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1. INTRODUCTION

Cyclic codes form a family of linear codes with very important algebraic structures. They are
of particular interest due to their numerous applications in coding theory. Several authors have
studied cyclic codes (see, for example, [1], [3], [6]).

In this paper, we present a simple decoding algorithm for certain cyclic codes of length
n=2"—1,(m €N, m > 2), over the finite field with two elements Fy. Let C be a cyclic code
of length n and generator polynomial g(z). C is assumed to be t-error-correcting, where ¢ is
the largest integer such that 2t + 1 < d, where d is the minimum distance of C. Using division
2,
error. If a(z) = ¢(z) + e(x) with ¢(x) € C and the weight of the error e(z) is less than or equal
to t, we examine the remainders of division by increasing power order of a(x) by g(z). More
precisely, the error e(z) is determined by the remainders of weight less than or equal to ¢. This
new decoding method works well for binary cyclic codes of length n < 15 (i.e. n =3 and n =7),
but for n > 15, the method does not work for certain codes. For example, for the cyclic code of
length 15 over Fy generated by g(z) = 14+ 2 + 22 + 2% 4+ 2° + 2% + 210 with a minimum distance
d =7 (i.e. 3-error-correcting), the remainders of the division by increasing power order of the
received codeword a(x) = x + 2% + 2% 4 28 containing 3 errors are all of weight greater than or
equal to 4. We provide a sufficient condition for the applicability of this decoding method for a
t-error-correcting cyclic code generated by a polynomial g(x).

This paper is organized as follows: section 2 recalls the definitions and properties related
to cyclic codes. Section 3 presents the preliminary results that are essential for proving the

1

by increasing power order to decode a received codeword a(x) € can directly yield the



ROMANIAN JOURNAL OF MATHEMATICS AND COMPUTER SCIENCE Issue x, Vol. xx (20xx)

theorems. In section 4, we provide the results of this paper, and in section 5, an illustrative
example is given.
2. PRELIMINARIES

In this section, we recall the essential properties related to cyclic codes. The notations intro-
duced here will be used throughout the rest of this paper.
Let n > 1 be an integer. A linear code C of length n over Fy is a vector subspace of

(F2)" = {(ao,a1,...,an-1) | @i € Fo, 0 <i<mn—1}.
The weight of a vector a = (ag, ai,...,an—1) € (F2)" is defined by
|a|=card({i]a; #0, 0<i<n-—1}).
The Hamming distance of two vectors a,b € (Fg)™ is
d(a,b)=|a—10b].
The minimum distance of a linear code C is
d = min{d(a,b) | a,b € C,a # b} =min{| a |,a € C,a # 0}.

Definition 2.1. A code C is said to be t-error-correcting if t is the largest nonzero integer such
that 26 +1 < d.

Definition 2.2. A linear code C is cyclic if for all (co,c1,...,cn—1) € C, (¢p—1,¢C0s...,Cn—2) € C.

We consider the quotient ring
Fy[z]
(z = 1)
For simplicity, the class of the variable x in R,, will also be denoted by zx.

We have the following isomorphism:
¢ (Fa)™ — R,
(ag,a1,...,an_1) +— ag+aix—+---+a,_ 12" L

R, = :{ao—i—alx—i—...—l—an_lx"_l\aing,Ogign—l}.

Thus, we have the identification
a=(ag,ai,...,an—1) <— alx)=ap+ax+---+ ap_12" L

We consider cyclic codes of length n over Fy where n = 2™ — 1 and m € N*. The following
properties are well known and can be found in [1], [3], [6], [5], [4] and [2].

Theorem 2.3. A linear code C C (F2)" is a cyclic code if and only if it is an ideal of R,.

Theorem 2.4. The unique monic polynomial g(x) of minimal degree in an ideal T of Ry, is a
generator of T and divides x™ — 1. Conversely, every divisor of " — 1 is a generator of an ideal

mn R,.

Proposition 2.5. Let C be a cyclic code with generator polynomial g(x) and let a(x) € R,.
Then a(x) is a codeword of C if and only if a(x) = g(z)q(x) with q(x) € Ry,

Let a be a primitive element of the field with 2™ elements Fom, m € N*. We have

Fom = {0,1,a,0?,...,0%" 72},
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Theorem 2.6 ([3]). (BCH bound.) Let C be a cyclic code of length n over Fa, with generator
polynomial g(x) and minimum distance d such that there exist integers 5 > 0,6 > 1 satisfying
g9(@”) = g(a™!) = = g(a"H7?) = 0.

Then, d > 4.
Definition 2.7. Let a(x) = agp+a1x+...+a,z" be a polynomial in Fo[z]|. The valuation of a(x)

denoted val(a(z)) is the smallest integer v such that a, # 0 for a(x) # 0 and val(a(z)) = +oo if
a(x) = 0.

Theorem 2.8. Let ;1 > 0 be an integer. Let a(x) = ag+ arx+ ...+ apx” and b(x) = by +brx +
et bn/x"/ be two polynomials in Fy[z] such that by # 0, n >0 and ' > 0. Then, there ezists a
unique pair (q(z),u(z)) € (Fo[z])? that satisfies the equation

a(x) = b(x)q(z) + 2" u(x)
with

deg(q(z)) < p.
The polynomials q(x) and r(z) = 2" u(z) are called, respectively, the quotient and the remain-
der of order p in the division by increasing power order of x of a(x) by b(x).
Proof. Existence: The proof proceeds by induction on p. For simplicity, we denote A =
a(x),B =b(z),Q = q(z) and U = u(z).
For p = 0, let ag be the constant term of A. Since by # 0, let Qg be the constant polynomial
Qo = ZT?- Then, we observe that A — B(Q)g is a polynomial with no constant term, hence divisible
by x. Therefore, A — BQy can be written in the form zUp, that is,
A—BQy=zUy <= A= BQo+ zU.

Now fix p and assume that the theorem holds for all polynomials and all integers i < p.
First, perform the division by increasing powers order of A by B at order u:

A= BQ,+2"U,.
Then perform the division by increasing powers order of U, by B at order 0:
U,= kB + T.
By substitution, we obtain
A= BQ, + kBa' + 2t 2T,
Thus, we may take
Qui1 = Qu+ k't and Uy =T,

which establishes the theorem at order u + 1.
Uniqueness:
Suppose that there are two representations:

A= BQ, + z""Uy,
A=DBQy+ $“+1U2,

with deg(Q1) <  and deg(Qs) < .
Let

Q=0Q1—Q2 and U =U; —Us.

3



ROMANIAN JOURNAL OF MATHEMATICS AND COMPUTER SCIENCE Issue x, Vol. xx (20xx)

Then

0=BQ+z""U with deg(Q) < p.
Since we assumed by # 0, the polynomial x is not among the irreducible factors of B. Hence
M1 is coprime with B. From the equality

BQ = —z"U,
it follows that z#t! divides BQ. Therefore, 2**!1 divides @, which contradicts the degree
assumption on @, unless @) = 0. In this case, we also have U = 0. (]

Corollary 2.9. From Theorem 2.8, we have
deg(q(z)) < val(r(x)).
In this paper, we use the division defined in Theorem 2.8.
Proposition 2.10. Let a(x) and b(x) be two polynomials in Fa[z] such that val(b(x)) = 0. If
a(x) = b(x)q(x) + r(z)
where (q(x),r(x)) € (Fo[z])? satisfying the condition
0 < deg(q(x)) < val(r(x)),
then r(x) and q(z) are respectively the remainder and the quotient of the division by increasing
power order of a(x) by b(x).

Proof. Suppose that a(z) = b(z)q(x) + r(x) with (g(z),r(z)) € (Fa[x])? satisfying the condition
0 < deg(q(z)) < val(r(x)). Then, 0 < val(r(z)).
Let p = val(r(z)) — 1. Thus val(r(z)) = p + 1. Therefore, 7(x) can be written as r(x) =
oy (x) where u(z) € Fa[x]. Thus,
a(z) = b(x)q(x) + 2" u(x).

Moreover, since deg(q(x)) < val(r(z)), we have deg(q(z)) < val(r(z)) — 1 = u. Therefore, r(x)
and ¢(z) are respectively the remainder and the quotient of the division by increasing power
order of a(x) by b(x) of order u. O

3. RESULTS
This section presents the results of this paper.

Lemma 3.1. Letn = 2™ —1 withm € N*. Let g(x) be a polynomial in Fa[z] which divides 2™ —1
and h(z) = "”g?;)l. Let > 0 be an integer, and let u(x) = Y i 2" € Faolz] be a polynomial such
that ig = 0 < iy < ... <1, and deg(u(x)) = i, < deg(g(x)). Let § > 1 be an integer. Then,
there exists a polynomial q(z) € Fao[x] such that

u(z) = g(x)q(x) + 2u(x) with deg(q(x)) < on.

Proof. Let 0 > 1 be an integer. The polynomial ¢(x) is given by

(3.1) q(z) = f(x)u(x)h(z)
with

f(.T) =14+ " + x2n 4t $(5—2)n + x(é—l)n.
Then we have, deg(q(z)) = (§ — 1)n + deg(u(z)) + deg(h(z)). Since deg(u(z)) < deg(g(z)) and
deg(g(x)) + deg(h(x)) = n, it follows that deg(u(x)) + deg(h(x)) < n. Adding (6 — 1)n to both
sides, we get (§ — 1)n + deg(u(x)) + deg(h(x)) < dn. Hence, deg(q(x)) < dn. O
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Corollary 3.2. Let § > 1 be an integer. Under the assumptions of Lemma 3.1, there exists
q(z) € Falx] such that

1= g(x)q(z) +2°" with deg(q(x)) < on.

Lemma 3.3. Let C be a cyclic code of length n = 2™ — 1, m € N*, over Fq, t-error-correcting.

Let g(z) be the generator polynomial of C and h(x) = xgn(;)l. Let a(z) € Ry, be a received word

such that a(x) = c(z) + e(z) where ¢(z) = g(x)q(z) € C and

Zxkl—x u(x) with 0 <ko<hk <...<ks_1<n (s<t).

Iflfzé(a:() :) gt(hx)q’(a:) +w(z) with (¢ (z),w(x)) € (Fo[x])? such that h(x)|q (z) and deg(q (z)) <
a(z) = g(z)(q(z) + 2" () + 2™ w(z)
with
deg(g(z) + z™¢/ (z)) < val(z*ow(z)).
Proof. We have

)
(@)a(x) + 2™ (9(2)d () +w())
)(a(z) +a™q () + z*w(w)

Since ¢(z) = g(z)q(x) and deg(c(z)) < n, it follows that deg(g(z)) + deg(q(z)) < m. Hence
deg(q(z)) < n — deg(g(z)) = deg(h(x)). Since h(z)|¢'(x), we have deg(¢'(z)) > deg(h(z)). It
follows that deg(q(z) + z*o¢/(x)) = deg(z*0¢/(x)). And since deg(¢'(z)) < val(w(z)), we get
deg(z*0¢/(z)) < val(z*ow(x)). Therefore, deg(q(z) + z*0¢/ (x)) < val(zFow(x)). O

Lemma 3.4. Let C be a cyclic code of length n = 2™ — 1, m € N*, over Fy, t-error-correcting.
Let g(z) be the generator polynomial of C. Let a(x) € Ry, be a received word such that a(z) =
c(z) +e(x) with c(z) = g(x)q(z) € C and |e(z)| < t. If there exists a pair (¢'(x),r(x)) € (Fa[z])?
such that a(z) = g(x)¢ () + r(x) with |r(z)| <t, then

e(z) =r(x) mod (z" —1).

Proof. We have a(z) = g(z)q(x) + e(z) = g(z)q'(x) + r(z). Thus, e(z) —r(z) = g(x)(¢'(z) —
q(x()i)(enC. 1;And since |e(x) — r(z)] < le(x)] + |r(x)] < 2t < d, it follows that e(z) = r(:UD)

Theorem 3.5. Let C be a cyclic code of lengthn = 2™ —1, m € N*, over Fo, 1-error-correcting.
Assume that the code C has generator polynomial g(x) and h(x) = xgn(;)l. Let a(x) € Ry, be a
received word such that a(z) = c(x) + e(x) with c(z) € C and |e(x)| < 1, then there exists a pair
(q(z),7(x)) € (Fo[z])? such that

a(r) = g(z)q(x) + r(z)

with
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Proof. Let a(z) € R, be a received word. If |e(x)| = 0, then a(z) € C and a(z) = g(z)q(x). If
le(z)| = 1, then
(3.2) a(z) = c(z) +zF, 0<k <n.
From Corollary 3.2, for any integer j > 1, we have
(3.3) 1= g(x)q (x) + 27"
where ¢ (z) = f(z)h(z) and f(z) =1+ 2" + 22" 4 - + 2027 4 zG=Dn,
And since deg(h(z)) < n, we have deg(qi(z)) < jn. By multiplying (3.3) by z*,
we get
k k Jn+k
(3.4 o = g(a) (o (@) +
with
deg(a*q1(x)) < jn + k.
According to Proposition 2.5, there exists ga2(x) € R, such that
(3.5) c(z) = g(z)q2().
Therefore, according to (3.2), (3.5), (3.4) and Lemma 3.3, we have:
a(z) = g(x) (g2(2) + 2" (w)) + 2" F.
with ‘
deg(qa(x) + 2%q1(z)) < val(z?™HF).
And by Lemma 3.4, since |[#/"**| = 1, then e(z) = 2/"* mod (2" — 1). O
We have the following theorem.

Theorem 3.6. Let C be a cyclic code of length n = 2™ — 1, m € N*, over Fa, and t-error-
correcting with t > 2. Let us assume that C has generator polynomial g(x) and h(z) = z;(;)l.
Suppose that tdeg(h(z)) < n. Then, for every a(x) € R, such that a(x) = c(x) + e(x) with

c(z) € C and |e(z)| < t, deg(e(z)) < n, there exists a pair (q(x),r(x)) € (Fa[z])? such that
a(x) = g(x)q(x) +r(x)

with
deg(q(z)) < val(r(x)) and e(zr)=r(x) mod (z" —1).
Proof. Let a(x) € R,, such that
(3.6) a(z) = c(z) + e(x)
where ¢(z) € C and e(x) is the error such that |e(x)] = s <t and
s—1
(3.7) e(zr) = Zxkl with 0 < kg <k <...<ks1 <n.
=0
By factoring e(x) by z*0, we have
s—1
(3.8) e(x) = 2™ (1+ ) a') with iy =k — ko, 1 <1< s 1.
=1
Note that ig = 0 = deg(1).
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Therefore, we have:

(3.9) 0<i;<...<isg—1<n.
Since
s—1 A
deg(l + Zx”) =51,
=1

let us consider the following two cases:

Case 1: is_1 < deg(g(z)).

Let u(z) =1+ Y5~} 2%. From Lemma 3.1, for an integer j > 1, we have
(3.10) u(z) = g(x)q1(z) + 2"u(x)

with

and ' '
f([]j) =1 + xn + ;(;Qn + . 4+ 1-(.7*2)71 + x(]*l)n_
It follows that
deg(q1(z)) < jn.
Therefore, by multiplying equation (3.10) by z* and using equation (3.8), we obtain
(3.11) e(z) = g(2) (#q1 () + 27" Hou(z)
with
deg (mkoql (z)) < jn+ ko.
According to Proposition 2.5, there exists ga2(x) € Ry, such that

(3.12) co(z) = g(z)g2().
Thus, using equations (3.6), (3.11) and Lemma 3.3, we get
a(z) = g(z)(2(x) + 2™ q1 (2)) + 27" ou(z).
with
deg (g2(z) + a*q (z

And according to Lemma 3.4, since |2/ Foy(x
e(x) = 2/ oy (z

Case 2: is_1 > deg(g(z)).
Since s < t and the number of intervals |5 deg(h(x)), (8 + 1) deg(h(x))],
0 < B <t—2,ist—1, there exists at least one such intervals that does not contain any i;(1 <1 <
s —2). Let v > 0 be the smallest integer such that the interval v deg(h(x)), (v + 1) deg(h(x))]
contains no 4; (1 <1< s—2).

First, suppose that v # 0.

Let p be the index such that i, < vdeg(h(x)) and (v + 1) deg(h(x)) < iut1-

It follows that i, < vdeg(h(z)) < (t —1)deg(h(z)) < deg(g(x)), i.e.

(3.13) i < deg(g(2)).
Moreover, i, + deg(h(z)) < (v + 1) deg(h(x)) < iyt1, i€
(3.14) iy +deg(h(x)) < ipq1.

7
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According to equation(3.8), e(z) can be written as

o s—1
(3.15) e(w) =a™(1+) a+ > ah)
=1 I=p+1

Step 1:
Consider the polynomial v(z) =1+ Y /" 2%. According to (3.13), and by applying Lemma 3.1
with an integer j > 2, we have

(3.16) v(z) = g(x)gs(x) + 27 v(x)

where

(3.17) q3(z) = f(z)v(z)h(x)

and

(318) f(SU) =14+2"+ z2n 4+ x(j—Q)TL + x(j—l)n'
Hence,

deg(gs(z)) < jn.
Step 2:
On the other hand, according to (3.14), we have

deg(h(z)) < ipt1-
Since deg(g(x)) + deg(h(x)) = n, it follows that
n < iu1 + deg(g(x)).
And from (3.9), we have: i,_1 < n < i, + deg(g(z)). Therefore
(

(3.19) ts—1 — i/H‘l < deg g(x))
Factoring Zf;iH zU by 't we get
s_l . . 8_1 . .
(3.20) Yoot =gl ) e,
I=p+1 l=p+2

Let w(z) =1+ Zf:_iw 2=+, According to (3.19), by applying Lemma 3.1, we have

(3.21) w(z) = g(x)qa(z) + 2V w(2)

where

(3.22) a1(z) = (f(x) = 29" w(x)h(z)

and, from (3.18)

(3.23) fla) =2V =1 4 g™ 4 22 4 4 2072,

Thus,

(3.24) deg(ga(z)) < (4 = D)n.

Multiplying (3.21) by z‘#+! and considering (3.20) and (3.24), we obtain

s—1 s—1

(3.25) Y at = gla)@ i aa(e)) + 20N Y o)

I=p+1 I=p+1
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with
deg(z"+1qs(z)) < (7 = D)n + ips1.
Step 3:
By considering (3.16) and (3.25), we get
0 s—1 s—1 7
(3.26) 1+ inz + Z ' = g(x) (xi“+1q4(x) +q3(x)) + 2= Z ) + 27" (1 + Zﬂl)
=1 l=p+1 l=p+1 =1

From (3.9), we have
ils—1<n<n+ Z'M
thus,
ls—1 <N+ iy
Adding (j — 2)n + deg(h(x)) to both sides of this inequality yields
(j = 2)n+ i1 + deg(h(x)) < (j — L)n + iy + deg(h(z)).

From (3.17), we have

deg(g3(x)) = (5 — Dn + iy + deg(h(z))
and from (3.22) and (3.23),

deg(z+1qy(z)) = (j — 2)n +is_1 + deg(h(z)).

Therefore,

deg ("1 qu(z) + g3(x)) = max (deg(z"+ q4(x)), deg(g3(x)))
= deg(gs()).

On the other hand, since 7,41 < n, we have

(3.27)

(7= Dn+iurr < jn.

Since

I

val(z/"(1+ ) " a™)) = jn

=1

and
. 871 .
val(@V= (" ai) = (= n+iun
I=p+1
hence,
(3.28) val(zU™D"( > ) + 2 (1 4+ 2™)) = min ((j — 1) +dpa1,5n) = (G — Dn+ippr
l=p+1 =1

Considering the inequality (3.14) and (j — 1)n, we have
(j—Dn+i,+deg(h(z)) < (j —1)n+ium
and from (3.27) and (3.28), it follows that

s—1 o

deg (xiuﬂ%(@ + (]3(30)) < Val(a:(j_l)”( Z xil) + ;Uj"(l + szl))
l=p+1 =1
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Therefore, multiplying equation (3.26) by ¥ and considering (3.15), we obtain

(3.29) e(z) = g(z) (2*g5(2)) + 2™rs(x)
where
gs(x) = a1 qu(x) + g3()

and
. 5_1 . . ll/ .
rs(z) = zU~Hn( Z ) + 2" (1 + Z:U”)
I=p+1 =1

satisfying the condition
deg(zMgs(x)) < val(zFors(z)).
Step 4:
According to Proposition 2.5, there exists ¢g2(x) € R, such that
co(z) = g(z)ga().
Therefore, from (3.6), (3.29) and Lemma 3.3, we obtain

a(z) = g(x)(a2() + 2" g5(x)) + 2"r5(2).

with
deg(gz(z) + 2" gs(w)) < val(a*ors(2)).

And since

. s71 . #

0Dy k) i (Y M) < s <,
I=p+1 1=0

then e(x) = zU-Dn (35! R By g (31  2kf) mod (2" —1).
If v =0, we are in step 2. O

We have the following main theorem.

Theorem 3.7. Let C be a cyclic code of length n = 2™ — 1, m € N* over Fo, t-error-correcting,

having a generator polynomial g(x) and h(z) = 359(;1 satzsfymg the inequality
(3.30) tdeg(h(z)) < n.

Then every received word a(x) with error weight less than or equal to t can be corrected by
division by increasing power order of a(x) by g(x).

Proof. By inequality (3.30), we have that (¢t — 1) deg(h(x)) < deg(g(z)).
Let a(x) € R,, be a received word. Then, we can write

a(x) = c(z) + e(x)

where ¢(z) € C and e(x) is the error such that:

z) =Y 2" with0<ky <k <...<koy1<n (s<t)
=0

According to Theorem 3.6, there exists a pair (¢(z),7(x)) € (Fo[z])? such that
(3.31) a(x) = g(x)q(x) +r(x)

10
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satisfying

(3.32) deg(q(z)) < val(r(z)),
and

(3.33) e(z) =r(z) mod (z" —1).

According to (3.31) and (3.32), and by Proposition 2.10, r(z) and ¢(x) are respectively the

remainder and quotient obtained from the division by increasing power order of a(x) by g(x).
Knowing the remainder r(x), the error e(z) in the received word a(x) is obtained from (3.33).

Hence, the result. O

Decoding algorithm

Let C be a cyclic code with the property (3.30). Then, the following algorithm provides the
codeword c(x) corresponding to a received word a(z) € Ry, such that a(x) = ¢(x) + e(x) where
c(x) € C and |e(x)| < t, deg(e(z)) < n.

Input: received word a(z)

Output: codeword c(x)

Begin:

(i) Perform the division by increasing power order of z of a(x) by g(z).
(ii) Compute the weight of the remainder:
e If the remainder is r(z) with |r(x)| > t, then continue the division and return to (ii)
e Else |r(z)| < t, then the error e(x) = r(z) mod (z" — 1), deg(e(x)) < n.
(iii) The codeword is ¢(x) = a(z) — e(x).

End.
In fact, suppose that (¢t — 1) deg(h(z)) < deg(g(x)).
Let a(x) € R,, be a received word. Then, a(z) can be written as:

(3.34) a(x) = c(z) + e(x)

where c¢(x) € C and e(x) is the error. According to Theorem 3.6, there exists a pair (¢(x),r(x)) €
(Fa[x])? satisfying:

a(z) = g(z)q(z) + r(z)
with
deg(q(x)) < val(r(z)), le(z)] =|r(z)| and e(z) =r(z) mod (2" — 1), deg(e(x)) <n

and according to Proposition 2.10, r(z) is a remainder from the division by increasing power
order of a(x) by g(x).

The following table provides the values of dimension k£ and the minimum distance d for the
cyclic codes with the property (3.30) such that n < 31. Note that deg(h(x)) = k.

11
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n|lkldlt]|n|k|d]|¢t
311 (|3|1||15/6 ]| 6| 2
714131 513 |1
314|1 4162
173 4 183
15111131 3152
10141 2 110 4
9 131 1]115| 7
9 1411311263 |1
8 4|1 2514 |1
71311 15| 6 | 2
71512 1 (3115

TABLE 1. Table of codes

4. EXAMPLE

In this section, we illustrate the results developed in the previous sections by an example.

Let Ry5 = % be the ambient space of the cyclic codes of length 15 over Fy. The

factorization of z'® — 1 into irreducible monic polynomials over Fy is
B —1=(z+ D)@ +2+ D+ + 1)@ +23 +22 + 2+ D)@+ 23 +1).

Let a be a root of #* 4+ x 4+ 1 in F1. Then, we have
14 ‘
Fig={0,1,a,0?,...,a} and 2 — 1 = H(gg — o).
7=0
Throughout this example, we consider the cyclic code C with generator polynomial
gz)=1+2)1+z+2Y1+z+ 22+ 23 + 21 + 2+ 27)
= 1+$3+$4+$6—|—$8—|—m9+$10+x11

and

1
h(z) = =142+ 2.

Since
9(1) = g(a) = g(a®) = g(a®) = g(a’) = g(a”) = g(a®) = 0,
then by Theorem 2.6, code C has minimum distance d > 8 and since |g(x)| = 8, it follows that
d = 8. Thus, C is a 3-error-correcting code.
Let a;(z) = 1+ o+ 2% + 2% + 2% + 21t + 213 4+ 214
According to the division by increasing power order of aj(x) by g(x), we have:

a1(z) = g(x)(1 + = + 23).

Therefore, ai(x) is a codeword of C.
We notice that tdeg(h(x)) = 12 < 15 = n, so the condition (3.30) from Theorem 3.7 is
fulfilled.

12
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Let ag(z) =1+ + 23+ 2° + 27 + 28 + 29 + 2! + 23 a received word containing an error
of weight 3. We perform the division by increasing power order of as(x) by g(z) and obtain the
first remainder of weight 3: r(z) = 14 + 218 + 222,

We have e(r) = r(x) mod (z!% — 1), with e(x) = 23 + 27 + 24, Thus, the codeword is
c(r) = as(z) —e(x) =1+ z+2° + 2% + 2% + 2t + 213 + 214,
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