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1. Introduction

Cyclic codes form a family of linear codes with very important algebraic structures. They are
of particular interest due to their numerous applications in coding theory. Several authors have
studied cyclic codes (see, for example, [1], [3], [6]).

In this paper, we present a simple decoding algorithm for certain cyclic codes of length
n = 2m − 1, (m ∈ N, m ≥ 2), over the finite field with two elements F2. Let C be a cyclic code
of length n and generator polynomial g(x). C is assumed to be t-error-correcting, where t is
the largest integer such that 2t + 1 ≤ d, where d is the minimum distance of C. Using division

by increasing power order to decode a received codeword a(x) ∈ F2[x]
(xn−1) can directly yield the

error. If a(x) = c(x) + e(x) with c(x) ∈ C and the weight of the error e(x) is less than or equal
to t, we examine the remainders of division by increasing power order of a(x) by g(x). More
precisely, the error e(x) is determined by the remainders of weight less than or equal to t. This
new decoding method works well for binary cyclic codes of length n < 15 (i.e. n = 3 and n = 7),
but for n ≥ 15, the method does not work for certain codes. For example, for the cyclic code of
length 15 over F2 generated by g(x) = 1+ x+ x2 + x4 + x5 + x8 + x10 with a minimum distance
d = 7 (i.e. 3-error-correcting), the remainders of the division by increasing power order of the
received codeword a(x) = x+ x2 + x4 + x8 containing 3 errors are all of weight greater than or
equal to 4. We provide a sufficient condition for the applicability of this decoding method for a
t-error-correcting cyclic code generated by a polynomial g(x).

This paper is organized as follows: section 2 recalls the definitions and properties related
to cyclic codes. Section 3 presents the preliminary results that are essential for proving the
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theorems. In section 4, we provide the results of this paper, and in section 5, an illustrative
example is given.

2. Preliminaries

In this section, we recall the essential properties related to cyclic codes. The notations intro-
duced here will be used throughout the rest of this paper.

Let n ≥ 1 be an integer. A linear code C of length n over F2 is a vector subspace of

(F2)
n = {(a0, a1, . . . , an−1) | ai ∈ F2, 0 ≤ i ≤ n− 1}.

The weight of a vector a = (a0, a1, . . . , an−1) ∈ (F2)
n is defined by

| a |= card({i | ai ̸= 0, 0 ≤ i ≤ n− 1}).

The Hamming distance of two vectors a, b ∈ (F2)
n is

d(a, b) =| a− b | .

The minimum distance of a linear code C is

d = min{d(a, b) | a, b ∈ C, a ̸= b} = min{| a |, a ∈ C, a ̸= 0}.

Definition 2.1. A code C is said to be t-error-correcting if t is the largest nonzero integer such
that 2t+ 1 ≤ d.

Definition 2.2. A linear code C is cyclic if for all (c0, c1, . . . , cn−1) ∈ C, (cn−1, c0, . . . , cn−2) ∈ C.

We consider the quotient ring

Rn =
F2[x]

(xn − 1)
= {a0 + a1x+ . . .+ an−1x

n−1 | ai ∈ F2 , 0 ≤ i ≤ n− 1}.

For simplicity, the class of the variable x in Rn will also be denoted by x.
We have the following isomorphism:

ϕ : (F2)
n −→ Rn

(a0, a1, . . . , an−1) 7−→ a0 + a1x+ · · ·+ an−1x
n−1.

Thus, we have the identification

a = (a0, a1, . . . , an−1) ←→ a(x) = a0 + a1x+ · · ·+ an−1x
n−1.

We consider cyclic codes of length n over F2 where n = 2m − 1 and m ∈ N∗. The following
properties are well known and can be found in [1], [3], [6], [5], [4] and [2].

Theorem 2.3. A linear code C ⊆ (F2)
n is a cyclic code if and only if it is an ideal of Rn.

Theorem 2.4. The unique monic polynomial g(x) of minimal degree in an ideal I of Rn is a
generator of I and divides xn− 1. Conversely, every divisor of xn− 1 is a generator of an ideal
in Rn.

Proposition 2.5. Let C be a cyclic code with generator polynomial g(x) and let a(x) ∈ Rn.
Then a(x) is a codeword of C if and only if a(x) = g(x)q(x) with q(x) ∈ Rn.

Let α be a primitive element of the field with 2m elements F2m , m ∈ N∗. We have

F2m = {0, 1, α, α2, . . . , α2m−2}.
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Theorem 2.6 ([3]). (BCH bound.) Let C be a cyclic code of length n over F2, with generator
polynomial g(x) and minimum distance d such that there exist integers β ≥ 0, δ ≥ 1 satisfying

g(αβ) = g(αβ+1) = · · · = g(αβ+δ−2) = 0.

Then, d ≥ δ.

Definition 2.7. Let a(x) = a0+a1x+. . .+aηx
η be a polynomial in F2[x]. The valuation of a(x)

denoted val(a(x)) is the smallest integer ν such that aν ̸= 0 for a(x) ̸= 0 and val(a(x)) = +∞ if
a(x) = 0.

Theorem 2.8. Let µ ≥ 0 be an integer. Let a(x) = a0 + a1x+ . . .+ aηx
η and b(x) = b0 + b1x+

. . .+ bη′x
η′ be two polynomials in F2[x] such that b0 ̸= 0, η ≥ 0 and η′ ≥ 0. Then, there exists a

unique pair (q(x), u(x)) ∈ (F2[x])
2 that satisfies the equation

a(x) = b(x)q(x) + xµ+1u(x)

with

deg(q(x)) ≤ µ.

The polynomials q(x) and r(x) = xµ+1u(x) are called, respectively, the quotient and the remain-
der of order µ in the division by increasing power order of x of a(x) by b(x).

Proof. Existence: The proof proceeds by induction on µ. For simplicity, we denote A =
a(x), B = b(x), Q = q(x) and U = u(x).
For µ = 0, let a0 be the constant term of A. Since b0 ̸= 0, let Q0 be the constant polynomial
Q0 =

a0
b0
. Then, we observe that A−BQ0 is a polynomial with no constant term, hence divisible

by x. Therefore, A−BQ0 can be written in the form xU0, that is,

A−BQ0 = xU0 ⇐⇒ A = BQ0 + xU0.

Now fix µ and assume that the theorem holds for all polynomials and all integers i ≤ µ.
First, perform the division by increasing powers order of A by B at order µ:

A = BQµ + xµ+1Uµ.

Then perform the division by increasing powers order of Uµ by B at order 0:

Uµ = kB + xT.

By substitution, we obtain

A = BQµ + kBxµ+1 + xµ+2T.

Thus, we may take

Qµ+1 = Qµ + kxµ+1 and Uµ+1 = T,

which establishes the theorem at order µ+ 1.
Uniqueness:

Suppose that there are two representations:

A = BQ1 + xµ+1U1,

A = BQ2 + xµ+1U2,

with deg(Q1) ≤ µ and deg(Q2) ≤ µ.
Let

Q = Q1 −Q2 and U = U1 − U2.
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Then
0 = BQ+ xµ+1U with deg(Q) ≤ µ.

Since we assumed b0 ̸= 0, the polynomial x is not among the irreducible factors of B. Hence
xµ+1 is coprime with B. From the equality

BQ = −xµ+1U,

it follows that xµ+1 divides BQ. Therefore, xµ+1 divides Q, which contradicts the degree
assumption on Q, unless Q = 0. In this case, we also have U = 0. □

Corollary 2.9. From Theorem 2.8, we have

deg(q(x)) < val(r(x)).

In this paper, we use the division defined in Theorem 2.8.

Proposition 2.10. Let a(x) and b(x) be two polynomials in F2[x] such that val(b(x)) = 0. If

a(x) = b(x)q(x) + r(x)

where (q(x), r(x)) ∈ (F2[x])
2 satisfying the condition

0 ≤ deg(q(x)) < val(r(x)),

then r(x) and q(x) are respectively the remainder and the quotient of the division by increasing
power order of a(x) by b(x).

Proof. Suppose that a(x) = b(x)q(x) + r(x) with (q(x), r(x)) ∈ (F2[x])
2 satisfying the condition

0 ≤ deg(q(x)) < val(r(x)). Then, 0 < val(r(x)).
Let µ = val(r(x)) − 1. Thus val(r(x)) = µ + 1. Therefore, r(x) can be written as r(x) =

xµ+1u(x) where u(x) ∈ F2[x]. Thus,

a(x) = b(x)q(x) + xµ+1u(x).

Moreover, since deg(q(x)) < val(r(x)), we have deg(q(x)) ≤ val(r(x)) − 1 = µ. Therefore, r(x)
and q(x) are respectively the remainder and the quotient of the division by increasing power
order of a(x) by b(x) of order µ. □

3. Results

This section presents the results of this paper.

Lemma 3.1. Let n = 2m−1 with m ∈ N∗. Let g(x) be a polynomial in F2[x] which divides xn−1
and h(x) = xn−1

g(x) . Let µ ≥ 0 be an integer, and let u(x) =
∑µ

l=0 x
il ∈ F2[x] be a polynomial such

that i0 = 0 < i1 < . . . < iµ and deg(u(x)) = iµ < deg(g(x)). Let δ ≥ 1 be an integer. Then,
there exists a polynomial q(x) ∈ F2[x] such that

u(x) = g(x)q(x) + xδnu(x) with deg(q(x)) < δn.

Proof. Let δ ≥ 1 be an integer. The polynomial q(x) is given by

(3.1) q(x) = f(x)u(x)h(x)

with
f(x) = 1 + xn + x2n + · · ·+ x(δ−2)n + x(δ−1)n.

Then we have, deg(q(x)) = (δ − 1)n+ deg(u(x)) + deg(h(x)). Since deg(u(x)) < deg(g(x)) and
deg(g(x)) + deg(h(x)) = n, it follows that deg(u(x)) + deg(h(x)) < n. Adding (δ − 1)n to both
sides, we get (δ − 1)n+ deg(u(x)) + deg(h(x)) < δn. Hence, deg(q(x)) < δn. □
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Corollary 3.2. Let δ ≥ 1 be an integer. Under the assumptions of Lemma 3.1, there exists
q(x) ∈ F2[x] such that

1 = g(x)q(x) + xδn with deg(q(x)) < δn.

Lemma 3.3. Let C be a cyclic code of length n = 2m − 1, m ∈ N∗, over F2, t-error-correcting.
Let g(x) be the generator polynomial of C and h(x) = xn−1

g(x) . Let a(x) ∈ Rn be a received word

such that a(x) = c(x) + e(x) where c(x) = g(x)q(x) ∈ C and

e(x) =
s−1∑
l=0

xkl = xk0u(x) with 0 ≤ k0 < k1 < . . . < ks−1 < n (s ≤ t).

If u(x) = g(x)q′(x) + w(x) with (q′(x), w(x)) ∈ (F2[x])
2 such that h(x)|q′(x) and deg(q′(x)) <

val(w(x)), then

a(x) = g(x)(q(x) + xk0q′(x)) + xk0w(x)

with

deg(q(x) + xk0q′(x)) < val(xk0w(x)).

Proof. We have

a(x) = c(x) + e(x)

= g(x)q(x) + xk0(g(x)q′(x) + w(x))

= g(x)(q(x) + xk0q′(x)) + xk0w(x)

Since c(x) = g(x)q(x) and deg(c(x)) < n, it follows that deg(g(x)) + deg(q(x)) < n. Hence
deg(q(x)) < n − deg(g(x)) = deg(h(x)). Since h(x)|q′(x), we have deg(q′(x)) ≥ deg(h(x)). It
follows that deg(q(x) + xk0q′(x)) = deg(xk0q′(x)). And since deg(q′(x)) < val(w(x)), we get
deg(xk0q′(x)) < val(xk0w(x)). Therefore, deg(q(x) + xk0q′(x)) < val(xk0w(x)). □

Lemma 3.4. Let C be a cyclic code of length n = 2m − 1, m ∈ N∗, over F2, t-error-correcting.
Let g(x) be the generator polynomial of C. Let a(x) ∈ Rn be a received word such that a(x) =
c(x)+ e(x) with c(x) = g(x)q(x) ∈ C and |e(x)| ≤ t. If there exists a pair (q′(x), r(x)) ∈ (F2[x])

2

such that a(x) = g(x)q′(x) + r(x) with |r(x)| ≤ t, then

e(x) ≡ r(x) mod (xn − 1).

Proof. We have a(x) = g(x)q(x) + e(x) = g(x)q′(x) + r(x). Thus, e(x) − r(x) = g(x)(q′(x) −
q(x)) ∈ C. And since |e(x) − r(x)| ≤ |e(x)| + |r(x)| ≤ 2t < d, it follows that e(x) ≡ r(x)
mod (xn − 1). □

Theorem 3.5. Let C be a cyclic code of length n = 2m−1, m ∈ N∗, over F2, 1-error-correcting.
Assume that the code C has generator polynomial g(x) and h(x) = xn−1

g(x) . Let a(x) ∈ Rn be a

received word such that a(x) = c(x) + e(x) with c(x) ∈ C and |e(x)| ≤ 1, then there exists a pair
(q(x), r(x)) ∈ (F2[x])

2 such that

a(x) = g(x)q(x) + r(x)

with

deg(q(x)) < val(r(x)) and e(x) ≡ r(x) mod (xn − 1).
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Proof. Let a(x) ∈ Rn be a received word. If |e(x)| = 0, then a(x) ∈ C and a(x) = g(x)q(x). If
|e(x)| = 1, then

(3.2) a(x) = c(x) + xk, 0 ≤ k < n.

From Corollary 3.2, for any integer j ≥ 1, we have

(3.3) 1 = g(x)q1(x) + xjn

where q1(x) = f(x)h(x) and f(x) = 1 + xn + x2n + · · ·+ x(j−2)n + x(j−1)n.
And since deg(h(x)) < n, we have deg(q1(x)) < jn. By multiplying (3.3) by xk,
we get

(3.4) xk = g(x)
(
xkq1(x)

)
+ xjn+k

with

deg(xkq1(x)) < jn+ k.

According to Proposition 2.5, there exists q2(x) ∈ Rn such that

(3.5) c(x) = g(x)q2(x).

Therefore, according to (3.2), (3.5), (3.4) and Lemma 3.3, we have:

a(x) = g(x)
(
q2(x) + xkq1(x)

)
+ xjn+k.

with

deg(q2(x) + xkq1(x)) < val(xjn+k).

And by Lemma 3.4, since |xjn+k| = 1, then e(x) ≡ xjn+k mod (xn − 1). □

We have the following theorem.

Theorem 3.6. Let C be a cyclic code of length n = 2m − 1, m ∈ N∗, over F2, and t-error-
correcting with t ≥ 2. Let us assume that C has generator polynomial g(x) and h(x) = xn−1

g(x) .

Suppose that tdeg(h(x)) < n. Then, for every a(x) ∈ Rn such that a(x) = c(x) + e(x) with
c(x) ∈ C and |e(x)| ≤ t, deg(e(x)) < n, there exists a pair (q(x), r(x)) ∈ (F2[x])

2 such that

a(x) = g(x)q(x) + r(x)

with

deg(q(x)) < val(r(x)) and e(x) ≡ r(x) mod (xn − 1).

Proof. Let a(x) ∈ Rn such that

(3.6) a(x) = c(x) + e(x)

where c(x) ∈ C and e(x) is the error such that |e(x)| = s ≤ t and

(3.7) e(x) =
s−1∑
l=0

xkl with 0 ≤ k0 < k1 < . . . < ks−1 < n.

By factoring e(x) by xk0 , we have

(3.8) e(x) = xk0(1 +

s−1∑
l=1

xil) with il = kl − k0, 1 ≤ l ≤ s− 1.

Note that i0 = 0 = deg(1).
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Therefore, we have:

(3.9) 0 < i1 < . . . < is−1 < n.

Since

deg(1 +
s−1∑
l=1

xil) = is−1,

let us consider the following two cases:
Case 1: is−1 < deg(g(x)).

Let u(x) = 1 +
∑s−1

l=1 xil . From Lemma 3.1, for an integer j ≥ 1, we have

(3.10) u(x) = g(x)q1(x) + xjnu(x)

with

q1(x) = f(x)u(x)h(x)

and

f(x) = 1 + xn + x2n + · · ·+ x(j−2)n + x(j−1)n.

It follows that

deg(q1(x)) < jn.

Therefore, by multiplying equation (3.10) by xk0 and using equation (3.8), we obtain

(3.11) e(x) = g(x)
(
xk0q1(x)

)
+ xjn+k0u(x)

with

deg
(
xk0q1(x)

)
< jn+ k0.

According to Proposition 2.5, there exists q2(x) ∈ Rn such that

(3.12) c(x) = g(x)q2(x).

Thus, using equations (3.6), (3.11) and Lemma 3.3, we get

a(x) = g(x)
(
q2(x) + xk0q1(x)

)
+ xjn+k0u(x).

with

deg
(
q2(x) + xk0q1(x)

)
< val

(
xjn+k0u(x)

)
.

And according to Lemma 3.4, since |xjn+k0u(x)| = s ≤ t, then

e(x) ≡ xjn+k0u(x) mod (xn − 1).

Case 2: is−1 ≥ deg(g(x)).
Since s ≤ t and the number of intervals ]β deg(h(x)), (β + 1) deg(h(x))],
0 ≤ β ≤ t−2, is t−1, there exists at least one such intervals that does not contain any il(1 ≤ l ≤
s − 2). Let ν ≥ 0 be the smallest integer such that the interval ]ν deg(h(x)), (ν + 1) deg(h(x))]
contains no il (1 ≤ l ≤ s− 2).

First, suppose that ν ̸= 0.
Let µ be the index such that iµ ≤ ν deg(h(x)) and (ν + 1) deg(h(x)) < iµ+1.
It follows that iµ ≤ ν deg(h(x)) ≤ (t− 1) deg(h(x)) < deg(g(x)), i.e.

(3.13) iµ < deg(g(x)).

Moreover, iµ + deg(h(x)) ≤ (ν + 1) deg(h(x)) < iµ+1, i.e.

(3.14) iµ + deg(h(x)) < iµ+1.
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According to equation(3.8), e(x) can be written as

(3.15) e(x) = xk0(1 +

µ∑
l=1

xil +
s−1∑

l=µ+1

xil)

Step 1:
Consider the polynomial v(x) = 1+

∑µ
l=1 x

il . According to (3.13), and by applying Lemma 3.1
with an integer j ≥ 2, we have

(3.16) v(x) = g(x)q3(x) + xjnv(x)

where

(3.17) q3(x) = f(x)v(x)h(x)

and

(3.18) f(x) = 1 + xn + x2n + · · ·+ x(j−2)n + x(j−1)n.

Hence,
deg(q3(x)) < jn.

Step 2:
On the other hand, according to (3.14), we have

deg(h(x)) < iµ+1.

Since deg(g(x)) + deg(h(x)) = n, it follows that

n < iµ+1 + deg(g(x)).

And from (3.9), we have: is−1 < n < iµ+1 + deg(g(x)). Therefore

(3.19) is−1 − iµ+1 < deg(g(x)).

Factoring
∑s−1

l=µ+1 x
il by xiµ+1 , we get

(3.20)
s−1∑

l=µ+1

xil = xiµ+1(1 +
s−1∑

l=µ+2

xil−iµ+1).

Let w(x) = 1 +
∑s−1

l=µ+2 x
il−iµ+1 . According to (3.19), by applying Lemma 3.1, we have

(3.21) w(x) = g(x)q4(x) + x(j−1)nw(x)

where

(3.22) q4(x) = (f(x)− x(j−1)n)w(x)h(x)

and, from (3.18)

(3.23) f(x)− x(j−1)n = 1 + xn + x2n + . . .+ x(j−2)n.

Thus,

(3.24) deg(q4(x)) < (j − 1)n.

Multiplying (3.21) by xiµ+1 and considering (3.20) and (3.24), we obtain

(3.25)

s−1∑
l=µ+1

xil = g(x)(xiµ+1q4(x)) + x(j−1)n(

s−1∑
l=µ+1

xil)

8
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with

deg(xiµ+1q4(x)) < (j − 1)n+ iµ+1.

Step 3:
By considering (3.16) and (3.25), we get

(3.26) 1 +

µ∑
l=1

xil +
s−1∑

l=µ+1

xil = g(x)
(
xiµ+1q4(x) + q3(x)

)
+ x(j−1)n(

s−1∑
l=µ+1

xil) + xjn(1 +

µ∑
l=1

xil).

From (3.9), we have

is−1 < n ≤ n+ iµ

thus,

is−1 < n+ iµ.

Adding (j − 2)n+ deg(h(x)) to both sides of this inequality yields

(j − 2)n+ is−1 + deg(h(x)) < (j − 1)n+ iµ + deg(h(x)).

From (3.17), we have

deg(q3(x)) = (j − 1)n+ iµ + deg(h(x))

and from (3.22) and (3.23),

deg(xiµ+1q4(x)) = (j − 2)n+ is−1 + deg(h(x)).

Therefore,

deg(xiµ+1q4(x) + q3(x)) = max
(
deg(xiµ+1q4(x)),deg(q3(x))

)
= deg(q3(x)).

(3.27)

On the other hand, since iµ+1 < n, we have

(j − 1)n+ iµ+1 < jn.

Since

val(xjn(1 +

µ∑
l=1

xil)) = jn

and

val(x(j−1)n(

s−1∑
l=µ+1

xil)) = (j − 1)n+ iµ+1

hence,

(3.28) val
(
x(j−1)n(

s−1∑
l=µ+1

xil) + xjn(1 +

µ∑
l=1

xil)
)
= min

(
(j − 1)n+ iµ+1, jn

)
= (j − 1)n+ iµ+1.

Considering the inequality (3.14) and (j − 1)n, we have

(j − 1)n+ iµ + deg(h(x)) < (j − 1)n+ iµ+1

and from (3.27) and (3.28), it follows that

deg
(
xiµ+1q4(x) + q3(x)

)
< val

(
x(j−1)n(

s−1∑
l=µ+1

xil) + xjn(1 +

µ∑
l=1

xil)
)
.
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Therefore, multiplying equation (3.26) by xk0 and considering (3.15), we obtain

(3.29) e(x) = g(x)
(
xk0q5(x)

)
+ xk0r5(x)

where

q5(x) = xiµ+1q4(x) + q3(x)

and

r5(x) = x(j−1)n(
s−1∑

l=µ+1

xil) + xjn(1 +

µ∑
l=1

xil)

satisfying the condition

deg(xk0q5(x)) < val(xk0r5(x)).

Step 4:
According to Proposition 2.5, there exists q2(x) ∈ Rn such that

c(x) = g(x)q2(x).

Therefore, from (3.6), (3.29) and Lemma 3.3, we obtain

a(x) = g(x)
(
q2(x) + xk0q5(x)

)
+ xk0r5(x).

with

deg(q2(x) + xk0q5(x)) < val(xk0r5(x)).

And since

|x(j−1)n(

s−1∑
l=µ+1

xkl) + xjn(

µ∑
l=0

xkl)| ≤ s ≤ t,

then e(x) = x(j−1)n(
∑s−1

l=µ+1 x
kl) + xjn(

∑µ
l=0 x

kl) mod (xn − 1).
If ν = 0, we are in step 2. □

We have the following main theorem.

Theorem 3.7. Let C be a cyclic code of length n = 2m− 1, m ∈ N∗ over F2, t-error-correcting,
having a generator polynomial g(x) and h(x) = xn−1

g(x) satisfying the inequality

(3.30) tdeg(h(x)) < n.

Then every received word a(x) with error weight less than or equal to t can be corrected by
division by increasing power order of a(x) by g(x).

Proof. By inequality (3.30), we have that (t− 1) deg(h(x)) < deg(g(x)).
Let a(x) ∈ Rn be a received word. Then, we can write

a(x) = c(x) + e(x)

where c(x) ∈ C and e(x) is the error such that:

e(x) =
s−1∑
l=0

xkl with 0 ≤ k0 < k1 < . . . < ks−1 < n (s ≤ t)

According to Theorem 3.6, there exists a pair (q(x), r(x)) ∈ (F2[x])
2 such that

(3.31) a(x) = g(x)q(x) + r(x)

10
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satisfying

(3.32) deg(q(x)) < val(r(x)),

and

(3.33) e(x) ≡ r(x) mod (xn − 1).

According to (3.31) and (3.32), and by Proposition 2.10, r(x) and q(x) are respectively the
remainder and quotient obtained from the division by increasing power order of a(x) by g(x).

Knowing the remainder r(x), the error e(x) in the received word a(x) is obtained from (3.33).
Hence, the result. □

Decoding algorithm

Let C be a cyclic code with the property (3.30). Then, the following algorithm provides the
codeword c(x) corresponding to a received word a(x) ∈ Rn such that a(x) = c(x) + e(x) where
c(x) ∈ C and |e(x)| ≤ t, deg(e(x)) < n.
Input: received word a(x)
Output: codeword c(x)
Begin:

(i) Perform the division by increasing power order of x of a(x) by g(x).
(ii) Compute the weight of the remainder:

• If the remainder is r(x) with |r(x)| > t, then continue the division and return to (ii)
• Else |r(x)| ≤ t, then the error e(x) ≡ r(x) mod (xn − 1), deg(e(x)) < n.

(iii) The codeword is c(x) = a(x)− e(x).

End.
In fact, suppose that (t− 1) deg(h(x)) < deg(g(x)).

Let a(x) ∈ Rn be a received word. Then, a(x) can be written as:

(3.34) a(x) = c(x) + e(x)

where c(x) ∈ C and e(x) is the error. According to Theorem 3.6, there exists a pair (q(x), r(x)) ∈
(F2[x])

2 satisfying:

a(x) = g(x)q(x) + r(x)

with

deg(q(x)) < val(r(x)), |e(x)| = |r(x)| and e(x) ≡ r(x) mod (xn − 1), deg(e(x)) < n

and according to Proposition 2.10, r(x) is a remainder from the division by increasing power
order of a(x) by g(x).

The following table provides the values of dimension k and the minimum distance d for the
cyclic codes with the property (3.30) such that n ≤ 31. Note that deg(h(x)) = k.

11
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n k d t n k d t
3 1 3 1 15 6 6 2
7 4 3 1 5 3 1

3 4 1 4 6 2
1 7 3 4 8 3

15 11 3 1 3 5 2
10 4 1 2 10 4
9 3 1 1 15 7
9 4 1 31 26 3 1
8 4 1 25 4 1
7 3 1 15 6 2
7 5 2 1 31 15

Table 1. Table of codes

4. Example

In this section, we illustrate the results developed in the previous sections by an example.

Let R15 = F2[x]
(X15−1)

be the ambient space of the cyclic codes of length 15 over F2. The

factorization of x15 − 1 into irreducible monic polynomials over F2 is

x15 − 1 = (x+ 1)(x2 + x+ 1)(x4 + x+ 1)(x4 + x3 + x2 + x+ 1)(x4 + x3 + 1).

Let α be a root of x4 + x+ 1 in F16. Then, we have

F16 = {0, 1, α, α2, . . . , α14} and x15 − 1 =

14∏
j=0

(x− αj).

Throughout this example, we consider the cyclic code C with generator polynomial

g(x) = (1 + x)(1 + x+ x4)(1 + x+ x2 + x3 + x4)(1 + x+ x2)

= 1 + x3 + x4 + x6 + x8 + x9 + x10 + x11

and

h(x) =
x15 − 1

g(x)
= 1 + x3 + x4.

Since

g(1) = g(α) = g(α2) = g(α3) = g(α4) = g(α5) = g(α6) = 0,

then by Theorem 2.6, code C has minimum distance d ≥ 8 and since |g(x)| = 8, it follows that
d = 8. Thus, C is a 3-error-correcting code.

Let a1(x) = 1 + x+ x5 + x8 + x9 + x11 + x13 + x14.
According to the division by increasing power order of a1(x) by g(x), we have:

a1(x) = g(x)(1 + x+ x3).

Therefore, a1(x) is a codeword of C.
We notice that tdeg(h(x)) = 12 < 15 = n, so the condition (3.30) from Theorem 3.7 is

fulfilled.

12
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Let a2(x) = 1 + x + x3 + x5 + x7 + x8 + x9 + x11 + x13 a received word containing an error
of weight 3. We perform the division by increasing power order of a2(x) by g(x) and obtain the
first remainder of weight 3: r(x) = x14 + x18 + x22.

We have e(x) ≡ r(x) mod (x15 − 1), with e(x) = x3 + x7 + x14. Thus, the codeword is
c(x) = a2(x)− e(x) = 1 + x+ x5 + x8 + x9 + x11 + x13 + x14.
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