thus a5 < 87 and a5 — 3ay < —224 = f5(8) + f4(7)
and we are done.

Now, assume a4 < 104. From (2.10) it follows that ag < 79, which means

Bg < 0, a contradiction.

(ii) ae = 35. First, note that a3 > 5-35 — 100 = 75. Since, from Table 9, we
have 6 — 10 < 112, in order to prove that 657 < 6, it is enough to show that
as — 3ay + 112 + 114 < 6 which is equivalent to

(2.12)

(2.13)

(iii)

a5 — 3@4 S —220.

If a5 > (§) + (5) + (3) + (1) = 101 then

a5 — 3o < f5(8) + fa(6) + f3(5) + f2(1) = —222,

and we are done. So, we may assume a4 < 100. Since

BT = ay — 4az + 350 — 145 = ay — 4az + 205 > 0,

it follows that

Also,

Since
—214.

1
a < 7 (o + 205).

since ag = 35, in order to prove that 557 < 6, it is enough to show that
a5 — 3054 < 242 — 6043.
ay < 100, from (2.12) it follows that ag < %, that is a3 < 76 and 242 —6a3 >

tranz ()+ () + () + () =97 then
as — 3oy < f5(8) + f4(6) + f3(4) + f2(1) = —216,

and we are done by (2.13).
Assume a4 < 96. From (2.12) it follows that ag = 75 and thus 242 — 63 =

—208. If oy > (3) + (§) + () + (}) = 94 then
a5 — 3ag < f5(8) + f1(6) + f3(3) + fa(1) = —210,

and we are done by (2.13).
Now, assume a4 < 93. From (2.12) it follows that az < 74, a contradiction.

ao = 34. Note that ag > 5-34—100 = 70. Since, from Table 9, we have 6a3—10as <

86, in

order to obtain ﬂg < 6, it is enough to show that
as —3a4 +86+ 114 <6 & a5 — 3ay < —192.

oy > )+ G+ () + (3) =85, then

a5 — 3oy < f5(8) + fa(5) + f3(3) + f2(2) = —192,

and we are done. Hence, we may assume ay < 84. Since

BI = oy — 4z + 340 — 145 = ayy — 4oy 4+ 195 > 0,

it follows that as < %(a4 +195). Since ay < 84 it follows that ag < 69, which gives
a contradiction.
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(iv) ag = 33. We have a3 > 5-33 — 100 = 65. Since, from Table 9 we have 6a3 — 10ay <
66, in order to obtain Bg < 6, it is enough to show that as — 3ay 4+ 66 + 114 < 6,
which is equivalent to

a5 — 3@4 < —172.
If g > (3) + (3) + () = 77 then a5 — 3as < f5(8) + fo(4) + f3(3) = —173 and
we are done. It remains to consider the case ay € {75,76}. On the other hand, we

have

1 261
< - 1 < —
043_4(044"1‘ 85)_ 4 s

and therefore s = 65. Also, since ay € {75,76}, we have az < (g) + (3) = 57.
Hence
BT <57—3-7546-65—10-33+15-9—21=6="5+ 1,

as required.
(¢) k=6. For 2 <k <6, welet fr(z) = (}) —2-(,%,). We have the table:

TABLE 10
T 11213 (415 6 7 8 9
fe(x) [0 [0 |0 [0 [-2 |-11|-35|-84|-168
fs(x) |0 [0 |0 [-2]-9 |-24]|-49
fa(x) [0 [0 |-2|-7|-15]-25
fa(x) |0 [-2|-5|-8|-10
fQ(J:‘) -21-31-3|-2

We claim that

(2.14) Jag —4a3 < 3 (Z) -4 (2) =42.

Indeed, assume ag < (g) Since a3 > 65 > (g), we can assume that

a3 = <§> + (7@22) + <7111>’ where 2 <ng <7 and 0 <nq < no.

It follows that oy < (i) + (T;f) + ("21) and therefore

1 1
30[4 - 4&3 =—-14+ Eng(ng - 1)(’02 - 6) + §n1(3n1 — 11)
< —14 442 = 28 < 42,

hence the claim is true. From (2.14) it follows that, in order to prove that 3{ < 7, it is
enough to show that
ag — 2a5 < —168.

If a5 > (5) + (1) + (3) + (2) + (1) = 118 then
ag — 2a5 < f6(8) + f5(7) + fa(6) + f3(4) + f2(1) = —168,

and we are done. Thus, we can assume in the following that as < 117.
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Since Bg = a5 — 3ag + 6az — 10as + 114 > 0 it follows that
(2.15) 3oy < as + 6ag — 10 + 114.
Also, in order to prove that 3 < 7, it is enough to show that
(2.16) ag — 205 < =30y + dag — bag + 54.

As a general idea of the proof, we use (2.15) in order to find an upper bound for ay and
then (2.16).
We consider several subcases:
(i) ag = 36. Since B?Z > 0, we have 80 < a3 < 84.
e a3 = 84. Since 8] > 0 it follows that ay > 121. Also, by (2.15), we have

1
(2.17) oy < g(ag, + 258),

and, in particular as > 105. Moreover, from (2.16), in order to prove that
,Bg < 7, it is enough to show that

ag — 2a5 < 210 — 3ay.

Since as < 117 it follows from (2.17) that ay < 125. Hence, in order to prove
that Bg < 7, it suffice to show that ag —2a5 < —165. If a5 > (g) + (D + (g) +
(3) + (}) = 115 then

ag — 205 < f6(8) + f5(4) + fa(6) + f3(3) + f2(1) = —165,

and we are done. So we can assume a5 < 114 and thus, by (2.17), oy < 124.
This implies that it is enough to show that ag — 2a5 < —162. This is true
for a5 > 113. Now, if a5 < 112 then, by (2.17), ay < 123 and it is enough to
show that ag — 2a5 < —159. For a5 > 110 this inequality holds. We assume
as < 109 which means, by (2.17), that ay < 122 and it is enough to show that
ag — 2a5 < —156. This is also true for a5 > 107. Finally, if a5 € {105,106}
then a4 = 121 and it is enough to show that ag — 2a5 < —153, which is true.
e a3 = 83. Since BZ > 0 it follows that ay > 117. On the other hand, since
ag = (g) + (;) + ((15) it follows that ay < (i) + (;) + (g) = 120 and a5 <

)+ (§) + (§) = 111. From (2.15) it follows that

1
(a5 +252) and thus ay < 121.

< =
-3

Also, from (2.16), B¢ < 7 it is implied by

ag — 2a5 < 206 — 3ay.
Now, as a5 < 111 it follows that ay < 121 and thus it is enough to show that
ag —2a5 < —157. If a5 > (5) + () + (§) + (3) + (}) = 108 then
Qg — 2045 S f6(8) + f5(7) + f4<5) + f3(4) + f2(1) = —158,
as required. So we can assume a5 < 107. This implies ay < 119 and thus it is
enough to show that ag—2a5 < —151. For ag > (§)+(Z)+(g)+(§)+(i) = 103,
the above condition holds, so we may assume «as < 102. It follows that

a4 < 118 and it is enough to show that ag — 2a5 < —148. For as = 102, this
condition holds, so we may assume a5 < 101 which implies ay = 117. Also, it
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is enough to show that ag — 2a; < —145, which is satisfied for as > 99. Now,
assume as < 98. It follows that a4 < 116, a contradiction.
e o3 = 82. Since BZ > 0 it follows that ay > 113. On the other hand, since

g = (§) + (;) + (?) it follows that ay < (i) + (g) + (g) = 115 and a5 <
(3) + (5) + (3) = 101. From (2.15) it follows that

1

g(a5 + 246) and thus ay < 115.
Also, from (2.16), Bf < 7 it is implied by
ag — 2a5 < 202 — 3ay.

Now, as a5 < 101 it follows that ay < 115 and thus it is enough to show that
ag — 2a5 < —143. For ay > (?) + (D + (g) + (;) + G) = 97 we have
ag — 205 < f6(8) + f5(7) + fa(4) + f3(2) + fo(1) = —144,
and we are done. Assume a5 < 96. Then a4 < 114 and it is enough to to show
that ag — 2a5 < —140. This holds for as > 95 so we may assume as < 94.
This implies a4 = 113 and it is enough to show that ag — 2a5 < —137. This
is true for ag > (g) + (Z) + (g) + (g) = 93. If a5 < 92 then ay < 112, a
contradiction.

e a3 = 81. Since ﬁZ > 0 it follows that ay > 109. On the other hand, since
o3 = (g) + (;) + (‘11) it follows that a4 < (i) + (;) + (;) = 111 and a5 <
(?) + (Z) + (g) = 95. From (2.15) it follows that

1
(a5 + 240) and thus ay < 111.

ay <

< —
-3
Also, from (2.16), B¢ < 7 it is implied by
ag — 2a5 < 198 — 3ay.
Now, as a5 < 95 and a4 < 111, it is enough to show that ag — 2a5 < —135.
This is true for a5 > (g) + (D + (g) = 92. If a5 < 91 then a4 < 110 and
it suffices to show that ag — 2a5 < —132. This is true for as > (?) =+ (g) +
(g) + (;l) + (}) = 88. If a5 < 87 then oy = 109 and it suffices to show that
ag — 205 < —129. This is true for a5 > )+ () + G) + ) + () = 85. If
as < 84 then a4 < 108, a contradiction.
e a3 = 80. Since 8] > 0 it follows that ay > 105. On the other hand, since

az = (3) + () + (3) it follows that as < (3) + (I) + (5) = 108 and a5 <
(g) + (Z) + (3) = 92. From (2.15) it follows that

1
(a5 +234) and thus ay < 108.

< —

-3
Also, from (2.16), Bf < 7 it is implied by
ag — 2055 < 194 — 3044.

Since a5 < 92 and ay4 < 108 it is enough to show that ag — 2a5 < —130.
This holds for as > 85, so we may assume a3 < 84. It follows that ay < 106
and it is enough to show that ag — 2a5 < —124. This is true for as >
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(?) + (2) + (g) + (g) = 83. If a5 < 82 then a4 = 105 and it is enough to show
that ag — 25 < —121.
This holds for as > (5) + (§) + (3) + () + (1) = 80. Now, if a5 < 79 then
a4 < 104, a contradiction.
(ii) g = 35. Since ag = 35 = (g) + (D, we have a3z < (g) + (;) = 77 Hence, from
Bg > 0 it follows 75 < ag < 77.
e a3 = 77. Since ﬁZ > 0 it follows that ay > 103. On the other hand, since
g = (g) + (;) it follows that ay < (Z) + (g) =105 and a5 < (g) + (D = 91.
From (2.15) it follows that

ay < = (a5 + 226) and thus ay < 105.

W=

Also, from (2.16), Bf < 7 it is implied by

~—

ag — 2a5 < 187 — 3ay.

Since as < 91 and a4 < 105 it is enough to show that ag — 2a5 < —128. If
a5 > (g) + (2) + (g) + (?2’) = 84 then this condition holds. Assume a5 < 83.
We have a4y = 103 and it suffices to show that ag — 2a5 < —122. This is true
for as > (g) + (Z) + (;1) + (g) + (}) =179. Now, if az < 79 then ay < 101, a
contradiction.

e a3 = 76. Since ﬁZ > 0 it follows that ay > 99. On the other hand, since
a3 = (g) + (g) + (i’) it follows that ay < (i) + (g) + (g) = 100 and a5 <
(S) + (2) + (g) = 81. From (2.15) it follows that

ay < = (a5 +220) and thus ay < 100.

W =

Also, from (2.16), Bf < 7 it is implied by

~—

ag — 2a5 < 183 — 3ay.

Since a5 < 81 and a4 < 100 it is enough to show that ag — 2a5 < —117.
This is true for oy > (g) + (2) + (é) + (g) = 76. If a5 = 75 then ay < 98, a
contradiction.

e a3 = 75. Since B] > 0 it follows that ay > 95. On the other hand, since
ag = (g) + (g) + (i‘) it follows that ayg < (Z) + (g) + (;1) = 96 and a5 <
(g) +5) + (3) = 75. From (2.15) it follows that

ay < —(as + 214) and thus ay < 96.

Wl

Also, from (2.16), B¢ < 7 it is implied by
ag — 2055 < 179 — 3@4.

Since a5 < 75 and a4 < 96 it is enough to show that ag—2a5 < —109. This is
true for as > (g) + (2) + (g) =T2. If a5 < 71 then ay = 95 and it is enough to
show that ag—2a5 < —106. This holds for ag > (g) + (i) + (é) + (3) + G) = 69.
If a5 < 68 then ay < 94, a contradiction.

(iii) g = 34. Using a similar argument, as in the case (ii), we have 70 < a3 < 71.
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(ifi) ag =

ag = 71. Since 8] > 0 it follows that ay > 89. On the other hand, since
ag = (5) + () it follows that ay < (3) + (5) = 90 and a5 < (§) + (§) = 7L.
From (2.15) it follows that

1
oy < g(()ég) + 200) and thus a4 < 90.

Also, from (2.16), Bf < 7 it is implied by
ag — 2055 S 168 — 3@4.

Since a5 < 71 and a4 < 90 it is enough to show that ag — 2a5 < —102. This
is true for ay > (g) + (i) + (3) + (3) = 66. If a5 < 65 then g4 < 88, a
contradiction.

oz = 70. Since BZ > 0 it follows that ay > 85. On the other hand, since
o3 = (g) + (g) + (‘11) it follows that ay < (i) + (g) + (‘21) = 86 and ay <
() + (§) + (3) = 65. From (2.15) it follows that

1
ayg < g(a5 + 194) and thus ay < 86.

Also, from (2.16), B < 7 it is implied by
ag — 2a5 < 164 — 3ay.

Since a5 < 65 and ay < 86 it is enough to show that ag — 2a5 < —94. This is
true for as > (?) + (Z) + (g) = 62. If a5 < 61 then oy = 85 and it suffices to
show that ag — 2a5 < —91. This holds for as > 60. If a5 < 59 then a4y < 84,
a contradiction.

33. Using a similar argument, as in the case (ii), we have 65 < a3 < 66.

ag = 66. Since 8] > 0 it follows that ay > 79. On the other hand, since

ag = (5) + () it follows that ay < (3) + (3) = 80 and a5 < (§) + (§) = 6L
From (2.15) it follows that

1
oy < g(()ég) + 180) and thus a4 < 80.

Also, from (2.16), Bf < 7 it is implied by

ag — 2055 S 153 — 3@4.
Since a5 < 61 and a4 < 80 it is enough to show that ag — 2a5 < —87. This
is true for a5 > 58. Assume as < 57. Then a4 = 79 and it suffices to show
ag — 2a5 < —84, which is true for as > 56. If a5 < 55 then ay < 78, a
contradiction.
a3 = 65. Since ,BZ > 0 it follows that ay > 75. On the other hand, since
ag = (g) + (;L) + G’) it follows that oy < (i) + (g) + (;’) = 77 and a5 <
®) + (§) + (5) = 58. From (2.15) it follows that

1
oy < g(Oég) +174) and thus a4 < 77.

Also, from (2.16), B8] < 7 it is implied by
ag — 2a5 < 149 — 3ay.
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Since a5 < 58 and ay < 77 it is enough to show that ag — 2a5 < —82. This is
true for a5 > (g)—i—(g)—l—(g)—l—(;) = 52. If ag < 51 then ay = 75 and it is enough
to show that ag — 2a5 < —76. This is true for a5 > (g) + (2) + (g) + (3) = 47.
On the other hand, as > 51, so we are done.

(d) k=17. For 2 <k <7welet fr(z) = (}) — (,,). We have the table:

TABLE 11
T 112 (3141|516 |7 8 9
f7(x) [0 [0 [0 [0 |O [-1|-6 |[-20]-48
fe(x) |0 [0 |O [0 [-1|-5|-14|-28
fs(x) [0 [0 [0 |[-1|-4|-9|-14|-14
fa(x) [0 |0 [-1|-3|-5|-5|0 14
fa(x) [0 [-1[-2|-2|/0 |5 |14 |28
fo(x) [-1[-1]0 [2 |5 |9 |14 |20

We recall that, in order to prove that ﬁ; < 8, we can assume

wzi2= () ()~ () () 6)

Using Lemma 2.2, the above inequality implies:

(2.18) as > 35, az > 77, au > 105, as > 90, ag > 46.
Using (2.18), we deduce that if ap = 35 = (g) + (Z) then
(2.19) a3 =77, ag =105, as <91, ag < 49 and a7 < 15.

From (2.19) it follows that
BT <15—-46+91—105+77—-35+9—1=5 <8,

as required. Hence, we can assume as = 36 and 80 < a3 > 84. We consider several
cases:
(a) as =80 = (3) + (3) + (})- It follows that:

ay <108, as <92, ag <49 and a7 < 15.
Since, from (2.18), we have ay > 105 and ag > 46, it follows that
BT <15—-46+92—-105+80—-36+9—1=38,

and we are done.
(b) a3 =81=(3) + (3) + (})- It follows that:

ag < 111, a5 <95, ag < 50, ar < 15.
On the other hand, since 3] > 0 it follows that ay > 109. Therefore
BT <15 —46+95—109+81 —36+9— 1 =8,

and we are done.
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(c)

ag =82 = (g) + (;) + (‘;’) It follows that:
ay <115, as <101, ag < 54, a7 < 16.

Since ﬁz > 0 it follows that a4 > 113.
If oy = 12 then

BT <12 —46+101 —113+82-36+9—1=8.

If a7 € {13,14} then ag > 48 and, as above, we get 57 < 8.
If oy = 15 then ag > 49 and we obtain again B; <8.
Finally, if a7 = 16 then ag > 54 and we are also done.
as=83=(5) + (7) + (). It follows that:

ag <120, a5 < 111, ag < 64, a7 < 21.
Since BZ > 0 it follows that a4 > 117. Note that

B2 <111 — 117+ 83 —36 +9 — 1 = 49,
so, in order to prove that ﬂ; = (a7 — ag) —i—ﬁg < 8, it suffices to show that a7 —ag <
—4L If ag > () + (5) + () + (5) + () + (1) = 57 then

a7 —ag < f7(8) + f6(7) + f5(5) + fa(3) + f3(2) + f2(1) = —41,
and we are done. So, we may assume ag < 57. Since 3¢ > 0, it follows that
205 <B74+3-117T—-4-8345-36 —6-94+ 7 = 209,

that is a < 104. Therefore, Bg < 42, so, in order to prove that B; < 8, it suffices to
show that a7 — ag < —34. This holds for ag > (2) + (g) + (i) + (g) + (3) + (}) =45,

and we are done.
oy = 84. Since BZ > 0 it follows that ay > 121. We have the following table:

TABLE 12
oy 121 | 122 | 123 | 124 | 125 | 126
max{as } 111 | 112 | 114 | 117 | 121 | 126
max{as —aq} |-10 | -10 -9 |[-7 |4 |0

Note that, in order to prove that B; < 8, it is enough to show that
a7 —ag < —48 — max{as — a4 }.
We consider several subcases:
e oy = 121. Since ﬂg > 0 it follows that a5 > 105. We have to show that
a7 — ag < —38. This is true for ag > (2) + (g) + 4 = 53, so we may assume
that ag < 52. Now, since ag < 52 and ,Bg > 0 it follows that as < 106.
Since as — ag < —15, we have to show that a7 — ag < —33. This is true for
06> () + (9 + () + () + (2) = 44, 50 we are done,
e oy = 122. Since ﬁg > 0 it follows that a5 > 108. As in the previous case, we
have to show that ay — ag < —38, so we can assume that ag < 52. It follows
that

BT <52-2.108+3-122—4-84+5-36—6-9+7=—1,
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a contradiction.

e oy = 123. Since Bg > 0 it follows that as > 111. We have to show ar — ag <
—39. This is true for ag > (2) + (g) + (Z) + (g) = 55. Now, assume ag < 54.
It follows that

BT <54—2-111+3-123—4-84+5-36—6-9+7=—2,

a contradiction.

e oy = 124. Since 657 > 0 it follows that a5 > 114. We have to show a7 — ag <
—41. This is true for ag > (2) + (g) + (i) + (g) + (g) + G) = 57. Thus we can
assume ag < 56. It follows that

BE<56—2-114+3-124—4-84+5-36—6-94+7 = —3,

a contradiction.

e oy = 125. Since Bg > 0 it follows that as > 117. We have to show ay — ag <
—44. This is true for ag > (2) + (g) + (Z) + (g) + (g) + (%) = 63 Thus, we can
assume ag < 62. It follows that

BE<62—-2-117T+3-125-4-84+5-36—6-9+7=0.

Therefore, if a5 > 117 or ag < 62 then Bg < 0, a contradiction. Thus a5 = 117
and ag = 62 = (2) =+ (g) =+ (i) + (é) + (:2)’) + G), and thus a; < 8+7+4+3 = 18.
Hence ﬁ; < 4 and we are done.

e oy = 126. Since 657 > 0 it follows that a5 > 120. We have to show a7y — ag <
—48. This is true for ag > (2) + (g) + (2) + (g) + (g) + G) = 66 Thus, we can
assume ag < 65. It follows that

BgS65—2-120+3~126—4‘84+5~36—6-9+7:O.

Therefore a5 = 120 and ag = 65 = (2) + (g) + (2) + (%) + (g) It follows that

a7 <8+ 74+ 6+ 1=22. Hence ﬁ; < 7 and we are done.
Thus, the proof is complete. O

Theorem 2.10. Let I C S = K|z1,...,xy,] be a squarefree monomial ideal, where n < 9. Then
hdepth(/) > hdepth(S/I).

Proof. If I is principal, which according to Theorem 2.1, is equivalent to ¢ := hdepth(S/I) =
n—1, we have, again, by Theorem 2.1 that hdepth(/) = n and there is nothing to prove. Hence,
we may assume that ¢ = hdepth(S/I) < 6. If ¢ < 4 we are done by [3, Theorem 3.9] and [3,
Theorem 3.12]. For ¢ = 5, the conclusion follows from [3, Theorem 4.4]. Also, for ¢ = 6, the
conclusion follows from Theorem 2.8. Finally, if ¢ = 7 then n = 9 and the conclusion follows
from Lemma 2.3 and Lemma 2.9. O
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