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DEPTH AND STANLEY DEPTH OF THE EDGE IDEALS OF SOME
m-LINE GRAPHS AND m-CYCLIC GRAPHS WITH A COMMON
VERTEX
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ABSTRACT. We give some precise formulas for the depth of the quotient rings of the
edge ideals associated to a graph consisting, either of the union of some line graphs
Lar .., Lgrkl, L3s 11, -, L3Sk2+1 and Lzt t2,..., Lgtk3+2 or of the union of cycle graphs
Cg,l R Cgrkl, Cglerh R C3Sk2+1 and Cgt1+27 e Cgtk3+2, with a common vertex. We
also give some tight bounds for their Stanley depths.
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1. INTRODUCTION

Let S = K[z1,...,z,] be the polynomial ring in n variables over a field K and M a finitely generated
Z"-graded S-module. For a homogeneous element u € M and a subset Z C {z1,...,z,}, uK[Z] denotes
the K-subspace of M generated by all the homogeneous elements of the form uv, where v is a monomial
in K[Z]. The Z"-graded K-subspace uK[Z] is said to be a Stanley space of dimension |Z| if it is a free
K[Z]-module, where, as usual, |Z| denotes the number of elements of Z. A Stanley decomposition of M
is a decomposition of M as a finite direct sum of Z"-graded K-vector spaces

i=1

where each u; K[Z;] is a Stanley space of M. The number
sdepth (D) = min{|Z;|: i =1,...,7}
is called the Stanley depth of decomposition D and the quantity
sdepth (M) := max{sdepth (D) | D is a Stanley decomposition of M}
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is called the Stanley depth of M. Stanley [10] conjectured that
sdepth (M) > depth (M)

for all Z"-graded S-modules M. This conjecture proves to be false, in general, for M = S/I and M = J/I,
where I C J C S are monomial ideals, see [4].

Herzog, Vladoiu and Zheng [6] introduced a method to compute the Stanley depth of a factor of two
monomial ideals which was later developed into an effective algorithm by Rinaldo [9] implemented in
CoCoA [3]. However, it is difficult to compute this invariant, even in some very particular cases. For
instance in [1] Bird et al. proved that sdepth (m) = [4] where m = (z1,...,2,) is the graded maximal
ideal of S and [ %] denote the smallest integer > 7. For a friendly introduction on Stanley depth we refer
the reader to [5].

Let I, and J, be the edge ideals associated to the line, respectively, cycle graph of length n.
Morey [7] proved that depth (S/I,,) = [%]. Replacing depth by stanley depth, Stefan [11] showed that
sdepth (S/I,) = [2]. In [2], Cimpoeas proved that depth (S/.J,,) = [%51] and sdepth (S/J,,) = [251] for
n =0 (mod 3) and n = 2 (mod 3). He also proved that [251] < sdepth (S/.J,,) < [%] for n = 1 (mod 3).
Let I and J be the edge ideals associated to the graph consisting of the union of line graphs L, , ..., L3rk1,

L3s 41, Las, +1 and Lgg yo,..., Lgt, 42 with a common vertex, respectively, the graph consisting of
3
the union of cycle graphs Cs; ;.. .,Cg,-kl, Css,4+1, - - - ’C3Sk2+1 and Cst 4o, .,C’gtk3+2 with a common
vertex, then using similar techniques, we prove that
kl kg
i+ > s, if k3 =0,
(1) sdepth(2) > depth($)=4¢ ! =1

F1 ko k3
dYori+ . si+ ) ti+1, otherwise;
i=1 i=1 =1

kl kz k3
(2) sdepth(%) < Z:lri + Z:lsl + zjlti + 1.
1= 1= 1=
In the fourth section, we prove that

k2
Zsi7 ifklzk?)zo’
(1) sdepth (§) > depth (§) = N .
Yo Ti+ . si+ ) ti— ki + 1, otherwise;
i=1 i=1 i=1

k1 ko k3
(2) sdepth(g) < ;n—k Z:lsi—i— ;ti—k1+1;
- - s ks
Yot >t~k +2 if ky = 0,
(3) sdepth (4) > depth (£) = ¢ =1 =1

ky P k3
Yori+ > si+ > ti—ki+1, otherwise.
i=1 i=1 i=1

2. PRELIMINARIES

We first recall some definitions about graphs and their edge ideals in order to make this paper self-
contained. However, for more details on the notions, we refer the reader to [13, 14].

Definition 2.1. Let G; = (V(G,), E(G;)) be some graphs with vertex set V(G;) and edge set E(G;) for
1 <4 < k. The union of graphs G1,Ga,...,Gy, written as G; U Go U - - - U Gy, is the graph with vertex

k k
set |J V(G;) and edge set |J E(G;).
i=1 i=1

(3 1=
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Definition 2.2. Let G = (V(G), E(G)) be a graph with vertex set V(G) = {z1,...,2z,} and edge set
E(G). Suppose that z1,...,x, are variables over the field K. The edge ideal of graph G in the polynomial
ring S = K{z1,...,x,] is the squarefree monomial ideal

I(G) = ({iz; [{zi, 23} € E(G)}).
For the sake of simplicity, we will use the same notation z;z; for the monomial and for the corresponding
edge of graph G.

Definition 2.3. Let G = (V(G), E(G)) be a graph with vertex set V(G) = {z1,...,z,} and edge set
E(G). Then G is called a line graph of length m, denoted by L,,, if its edge set F = {x;x;11 | 1 < i <
m — 1}. Similarly, if m > 3, then G is called a cycle graph of length m, denoted by C,,, if its edge set
E={zxi1|1<i<m-—1}U{zpz1}.

We recall the well known Depth Lemma, see for instance [13, Lemma 1.3.9] or [12, Lemma 3.1.4].

Lemma 2.4. (Depth Lemma) Let 0 — L — M — N — 0 be a short exact sequence of modules over a
local Ting S, or a Noetherian graded ring with Sy local, then
(i) depth(M) > min{depth (L), depth (N)};
(ii) depth (L) > min{depth (M), depth (N) + 1};
(iii) depth(N) > min{depth (L) — 1, depth (M)}.

The most of the statements of the Depth Lemma are wrong if we replace depth by Stanley depth.
Rauf [8] proved the analog of Lemma 2.4 (i) for Stanley depth.
Lemma 2.5. Let 0 - L — M — N — 0 be a short exact sequence of finitely generated Z"™-graded
S-modules. Then
sdepth (M) > min{sdepth (L), sdepth (N)}.
Using Depth Lemma, Morey in [7] proved the following result.
Lemma 2.6. Let L, be a line graph of length m and I(L,,) its edge ideal. Then depth(S/I(Ly,)) = [7%].

Replacing depth by Stanley depth, Stefan in [11] showed the following result.
Lemma 2.7. Let Ly, be a line graph of length m and I(L,,) its edge ideal. Then sdepth (S/I(Ly,)) = [%].

3. DEPTH AND STANLEY DEPTH OF THE EDGE IDEALS OF SOME m-LINE GRAPHS WITH A COMMON
VERTEX

In this section, we will give some formulas for depth and Stanley depth of the quotient rings of the edge
ideals of some m-line graphs with a common vertex. We assume that G is the m-line graph formed by

joining m line graphs Ls,,,..., L3rk1, L3s 41y, L35k2+1, L3t 4o, .., L3tk3+2 at a common vertex, where
ki+ko+ks=mand k; >0 for i =1,2,3. We adopt the following notation to edges of graph G:
E(Lsy, i) = {71225, ©2,iT34, - - - , T30, —1,iT3r, i} for any 1 <i < ky and ry < --- <7y,
E(L3s;+1,i) = {2192, Y2,i¥3,i» - - - » Y3s,,iY3s;+1,i } for any 1 <i < kg and 51 < -+ < sy,
E(L3ti+2’i) = {.TlZg’i, 22’2’2371‘, ey thi+1’i23ti+2,i} fOI‘ all ]. S ’L é ]Cg and tl S . S tk3.

Set K be any field, S = K[z1,%2.1,. .. ST 1y T2k s T3y ey Y2000 Ys 1T e Y2k
Ysr, 1, kg 22,015 oy 2320 s B2 kg s e+ 2Bt 42, k3] the polynomial ring. The edge ideal of graph G is
I= ($1$2,1, L2123,15 - - -5 L3r1—1,1T3ry,15 - - -, L1L2,ky 5 L2,k T3k s - - -5 L3r, =1,k L3r, k1 X1Y2,15Y2,1Y3,1, - - -

Y3s1,1Y3s14+1,15 -+ - s L1Y2,ko s Y2,k Y3, kos - - - 7y33k2 ,k293sk2+1,k2, T122,15,22,123,15«++5R3t14+1,123t14+2,15+ + -y L122 k3>

s az3tk3+1,k323tk3+2,k3)~
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Example 3.1. The following graph G is the union of 5 line graphs Ls, Ly, L5, Lg and L7 with a common
vertex xj.

Figure 1

The edge ideal of graph G is I = (171932,1,I2,15L’3,1,$1132,2,172,2133,2,1173,2964,2,£E4,2I5,2, T52%6,2, L1Y2,1,
Y21Y3,1,Y3,1Y4,1, L1Y2,2, Y2,2Y3,2, Y3,2Y4,2, Y4,2Y5,2, Y5,2Y6,2, Y6,2Y7,2, T122,1, Z2,123,1, 2’3,124,1,24,125,1)-

We need the following lemma (See [8, Theorem 3.1]).

Lemma 3.2. Let I ¢ S; = Klz1,...,2n], J C So = Klyi,...,yn] be monomial ideals and S =
Klz1, ..., Zm,Y1y---,Yn]. Then

sdepth (S/(IS,JS) > sdepth (S1/151) + sdepth(S2/JS2).

Now, we prove the main results of this section. We adopt the following convention: whenever, in a
sum, the index runs from 1 to 0, the sum has to be taken equal to zero.

Theorem 3.3. Let G be a graph consisting of the union of line graphs Ly ..., L3Tk s Lsst1,-- -, L3Sk 1
1 2
and L3t 1o, .. s Lst, 42 with a common vertex x1, where k; > 0 for i = 1,2,3. Let I be its edge ideal.
3

Then

k}l k}2

S+ s, if k3 =0,

i=1 i=1

S S
sdepth(f) > depth(f) = " P ks
Sri4+ Y. s+ > ti+1, otherwise.
i=1 i=1 i=1
In particular, S/1 satisfies the Stanley conjecture.

PT’OOf. Note that (I : .131) = (.132,1, P ,xg,kl 5 y2,17 e ,y27k2, 2271, ceey 2,’27]%7 .233713)471, e 73;37‘1—1,1-%‘37‘1,17 ey
$3,k1 $4,k17 s 71‘37‘k1—1,k1x37"k1,k1 ) y3,1y4,17 .. 7y331,1y381+1,17 .. 7y3,k2y4,k‘2) ey y3sk2,k293sk2+1,k2723,12'4,17 ..
Z3t14+1,123t14+2,15 - + - » 23, k3 Rd,kzy -+ s Z3tk3+1,k3z3tk3+2,k3) and (L 951) = (962,1963,17 sy T3 —1,1T3r 15+ - - 5
$2,k1 :E-?),k]v e 71:3Tk1—1,k1 $3T‘k1,k1 b y2,1y3,13 e 7y381,1y381+1,13 e 792,k2y3,k27 e 7y38k2,k2y33k2+1,k2722,123,17 e
234941,1 2311 42,15 - - - 1 22 k5 23 kg - - - 5 ZStk3+17k323tk3+27k3,xl), thus we get that
S ~ K[x371,...7x3n’1] ® ® K[xS,kla“'axBrkl,h]
. = K K
(I:m) (T3,1T4,15 -+, T3ry —1,1T37,,1) (T3,k1 Takys - - - T3r, | —1,k1 T30, | k1)
Klys 1, Y38 +1,1] Klyssr - Y3s,, +1k]
® Rp Op
(3/3,1y4,1, e ay381,1y3$1+1,1) (y3,k2y4,k2a e 793sk2 ,k2y35k2+1,]€2)
K[Zg’h - ,thlJrQ,ﬂ K[z&km SRR Z3tk3 +2J€3]
Ok Ry Qg ®KK[:E1]7
(2’3,124,1, ceey Z3t1+1,12’3t1+2,1) (23,k324,k37 ceey Z3tk3+1,k323tk3 +2,k3)
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and

S ~ K[.’L‘271,...,.’L‘3T1,1] K[$2,k1a~-~ax3rk1,k1]
o~ ®p R
(I, 21) (T2123,1, s T3r, —1,1T37,,1) (T2,k T3 k15 - - - » L3r,  —1,k1L3r, | )
K[yz 1,...,y351+1 1] K[y27k2""7y35k2+17k2}
b ’ : Ry O
(Y2,1Y3,1, -+ Y35,,1Y351+1,1) (Y2,k2 Y3,z - - - 1 Yss,, ,k2y35k2+1,k2)
K[ZQ Tyeeey 23842 1] K[227k3,...723tk3+2,k;3]
®K ? ? ®K e X .
(22,123,1, ceey 23t1+1,123t1+2,1) (Zz,kszzs,kg» B Z3tk3+1,k323tk3+2,k3)
Therefore, by Lemmas 2.6, 2.7, 3.2 and [13 Proposition 2.2.20, Theorem 2.2.21], We obtain that
k1 ko
sdepth (73-) > depth (£5-) = ZV“—Q] + 2[3%—1] + Z[i‘m] 1= Zrz + Z si + Zt +1, and
i=1 =1 =1 i=
k1 k1 ko
sdepth ({75-5) > depth (75-) = >[4 Zf ] + Z[“";W =Y it s+ Zt + ks.
1=1 =1 i=1 i=1 i=1
Using Lemma 2.5 on the short exact sequence
(1) 0— S/(I:21) =% S/T— S/(I,x,) — 0,
kl kz
S+ s, if k3 = 0;
i= i=1

we conclude that sdepth (%) i P .
Sori+ Y si+ > ti+1, otherwise.

If k3 # 0, then depth (

T zl)) > depth(i). Using Lemma 2.4 on the short exact sequence (1), it

follows that depth (2~ 1 ) ) Z r; + Z s; + Z t; + 1.

Assume that k3 = 0. We clalm that we have the S-module isomorphism

k1
(i) Klz31,..., %30, ,1] K231, ,%3r,_4,i—1)
@ D@y
1 173 1L4,15 - - ,$3r1—1,1f€3r1,1) (13,1—11”4,1—1, B 173r,-,,1—1,i—12173m,1,i—1)
Klxas, ... 23r,] Klxoit1, .., 3, it1]
K ®K ®K .
(1’4,1‘!105,1‘, e @3@—1,#3”,1) (5172,i+1$3,i+17 cee ,$3r,;+1—1,i+1503m+1,i+1)
K[x2,k?1>""$37‘k ,kl] K[yg’l,...7y351+1’1]
®K K ®K
(Iz,kll”:’a,kl, <oy L3y 1 k1 L3r, ,k ) (y2,1y3,1, e ,y331,1y3s1+1,1)
K[yQ,k27"'vy33k2+17k2] [xg 1,...,x37«171]
K m2 1 @ Y2 ,L K
(y2,k2y3,k27 ce 7y38k2 ,k2y35k2+1,k2 965 124,15 - - 7$3r171,1$3r1,1)
K[I&"’l""’z?’m ] Klys 1, ... Y3s,+1,1]
K ®K
($3,k1334,k17 ceey 3 1 1 T3r, ,kl) (y3,1y4,17 cee ,y351,1y351+1,1)
K[y3,i—1’ e 73}331714-1,1'—1] Klyai, ... yss,+1]
K ®K ®K
(y3¢i71y4,i71; cee 7935i,1,i71y35i,1+1,i71) (y4,iy5,ia cee ,y3si,iy3si+1,i)
K[yQ,i+17~-- 7y33'i+1+1,7;+1] o K[yQ,k27~-- ay3sk2+17k2] )[ ])
K K K Y2,il),
(Y2,i+1Y3,i415 - - - > Y3sspr,i+1Y3si1+1,i41) (Y2,k2Y3,ka s - - - 2 Yss,, ,k2y35k2+1,k2)

where ;0 = y;0 = 0 for 3 <14 < ky, 3 <j < ko. Indeed, if u € (I : z1) is a monomial such that u ¢ I,
then xo ;|u or ys j|u for some 1 < i < kqor 1 <j<ks.

If x31|u, then we can write u as u = x5;v with a > 1 and w33 { v. Since u ¢ I, we have that
OES K[Z‘4717 sy X371 15, X2,25 0+ 3 X3, 25+ - 3 L2 kg vy xs'fklykﬂyll? s YssiH1,1s 5 Y2 kg e e - 5y38k2+1,k2] and
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v ¢ ($4,1I5,1, c o3 31 —1,1T371,1, L2,2L3,25 + + - 3 L3ry—1,2L31r5,25 « + + y L2 k1 L3 ky s - - - 7x3rk1—1,k1$3rk1 k1 Y2,1Y3,1,

<y Y3s1,1Y3sp- 1,1y - - -5 Y2, kg - e - ,ygskz 7k2y3sk2+1’k2)' Sirnilarly, if x272\u and X211 J[ u, then v = Z‘%Q’U with
o> land v € K[J?371, s 311,15, X4,25 -+ - 5 X3r5,2,L2,35 -+ 3 L3rg,35 -y L2 kyye-- ,l‘grkl K1y Y2,15 -5 Y3s14+1,15

o Y2kas o YUss, 4 1ke] And U € (T3040, B 11080, 15 Ta2T525 5 L3ry—1,2T8r5,2, L2333, - -
T3r5—1,3T3r5,37 - - s L2 k1 L3, ks -+ xSrkl—l,klx?ﬂkl k1 Y2,1Y3,15 - -+ 1 Y3s1,1Y3s14+1,15 - - -y Y2,k0 Y3 Koy - - - s

Y3s, kaY3s, +1,k,)- Other cases can be shown in a similar way as the above.
2 2

Therefore by [13 Proposition 2.2.20, Theorem 2.2. 21] and Lernnia 2.6, it follows that depth (I%) =
ky—

1
5 2] + 10 4 z [Bot] 4[5 2] +1 = z rit z i
i=1

Now, using Lemma 2. 4 on the short exact sequence

(2) 0— [:21)/I—S/I— S/(I:21) —0,

this completes the proof. ([l

Assume n = Z 3r; + Z (3s;+1)+ Z (3t;+2) — (k1 + ko +k3)+1. We identify S/I with the Z"-graded
=1
K-subvector space Ic of S which is generated by all monomials v € S\ I. Set the set
P={aeN":z%€cIand x“|x1Hxi,j H Yij H Zij}s

2<i<3r;,2<i<3s; +12<i<3t; + 2
1<j<k; 1<j<ko 1<j<ks

where a = (a(1),a(2,1),...,a(3r1,1),...,a(2,k1),...,a(3r,, k1),0(2,1),...,b(3s1+1,1),...,b(2, k2), ...,
b(3s, 1, k2),c(2,1),...,c(3t1 +2,1),...,¢(2,k3), ..., c(3t,,+ 2,k3)) € N" and

w = O T2 T o) 26,
2]

2<i<3rj, 2<i<3s;+1, 2<i<3t;+2
1<j<ki 1<j<keo 1<j<ks

Consider the natural partial order on N™ which is given by componentwise comparison, i.e. if a =
(a1,...,an) and b = (by,...,b,), then a > b if and only if a; > b; for all i = 1,...,n. With respect to
the partial order induced on P, it becomes a poset where a > @’ if and only if 2% |x®.

Let P: P = U [Fi, Gi] be a partition of P, We denote sdepth (P) = min{|G;| : 1 <i < r}. Also, we
define the Stanley depth of P, to be the number
sdepth (P) = max{sdepth (P) | P is a partition of P}.

Herzog, Vladoiu and Zheng proved in [6] that sdepth (£) = sdepth (P). Now, for d € N and o € P, we
denote

Py:={acP:laj=d} and Py, :={a € Pyg:2|z"},
where for a = (a(1),a(2,1),...,a(3r1,1),...,a(2,k1),...,a(3r,, k1),0(2,1),...,b(3s1+1,1),...,b(2, ko),

k1 37y
038yt k), (2, 1), (3t +2,1), 00, e(2,k3), -, (3t 52, k3)) € N, Jal i=a(1)+ X Z a(i,j)+
1li=
ko SS]'+1 k3 3tj+2 =
> > b )+ >0 > i)
=1 i=2 j=1 i=2

With these notations, we are able to prove the following result.
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Theorem 3.4. Let G be a graph as in Theorem 3.3 and I be its edge ideal. Then

sdepth (= <ZT1+281+Z7‘L + 1.

Proof. Firstly, we claim: if o € P such that Py, = 0, then sdepth (P) < d.
Indeed, let P : P = |J[F;, G;i] be a partition of P with sdepth (P) = sdepth (P). Since o € P, it

=1
follows that o € [F;, G;] for some i. If |G;| > d, then it follows that Py, # ), since there exist some
subsets in the interval [F;, G;] of cardinality d which contain o, a contradiction! Thus, |G;| < d and

therefore sdepth (P) < d.
k
We set d = ZrlJr nglJr Zt +1and o = (a(1),a(2,1),...,a(3r1,1),...,a(2,k1),...,a(3r,, k1),

i=1 i=1 =1
b(2,1),...,b(3s1+1,1),...,b(2, kg) S 0(Bstl ko), (2, 1), ..o e(Bt1+2,1), .., e(2,k3), ., e(3t,+2, k3))
n . . . . N 1l—3]—|—10rl—3n
€ N" where a(l) = 1, for any 1 < i < k1, 1 < j < r; =1, a(l,i) = { 0 otherwise
1:0=3j+1

0: otherwise’ and for any 1 < ¢ < k3, 1 < j < ¢,

fora’nylglngalS]Sslab(lvz){

[ 1=3j+1 . B . .
c(l,1) = { 0 otherwise" We obtain that Pyy1,, = 0. Indeed, if monomial

r;—1 Si

kst
u_xll_[ T3r; i H L3541,i H Hy?)]-‘rll H H 3_7+11
=1 j=1 i=1 j=1
one can easily see that if a = (a(l),a(?, 1),...,a(3r1,1),...,a(2,k1),...,a(3r,, k1),b(2,1),...,
b(381+ 1, ].), . ,b(2,k2),. . ,b(38k2+ 171€2),C(2, 1), . .,C(3t1 + 2,1),. .. ,0(2,k3)7. .. ,C(Stkg-f— 271€3)) € N”
such that a(l,i) # 0 for some | ¢ {35+ 1,3r; | 1 < j <7 —1,1 < i < ki} or b(l,i) # 0 for some
l¢{3]+1|1<]<511<l<k2}orc(l2)7&0f0rsomel¢{3j—|—1|1<]<t 1<z<k3} then

u-z® € I. Therefore, by previous remark, sdepth (2) = sdepth (P) < d = Z ri + Z si + Z t; + 1, as
=1 =1 =1
required. ([

4. DEPTH AND STANLEY DEPTH OF THE EDGE IDEALS OF SOME m-CYCLIC GRAPHS WITH A COMMON
VERTEX

In this section, we will give some formulas for depth and Stanley depth of the quotient rings of the
edge ideals of some m-cyclic graphs with a common vertex. We assume that G is the m-cyclic graph

formed by joining m cycles 03,»1,...,03%{0351“, .. .,C3sk2+1,03t1+2, .. .,C’gtk3+2 at a common vertex,
where k1 + ko + ks = m and k; > 0 for ¢ = 1,2,3. We adopt the following notation to edges of graph G:
E(Csy, i) = {z122,4, ©2,i%3,4, ..., T3p, i1} forany 1 <i < kg and rm <7y < -+ <1y,

E(Css,41.1) = {T1Y2,i»Y2,:¥3.i5 - - -, Y3s; 41,521} for any 1 <i < kg and s1 < -+ < sy,

E(CSti+2,i> = {xlz'g’i, R22,i%3,iy 23ti+2,i$1} for all 1 < ) < k‘g and tl < tg < <Z tk3~

Let K be any ﬁeld, S = K[.Il, T2.15+ - .1337«1,1, ce ey $2,k1 g oy 1‘37‘k1,k1 s Y2154, y351+171, SN y27k2, RN y3sk2+1,k2
221y BB 42,1y B2y e e thk3+2’k3] the polynomial ring. Then the edge ideal of graph G is J =
($1CC2,1, L2,1%3,15 +++ 5 L3r, 1T+ -+ B1L2, k15 L2,k X3,k1s -+ -5 T3r, k1 L1, 1Y2,1, Y2,1Y3,15 - -+ Y351 4+1,1L15 - -+,
L1Y2,k95 Y2,k Y3 ks -+ 5 Y3s,, , L ko1, T122,1,22,1%3,15 3 R3t14+2,1L1y -« - y L122, kg R2,k3 23,k + -+ » Z3tk3+2,k3$1).

Example 4.1. The following graph G is the union of 5 circle graphs C3, Cy, C5, Cs and C7 with a common
vertex xi.
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Y3,2

Y7,2
5,2 26,2 Y6,2

Figure 2

The edge ideal of graph G'is J = (551552,1, 22,123,1, 23,121, L122,2,L22X3,2,L3,204,2,X4,2T5,2,L5,2L6,2,L6,221,
T1Y21,Y2,1Y3,1,Y3,1Y4,1, Y4,1T1, L1Y2,2, Y2,2Y3,2, Y3,2Y4,2, Y4, 2Y5.2, Y5,2Y6,2, Y6,2Y7,2, Y7,2T1, L122,1, 22,123,1, £3,1%4,1,
24125,1, 25,101)-

Now, we prove the main results of this section.

Theorem 4.2. Let G be a graph consisting of the union of cycle graphs Cgrl ey Cgrk, Cgsl+17 ceey Cgsk +1
1 2
and C3t1+2, .. .,Cgtk +2 with a common vertex x1, where k; > 0 for i = 1,2,3. Let J be its edge ideal.
3
Then

ko
S S ZSZ', z'fklzkg:O,
sdepth(j) > depth (=) =<{ 1

<

k1 ko k3
Sri+ Y s+ ti—ki+1, otherwise.
i=1 i=1 i=1

In particular, S/J satisfies the Stanley conjecture.

PTOOf. NOtiCQ that (J . (El) = (.’E2,1, e ;x2,k171'3r1,17 ey (Egrkl k1o yg’l, e 7y2,k27 y351+1’1, e ’y35k2+1’k2’z2’1’
ce ey 22 k3 Z3t142,15 -+ s Zstk3+2,k3,$3,1$4,1, e T3r—2,1T3r—1,15 - - -5 T3 k1 Td ks - -+ T3r,  —2,k1 T3r,  —1,k15 Y3,1Y4,1,
Y351 —1,1Y3s1,15 - -+ s Y3, kY4 koy - - - 7y35k2—1,k2y35k2 oy Z3,124,15 + « + 5 Z3t1,123t14+1,15 - -+ » 23, k3 Z4,k3y -+ + »
231, ks 281, +1ks) a0 (J,21) = (22,083,105 -+ B30 18301 15 e+ B2 T3 ks -5 Tdr,,—Lkn T3r, ks Y2,193,15
o Y3s1,1Y3s1 41,15 - - 5 Y2,k YB ko - -0 YBsy ko YBs, y1 ko 22,173,105 - -5 Z30141,1238 42,15 - - -5 22, k3B ks - -
thk3+1,k323tk3+2,k3,371)7 thus we get that

S ~ K[933,1, . 7333r1—1,1} K[m?),kw cee 7$3Tk171,k:1]
(J . 1’1) (IL’371£L'471,...,1’37,1_2)1Z3r1_171) (9337]{11'47]61,...,$3Tk1_27k1$3Tk1_17k1)
K[y371,...,y35171] Q. @ K[y37k2a-~-ay3sk2,k2]
K (y3,1y4,17 cee ,y35171,1y351,1) ® " (y3,k2y4,k27 e 7y35k2 717k2935k2 ,kz)
K|z 2 K[ZS,ka---723t +17k]
K [ Sb : 3t1+1’1] ®K"'®K k ks ° ®KK[$1L
(23,1241, -+, 23,1231, +1,1) (23,k5 %4,k s - - - » 23t ,k323tk3+1,k3)
and
S o Klro1,. .., T30 1] K[$2,k17~--ax3r,€1,k1}
= ®K [ ®K
(J7 331) ($2,1$3,17 S 7$3r1—1,1$3r1,1) (xz,klxz),,kl, ce- ’xSTkl_Lklx?’Tkl’kl)
K[yQJ, . 7y351+1’1] K[yZ,k27 s 7y3sk2+1,k2]
®p R Qe
(y2,1y3,17 cee 7y331,ly3sl+1,1) (y27kzy3,k27 s 7y38k2 1k2y33k2+17k2)
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K[ZQ Tyee-s 238142 1] K[ZQ,kw ) Z3tk,3+2’k3]
Q ’ : Qp Qp .
(2’2,12’3,17 ceey Z3t1+1,12’3t1+2,1) (22,k323,k3; <. ,Z3tk3+1,k32’3tk3+2,k3)
Therefore, by Lemmas 2.6, 2. 7 3.2 and [13 Proposition 2.2.20, Theorem 2.2.21], We obtain that
k2
sdepth (52-) > depth (55-) = Z [3r=37 + Z [3222] 4 Z (3=l 41 = Z ri+ > si+ Z ti— ki +1,
1= 1 = 1 1= 1
k1
and sdepth (75) > depth (72) = ;[%1 + 2[%1 + ;(%] = ;r + Zjls;i + ; ti + k3.
Using Lemma 2.5 on the short exact sequence
(3) 0— S/(J:x) 2 S/J — S/(J,z1) — 0,
k2
28i7 ifk1=k3:0,

we conclude that sdepth (§I) . s e
Z ri + Z 5; + Z t; — ki +1,  otherwise.

If k1 # 0 or k3 # 0, then depth ( Uz )) > depth ( T )) Using Lemma 2.4 on the short exact sequence

(3), it follows that depth (5) = Z ri + Z si + Z t; — k1 + 1.

Assume that k1 = k3 = 0. We claun that there ex1sts the S-module isomorphism

(Jiz1) ( Klyan, - Yssi41,1:¥2,2, - Yssat 1,25 -+ Y2,k - - - 7y35k2+1,k2] V]
T Zy2n Y21
J (Y4,1Y5,15 - -+, Y351, 1Y351+1,15 Y2,23,25 - s Y2, ko Y3 keas - - - 2 Y3s,, ,k2y35k2+1,k2)
Klysns o Yssi-1,05 02,20+ Ussat 1,20+ Y2kas -5 Y3s, +1ko]
D vzsi41.( )Yss,41.1]
(Y3194,15 -+ > Y381 —2.1Y3851 1.1+ Y2, koY ko -+ > YBs, ko¥Bs, +1k2)
K[y3,13 sy Y3s1,15 Y425 - - -5 Y3so 41,25 - -5 Y2 ko e - - 7y3sk +1,k2]
D v2.2( : )y2.2]
(y3,1y4,17 <3 Y351 -1,1Y351,1,Y4,2Y5,25 + -+, Y355,2Y355+1,25 - - - 7935k2 ,k2y35k2 +1,k2)
K[y?),lv sy Y351,15 Y325 - -5 Y3s0—1,29 -+ - 5 Y2 ko - - - 7y35k2 +1,]€2]
D vzsot1.2( [Y3s2+1.2]
(Y3,194,15 - -+, Y3,2Y4,2, - -+, Y3s2—2,2Y3s52—1,25 - - - » Yss,, ka¥3s,, +1,ka)
K[y3,17 sy Y3s1,15 s Y3 ko —15 - - - 7y38k2_1,k:2717 Ya,koy - - - 7y35k2+1,k2]
D v2.k.( )y2.1,]
(y3,1y4,17 .. ay381—1,1y381,17 ce 5y4,k‘2y5,]€2? ce aZJSst ,k2y3sk2+1,k2)
K[yS,lu ey Y3sy,1y 3 Y ko —15 k- - 7y38k2_1 Jko—19Y3,kgy - - 7y35k2 71,k2]
® Y3s, +1k ( [yssk +1,k]
2 (Y3194,15 -+ > Y351 —1,1Y351, 15 -+ Y koY ko -+ YBs, —2.kaYU3s, —1k») 2
Indeed, if u € (J : 1) is a monomial such that u ¢ J, then there exists some ¢ € {1,..., ko} such that

y;.i | u, where j =2 or 3s; + 1.
If y2,1|u, then we can write u as u = y§ v with o > 1 and y21 f v. Since u ¢ J, we have that v €

K[yai, - s Y3s141,1, 92,25 -+ Yssot 1,25+ - -1 Y20kas - - - >y35k2+1,k2] and v & (Ya,1U5,15- - -, Y3s,,1Y3s,+1,15 Y2,293,2,

3 Y359,2YB50b 1,2 - -+ > Y2, ko YB Ky - - - ,y35k27k2y35k2+17k2). Similarly, if yss,+1,1|u and y21fu, then v =
Y5410 With a > 1 and v € KYs i, s Y3s1—1,1:U2,25 s Y3s0b 1,25+ -+, Y2 kgs -« - » Y3s,,+1, k) and v ¢
(Y3,194,15 - - - Y351-2,1Y351-1,1, Y2,2Y3,2, - - Y355,2Y350+ 1,25 - - - » Y2, ko Y3 as - - - 793sk2,kgy3sk2+1,k2) If uis a
monomial such that y22|u, y21 1 v and yss,+1,1 1 u, then we have that v = y5'ov with o > 1 and v €
K[ys, i, 3 Y3s1,15 Y425 3 YBsab 1,25+ -+ 1 Y2 kas - - - ,y3sk2+1,k2} and v ¢ (Y3,194,15 - - -, Y35,-1,1Y3s1,1, Y4,2Y5,2,

e Y380,2Y3554 1,2 - - s Y2,k Y3 Ky - - - ,y35k2,k2y35k2+1’k2). Other cases can be shown in a similar way as the
above.
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Therefore, by [13, Proposition 2.2.20, Theorem 2.2.21] and Lemma 2.6, it follows that depth (%) =

2 3s, —3 ko
S [3E2] [ 1+1:§jlsi.

i=1 =
Now, using Lemma 2.4 on the short exact sequence
(4) 0— (J:21)/J —S/J — S/(J:21) — 0,
this completes the proof. O

Theorem 4.3. Let G be a graph as in Theorem 4.2 and J be its edge ideal. Then

sdepth (= <Zn+251+2t — k1 + 1.

k
Proof. Letd = Z T‘Z-i-i S +Z ti—ki1+land o = (a(1),a(2,1),...,a(3r1,1),...,a(2,k1),...,a(3r, k1),
=1
B2 1), b(BsrrL ) b2 h), (B Re) e(2,1), o, (B8 42, 1), (2, k) (38,2, )

1:0=3j+1

0:otherwise’ for any 1 <4 < ks,

€ N* where a(1) =1, forany 1 <i <k, 1 <j<r;—1,a(l,1) = {

1:1=3j+1o0rl=3s;

1<j<s;—1,0b14) = { 0 otherwise ,and for any 1 < 4 < k3, 1 < j < t5, ¢(l,i) =

1:0=3j+1 . 3 .

{ 0: otherwise” From the proof of Theorem 3.4, it is enough to prove that Pgy1, = 0. Indeed, if
monomial

k1 ri—1 si—1 ks t;

U =T H H T3j+1,i) H Y3s4,i H Y3j+1,i) H(H 2341,

=1 j=1 =1 j=1
one can easily see that if a = (a(1),a(2,1),. ,a(3r1, 1) ,a(2, kl) . ,a(37“k1, k1),b(2,1),...,
b(381+ 1, 1) b(2 ]{72) b(38 +1 ]{32) (2,1), (3t1 + 2, 1) (2 kg) (3t + 2 ]{33)) e N”
suchthata(ll) #Oforsomel ¢ {35 +1]1 <_j <rp-11<4i< kl}orb(lz) # 0 for some

1¢{3j+1,38 |1 <j<s;,1<i<katorc(l,i)£Z0forsomel ¢ {3j+1|1<j<t;,1<i<ks}, then
u-x® € I. Therefore Pyi1,, = (), thus we obtain the required result.
O

Theorem 4.4. Let G be a graph as in Theorem 4.2. Then

k k
J I STORS Sy ) if k2 =0,
sdepth(f) > depth(f) = ik:11 ilc:zl

k3
Yori+ > si+ > ti—ki+1, otherwise.

In particular, J/I satisfies the Stanley conjecture.

Proof. We have the S-module isomorphism:

K(@3,1,- @30 —1,150-88,i—15-:T3r; _1—1,i—1,T3,i5--831; _1,i:83,i+15--T3r; 1q,i+s--T3,kq ,~~7903rk1,k1]

SYESEZEN(
ot 143y, (m3,1w4,1a~~~7z3r172,1m3r171,1a~~~,IS,ixél,i7~"7x3ri73,iIBT,i72,i)z3,i+lz4,i+lg~~’x37‘k1—1‘k1rSrkl,kl)

K[Z/S‘l1-~~vy351+1,17---7y3,k27--~7y35k2+1,k2} K[Z3,17---1Z3t1+2,17~~-723.k37~--723tk3+2,k3]

& T1,T30, ;
K (y3,1y4,1,--<7y351,1y351+1,17---7y35k2,k2y35k"2+1,k2) K (23,124,1,-~723t1+1,123t1+2,1,---7235k34rl,k3Zztk3+2,k3))[ b 37“1]
( ko K[yS,l7~--7y351,17~--7y3,i—17--<7y35i_1,i—11y3,i7---;§35i,i7y3,i+17---7y33i+1+1,'i+17---7y3,k2,--<7y35k24»1,k2]
ﬁsl 193314—1,:( (y3,1y4,1-,~~~;y351—1,1.7;’351,17~'~yy3,iy4,iy~~-7y3‘s,3—2,iy3si—1,ixy3,i+ly4,i+l;'~'7y35k2,k2y3sk2+1,k2) K
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K[23,1,%3r1—1,150++,T3 k7 ,-~~7903rk;1,k1] K[23,17~~-723t1+2,1,-~723,k37~~-7Z3tk3+2.k3]

)T 1,Y3s,41,i])

(13,1$4,17---7$3r172,1$37‘171,17---7z37-k;2,k1$37-kf1,k1) K (ZB,IZ4,17---7Z3t1+1,lz3t1+2,17---;235k3+1,k3z3tk3+2,k3)
k3 K[23,17---;23t1+1.17<~-723,i—17---723ti_1+1,'i—1723,'i;<~~723t77+1,i;23,i+1;<-~723ti+1+2,i+17<~-723,k37~--123tk3+2,k:3]
@ (®x123tL+271( (ZS 124,15+++323t1,123t7 +1,15++-7%3,i 24 is+++yZ3t;— 1, 23t;,i,23,i+124,i+1,---,23t, +1,kg Z3t, +2,k ) K
=1 124, 1 1+, 124, i—1 @ ) ) kg ks 3ty 2,k
K[f63,1,»--113”—1,1,---,963,1@1,--»7r3rkf1,k1] K[ys,l7---,y3sl,17---,y3,k27---,yask2,k2]

($3,1$4,17---7$3T1—2,13’337‘1—1,1»---7373rk1—2,k1$3rk1—1,lc1) O (ys,12!4,1,--~7y:55171,19351,17---,?!3sk2—1,k2QSSkZ,kQ))[xl’ZSti_‘Q’i])’
where ;0 =yj0=210=0for 3 <i<k;,3<j<kyand 3 <1< ks,

Indeed, let u € J be a monomial such that u ¢ I, then z123,, i[u or x1y3s41,;
somel <i<kiorl<j<kyorl<I<ks.

If 2123, 1|u, then we can write u as u = xi’xgm wwitha, 8> 1, 21 tvand x3,, 1 v. Since u ¢ I, we

u or x123y,42,|u for

have that v € K[.Tg,h ce o3 371 —2,1,L3,25 - -+ 3 L3752y - -+ 3 L3 kqs- - - 7$3Tk1’k1 s Y315+ -5 Y3s1+1,15 -5 Y3 kay o v s
Yss,tlkas 28,15+ s B0k 2,1s e o5 Pk - s 231, 42ks] AN U E (L3021, Tyry-3188r,-2,1, T3,00,9, -+
T37;-1,2T3r,2; -+ T3,k Takys - -+ 37, — 1k T3r, k1o Y3,1Y4,15 - -+ Y3s1,1Y3s1 41,15 -5 Y3 ko Yl ks - -5

Y3s, kaYBs, F1 ke 28,124, 15+ s Z30 11280042, 1+ s B3 ks P ks -+ 28, 1,ks 531, +2,ks) Similarly, if 2123, ofu
and z123y, 1 1 u, then u = a:(fxgmzv witha, 8> 1landv € K231, ., 23r,-1,1,%3,2y- - -y £3r5—2,2, £3,3, - - - 5
1‘37‘3)37 - ,.Iig)k,l goae ’x3rkl7k1’y3717 - 7y381+1717 - 7?/3,/4:27 - ’y33k2+17k2’ ,?,’3717 ey 23t1+2,1, ey 2’37k3, ceey

231, +2.ks] ANA 0 E (T3120,15 -5 B3 2,1 801,15 T3,2T4,25 -3 T3y —3,0T8r5-2,2, 03,3435 -+ -5 L3r5—1,3T 37,3,
o T3k Ty - T3ry 1k T3y k1 Y3 1Y4 L 5 Y35, 1YBs 1,10 - - 5 YB ko Ydika s -5 Ys, ko Y3s, +1.k2 28,124,1
ey ZBU4 1,123 42,15 - - - B3k R kg s - e - ,thk3+1’k323tk3+2’k3). Other cases can be shown in a similar way as
the above.

Therefore, by Lemmas 2.4—2.7, 3.2 and [13, Proposition 2.2.20, Theorem 2.2.21], if ko # 0, then
ksl B —an k2o Bs g o B kel o
sdepth (7) > depth (7) = min{ 3 [P 1+ —=1+ 2 [P T4 2[5 T, L[5 1+ X [52] +
1= 1= 1= 1= 1=

355, —3 k3 3¢, k1 3 —3 k2 38,9 ks—1 a1 3, _2 k1 ko ks
(%HZJ?L > (#HZJ#H 21 [Fe=]+[=— 1} +2= er + Y s+ >t — kit 1
1= 1= i= i

i=1 i=1 i=1
J J T S W B W VL NP S R e VR
If k3 = 0, then sdepth (%) > depth (%) = min{ ; [T]+[+1+;[ 5 | ;[T]Jr ; [F=1+
Btp, —2 ! ks .
[=5—=1} +2= > ri+ > t; — k1 + 2. This completes the proof. O
i=1 i=1
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