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ABSTRACT. This paper extends the reversed Hardy integral inequality on bounded intervals by
relaxing the classical monotonicity assumption on the underlying function. New variants of the
inequality are established for convex, concave, and super-multiplicative functions. The proofs
are presented in a detailed and self-contained manner, requiring only minimal prior knowledge.
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1. INTRODUCTION

The classical Hardy integral inequality is fundamental in analysis, particularly in the study
of integral operators and function spaces such as the LP spaces. It provides an upper bound for
the integral of an averaged function in terms of the integral of the original function. It can be
stated formally as follows, with reference to [4]

Theorem 1.1. [4] Let p > 1, f:[0,+00) — ) be a function and, for any x >0,

/ 70
provided that it exists. Then we have

/0+oo [Fi:v)rdxg <pfl>p/0+oo e

whenever the right-hand side integral converges.

The constant factor [p/(p — 1)]P is known to be sharp, meaning that it cannot be replaced by
any smaller constant. The Hardy integral inequality serves as a prototype for many other integral
inequalities and their generalizations. On this topic, we may refer to [1, 2, 3, 5, 6, 8, 9, 11], and
the references therein.
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The reversed Hardy integral inequality has been established in [6], providing a lower bound
counterpart to the classical Hardy integral inequality. It can be stated formally as follows.

Theorem 1.2. [6, Theorem 3] Let p > 1, f : [0,+00) — [0,+00) be a non-increasing function
and, for any x >0,
xX
— [ s
0
provided that it exists. Then we have

[ e 2 [ e s

T p—1

whenever the left-hand side integral converges.

In this result, it is important to note that the function f is required to be non-increasing,
in contrast to the classical Hardy inequality, where no such monotonicity condition is imposed.
Moreover, there is no claim of sharpness for the constant factor p/(p — 1). In [2], this reversed
Hardy integral inequality was re-investigated in the multidimensional setting and over bounded
domains. In the one-dimensional case, it can be stated formally as follows.

Theorem 1.3. [2, Corollary 2.9 with m =1 and a; = 0] Let p > 1, b > 0, f : [0,b] — [0, +00)
be a non-increasing function and, for any x € [0,],

0= [ s
provided that it exists. Then we have

/ob [Fix)]pdx > 7 /Ob [1 - (jf)”_l] [ (@)]P da,

whenever the left-hand side integral converges.

Clearly, as b — 400, this result reduces to the classical reversed Hardy integral inequality.
When the bounded interval [0, b] is considered, however, the assumption that f is non-increasing
can be overly restrictive. In this paper, we propose to reconsider the reversed Hardy integral
inequality under three alternative structural assumptions on the function f:

e Convexity: The function f is said to be convex on [0, b] if and only if, for any z,y € [0, ]
and A € [0,1], we have

fAz+ (1= Ny) <Af(z)+ (1= f(y)

e Concavity: The function f is said to be concave on [0, ] if and only if, for any =,y €
[0,b] and A € [0, 1], we have

Af (@) + (1= f(y) < fOz+ (1= Ny).

Thus, the classic convex inequality is reversed.
e Super-multiplicativity: The function f is said to be super-multiplicative on [0, b] if
and only if, for any z,y € [0,b], we have

flzy) > f(x)f(y).

Further details on this notion can be found in [10].
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Under some of these assumptions, we will show that the result in Theorem 1.3 can be technically
refined. The proofs are detailed and require minimal prior knowledge.

The remainder of the paper is as follows: Section 2 is devoted to the results and proofs. A
conclusion is given in Section 3.

2. RESuLTS

2.1. Under the convex assumption. Theorem below establishes a new reversed Hardy inte-
gral inequality on the interval [0, b] for functions that are convex.

Theorem 2.1. Letp > 1,b> 0, f:[0,b] — [0,+00) be a convez function and, for any x € [0,b],

Flz) = /0 " ).

Then we have

I T O 163

whenever the left-hand side integral converges.

Proof. Since f is convex, it satisfies the left-hand side of the Hermite-Hadamard integral in-
equality. For any y € [0, b], applying this inequality to f on the interval [0, y] gives

1 Y y+0
i), o= (150).

which is equivalent to

P = [ stode = uf ()

Therefore, since f is non-negative, we have

P EWP =0 [1 (D] 5.

Integrating both sides with respect to y on [0, z] with x € [0, b], we get

Py = [ o Ewrazp [ [1(3)] rw

Multiplying by 1/2P and integrating both sides with respect to x on [0, b], we obtain

(2.1) /Ob [F;x)]pdm > p/gb ;17, /Ox yr! [f (%)}pil f(y)dydz.
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Applying the Fubini-Tonelli integral theorem and using standard primitive formulas, we can
express the lower bound as

2 - [ O @) o
2

It follows from Equations (2.1) and (

IRy A O 1 163)

This completes the proof. O

.2), and a minor change in notation, that

Theorem 2.1 can be applied to a wide variety of functions, in contrast to Theorem 1.3, which
requires the function to be non-increasing. For example, taking f(z) = e®, which is clearly

convex, we get
b T p b _
l/’ T e P [ (2) et e,
0 xr - D — 1 0 b

Note that, if we assume that f is non-increasing, then for any z € [0, 5], we have z/2 < x,
which implies

7(3) = 1@,

It then follows from Theorem 2.1 that

[ w2 [l @ @) o

.o [ [1 - (‘Z)pl] F(2)]P da.

“p—1Jy

Thus, even in the monotonic case, Theorem 2.1 provides a refinement of Theorem 1.3 by yielding
a stronger lower bound under the additional assumption that f is non-increasing.
Let us finally mention that, as b — +00, Theorem 2.1 reduces to

[T e [T G e
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2.2. Under the concave assumption. Theorem below establishes a new reversed Hardy in-
tegral inequality on the interval [0, b] for functions that are concave.

Theorem 2.2. Letp >1,b>0, f:]0,b] — [0,400) be a concave function with f(0) =0 and,

for any x € [0,b],
= /0 f(t)dt

[ 2 [ -G s

whenever the left-hand side integral converges.

Then we have

Proof. Making the change of variables t = uy and using the concave inequality of f combined
with f(0) = 0, we have

Y 1 1
- /0 f(t)dt =y /0 fluy)du =y /0 Fluy + (1= ) x 0)du
1 1
[ )+ (=) f0) du =) [ udu = Gur)

(this inequality can also be obtained by applying the left side of the Hermite-Hadamard integral
inequality for concave functions). Therefore, since f is non-negative, we have

PI@IFWP = 50 [Fw))

Integrating both sides with respect to y on [0, z] with = € [0, b], we get

PP = [ pwFE@Paz L [,

Multiplying by 1/2P and integrating both sides with respect to x on [0, b], we obtain

23) /Ob [F;x)] = o0 1/ gcp/ P )] dyda.

Applying the Fubini-Tonelli integral theorem and using standard primitive formulas, we can
express the lower bound as

p— 1 p

= 1/ xp/ 1P dydx

2p 1/ / 7dxdy
p ’ 1 1

_ p— P -p
2p1/0 v [f(y)] L_px Ldy

s [0 o

It follows from Equations (2.3) and (2.4), and a minor change in notation, that

S
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This completes the proof. O

Theorem 2.2 can be applied to a wide variety of functions, in contrast to Theorem 1.3, which
requires the function to be non-increasing. For example, taking f(z) = log(1 4+ x), which is
clearly concave and satisfies f(0) = 0, we get

/Ob [(1 + ) logil +1z)—x pdx > m /Ob [1 _ (:c)p—l] log(1 + 2) dz.

Sal

In addition, note that the case b — 400 is excluded because a concave non-negative function
f:1]0,400) = [0, +00) must be non-decreasing, making divergent the integral f0+°°[f(x)]pd:n.

2.3. Under the super-multiplicative assumption. Theorem below establishes a new re-
versed Hardy integral inequality on the interval [0, b] for functions that are super-multiplicative.

Theorem 2.3. Letp >1,b>1, f:]0,b] = [0,400) be a super-multiplicative function and, for
any x € [0,b],

F(z) = /0 " ftyat,

provided that it exists. Then we have

[P a2 [ [ ] [ ) o

whenever the left-hand side integral converges.

Proof. Making the change of variables ¢t = uy and using the super-multiplicative property of f,
we have

Fy) = /0 " pwydt =y /0  fug)du > y /0 ' fw) f(y)du = [ /0 1 f(u)du] yf(y).

Therefore, since f is non-negative, we have

1 p—1
PFIF@P > p [ / f(u)du] a3

Integrating both sides with respect to y on [0,z] with x € [0, b], we get

—1

[F(2) = /0 PPy > p [ /0 1 f<u>dur /0 ) dy.

Multiplying by 1/2P and integrating both sides with respect to = on [0, b], we obtain

(25 / b [F;@]pdx > [ / 1 f(u)du] / L [ et das

6




ROMANIAN JOURNAL OF MATHEMATICS AND COMPUTER SCIENCE Issue x, Vol. xx (20xx)

Applying the Fubini-Tonelli integral theorem and using standard primitive formulas, we can
express the lower bound as

p[/lﬂu)d] /xp/ P (7 ()] dyda
e s

I
p[ } 1/; ) [Hxl‘p]ydy
) p

=D

[ rea] [ - @y o

It follows from Equations (2.5) and (2.6), and a minor change in notation, that

[ B e g2 [ s [ [ G e

This completes the proof. O

(2.6)

Like Theorems 2.1 and 2.2, Theorem 2.3 can be applied to a wide variety of functions, in con-
trast to Theorem 1.3, which requires the function to be non-increasing. For example, considering
the function f(z) = tanh(x), which is super-multiplicative, we have

/ b [lg(mh(”””}dx > 2 og(eosn() | ’ [1 . (ﬂ;)p‘l} tanh(a)]’ do.

0
Note that, assuming that f is non-increasing and

1
/ f(x)dx > 1,
0
Theorem 2.3 implies that

/ob Sl [/ fla df”] /Ob - (5) | e

> 2 -Gy vera

p—1

Thus, in this context, Theorem 2.3 provides a refinement of Theorem 1.3 by offering a stronger
lower bound under the additional monotonicity assumption on f.
Let us finally mention that, as b — 400, Theorem 2.3 reduces to

/0+00 {F)]d S [/ f <x>d%‘] /Om @) da.
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3. CONCLUSION

In this paper, we extended the reversed Hardy integral inequality to convex, concave and
super-multiplicative functions on bounded intervals. We also demonstrated that imposing ad-
ditional assumptions, such as non-increasing behavior, enables us to derive more refined and
stronger lower bounds. Future work could explore other types of convexity, such as the h-
convexity introduced in [7], as well as multidimensional and weighted extensions and applications
to differential equations and functional analysis.
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