ROMANIAN JOURNAL OF MATHEMATICS AND COMPUTER SCIENCE, 2017, VOLUME 7, ISSUE 1, p.1-10

OSCILLATION THEOREMS FOR SECOND ORDER NONLINEAR
NEUTRAL TYPE DIFFERENCE EQUATIONS WITH POSITIVE AND
NEGATIVE COEFFICIENTS
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ABSTRACT. In this paper, the authors using two inequalities and Ricatti type transfor-
mation obtained some new oscillation results for the second order nonlinear neutral type
difference equations of the form

A(anA(@n + cn®n—k)) + Pnf(Tnt1-1) — @g(Tnr1-m) = 0,
and

Aan ATy — cnTn—k)) + Puf(Tni1-1) — @g(Tni1-m) = 0.
The obtained results improve, extend and generalize some of the known results. Further
examples are provided to illustrate the importance of the main results.
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1. INTRODUCTION

Neutral type difference and differential equations arise in many areas of applied mathematics, such as
population dynamics [5], bifurcation analysis [2], circuit theory [3], dynamic behavior of delayed network
systems [20], and so on. Hence these equations have attracted a great interest during last few decades.
Therefore, in this paper we study the oscillation of solution of the neutral type difference equations of
the form

(11) A(anA(xn + Cnxn—k)) +pnf(xn+1—l) - Qng(xn-‘rl—m) =0

and

(12) A(anA(xn - cnxnfkr» +Pnf($n+1—l) - Qng(‘rn+1fm) =0

where n € N(ng) = {ng,no + 1,...}, no is a nonnegative integer k,l,m are nonnegative integers,

{an}, {cn}, {Pn}, {gn} are real sequences, f and g : R — R are continuous and nondecreasing functions
with wf(u) > 0, and ug(u) > 0 for u # 0.

Let § = max{k,l,m}. By a solution of equation (1.1)((1.2)), we mean a real sequence {z,} which
is defined for all n > ng — 6, and satisfies equation (1.1)((1.2)) for all n € N(ng). It is well known
that equation (1.1)((1.2)) has a unique solution {xz,} if an initial sequence {z(n)} is given to hold for
Tn = To(n),n =ng—0, ng—0+1,...,n9. A nontrivial solution {z,} of equation (1.1)((1.2)) is said to be
oscillatory if it is neither eventually positive nor eventually negative, and it is nonoscillatory otherwise.

In [4, 6,7, 10, 11, 8, 9, 18, 17, 19], the authors obtained some sufficient conditions for the existence of
nonoscillatory solutions and oscillation of all solutions of equations (1.1) and (1.2) when f(u) = g(u) = u,
and a, = 1. In [15], the authors established some sufficient conditions for the oscillation of equations
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(1.1) and (1.2) with f = g, and % > M; > 0 for u # 0, and in [13], the authors discussed oscillatory
behavior of solutions of equations (1.1) and (1.2) with a, = 1.

Motivated by these results, in this paper we established sufficient conditions for the oscillation of
all solutions of equations (1.1) and (1.2) without these types of restrictions. Our results extend and
generalize some of the results in [1, 4, 7, 8, 9, 10, 11, 13, 15, 17], and the references cited therein.

In Section 2, we present our main results for equations (1.1) and (1.2), and in Section 3, we present
some examples to illustrate our theorems.

2. OSCILLATION RESULTS

In this section, we obtain some oscillation criteria for equations (1.1) and (1.2), subject to the following

conditions:

(H1) {an} is a positive real sequence such that ¢ i

(Hz2) {cn}, {pn} and {g,} are nonnegative real sequences;

= 00;

(Hj3) there exists (3, ratio of odd positive integers, and a positive constant M; such that % > M for
u % 0;

(Hy) there are positive constants M and Ms such that 0 < %") < Ms, and 0 < % < M for u # 0;

(Hs) there is a constant M3 such that p, — Mg,—mai > M3z > 0 for all n € N(ng).

Lemma 2.1. If by and by are nonnegative, then (by + by)® < 26*1({)? + bg) for B>1, and (by + by)? <

(b +65) for0 < g <1.

Proof. The proof can be found in [16]. O

Theorem 2.2. Let assumptions (Hy) — (Hs) hold. Further assume that there are constants ay and aq
such that 0 < ag < ep, < ag for alln € N(ng). If L > m+1 >k, and

00 1 n—1
(2.1) Z - ( Z qs> < 00,
n=ng " s=n—Il+m
then every solution of equation (1.1) is oscillatory.
Proof. Assume that {z,} is a nonoscillatory solution of equation (1.1). Without loss of generality, we

may assume that x,, > 0 and x,,_g > 0 for all n > ny € N(ng). The proof for the case x,, < 0 is similar
and is omitted. Choose an integer N > n; so that

e’} n—1
1 (65)
2.2 — s | < —.
22 SIS a)en
n=N s=n—Il+m

Set

n—1 1 s—1
(2.3) Zpn = Tp + CuTn_f — Z o Z qt9(Tt41-m)

s=N t=s—Il+m

for all n > N. Then from equation (1.1) and conditions (H3) and (Hy), we have
A(anAZn) = A(anA(xn + cnxn—k:)) - pnf(xn—i-l—m) + Qn—l+mg(xn+1—l)
= _pnf(wnJrlfl) + anlerg(anrl*l)
_Ml [pn - MQn7l+m]x76L+1_l

~M;Myzb <0

IA

IN

(2.4)

for all n > N. Hence {a,Az,} is eventually nondecreasing. So either Az, < 0 or Az, >0 for all n > N;
for some integer N7 > N.
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If Az, < 0 for all n > Ny, then (2.4) and (H;) imply lim, 0 2, = —00. We claim that {x,} is
bounded from above. If this is not the case, then there is an integer No > N; + k such that

(2.5) zZn, <0, and max  z, = zn,.
N1 <n<N;

Then, we have

No—1 1 s—1
0>2n, = TN, +CNTNsk— ) - > @g(Ti1-m)
s=N % t=s—Il4+m
No—1
> N, —k — Maxn, E E
S t=s— l+m
n—1
Z 051 M2 E E INQ k>0
o= l+m

This contradiction shows that {z,} must be bounded so there exists a constant L > 0 such that x,, < L
for all n > Ny. It follows from (2.3) that

n—1 s—1

2> LMy Y Y g > Loy > oo,

s=N; s t=s—Il+m

which contradicts the fact that lim,,_. 2, = —o0. Therefore, we have Az, > 0 for all n > N;. Now,
summing (2.3) from N; to n — 1, we obtain

n—1
00 > an, AzZN, 2> —n41Q2n41 + anAzy > MM,y Z fo_Z,
s=N;

and therefore {2} is summable for n € N(N;). Then, by Lemma 2.1, we have
Y2 = (2 + cprp_p)? <2071 (2l + a’gxﬁ_k) for g >1,
and
Y = (xn + cpzn_i)? < (28 + ozg:vg_k,) for0< g <1,
so {y2} is also summable. On the other hand, from equation (2.3), we obtain

n—1

1
Ayn = Az, + — Z QSg(xs+lfm) >0
" s=n—I+m

so that Ay, is nondecreasing for all n > Nj. But then y? > y}Bvl for all n > N; implies that {y°} is not
summable, a contradiction. This completes the proof of the theorem. (Il

Remark 2.3. If f(u) = g(u), then Theorem 2.2 reduced to Theorem 2.1 of [15].

Next, we establish an oscillation result for equation (1.1) when [ = m, and for this case the condition
0< % < M5 is not required.

Theorem 2.4. Let assumptions (Hy) — (Hy4) hold. Further assume that 8> 1, andl =m

(2.6) 1—cpt1-1 >0 for all n € N(ng),
and
(2.7) Qn =pn — Mg, >0 for all n € N(n,).
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If there exists a positive and nondecreasing sequence {p,} such that

2
. _ 8 (Aps) As—] _
(2.8) nh_)rr;o sup ;\7 [Mlpst(l Cot1-1) 74[/5/% =00

n—1

for any L > 0, then every solution of equation (1.1) is oscillatory.

Proof. Assume that {z,} is a nonoscillatory solution of equation (1.1). Without loss of generality, we
may assume that x, > 0 for all n > ng + 6. The proof for the case x,, < 0 is similar and is omitted.
Define

Zn = Tp + CpTp—k, n > N € N(ng),

then z, > 0, and from equation (1.1), and conditions (H3) and (Hy4), we have
(2.9) AlanAz,) + MlQnangfl <0, n> N.

From (2.7) and (2.9), we obtain A(a,Az,) < 0 for all n > N;. Therefore Az, < 0 or Az, > 0 for all
n > N.

If Az, <O0foralln > Ny > N then by (H;), we obtain z, — —oo as n — oo, which is a contradiction.
Hence Az, > 0 for all n > N. From the definition z,, we obtain z, > (1 — ¢,)z,, and using this in (2.9)
we have

(2.10) AlanAzy) + MiQn(1 = cpy1-1)’20 <0, n>N
Define
n TLA n
wy = P0B0 sy
Zn—1

then w, > 0, and from (2.10), we obtain

A
(2.11) Awy < —M1ppQn(1 — cpi1-1)” + Pn Wp41 — L/nginwi-u, n>N

Pn+1 pn+1an7l

where we have used {a,,Az,} is positive and nonincreasing and L = z]%_fl Summing the inequality (2.11)

from N to n — 1 and using completing the square, we have

(ApS)zas—l
4LpBps

n—1

Z |:M1pst(1 - Cs-‘rl—l)B -

s=N

Swy — wp S WN-

Taking lim sup in the last inequality, we obtain a contradiction with (2.8), and the proof of the theorem
is complete. ([l

Remark 2.5. Let g, =0 in equation (1.1). Then Theorem 2.2 reduced to the known oscillation criterion
for the equation

A(anA(xn + Cnmn—k)) +pnf(xn+1—l) = 0
given in [1], and the references cited therein.

In the following we establish oscillation results for equation (1.2).

Theorem 2.6. Let assumptions (Hy) — (Hy) hold. Further assume that there is a constant ag such that
0<e¢, <as<l, foralln € N(ng). Ifl >m+1, and

e’} 1 n—1
(2.12) as+ My — > <1
n=N " s=n—Il+m

then any solution {x,} of equation (1.2) is either oscillatory or satisfies lim,_ o x,, = 0.
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Proof. Suppose that {z,} is a nonoscillatory solution of equation (1.2), say =, > 0 for n > N > ny + 6.
Define

(2.13) Wy, = Ty, — CpTm—k — Z Z @9(Tit1—m)-

tsl+m

Then as in the proof of Theorem 2.2, we have

(2.14) AlanAwy,) < —MsMyz” <0

n+1—1
for all n > N, and conclude that {a,Aw,} is eventually nonincreasing. Therefore Aw, < 0 or Aw,, >0
for all n > N; > N.

Assume that Aw,, < 0 for all n > Ny, then by (H;) we have lim, o w, = —00. We claim that {z,}
is bounded from above. If not, there exists an integer Ny > N7 + k such that

(2.15) wn, <0, and max Ty = TNy—k;
N1S77,§N2—]€

and we have

No—1
0>wn, = zn, CNnggk_Z Z @9(Ts41-m)
tsl+m
No—1
> 1 — a3 — M- TN, > 0.
_[ -3 L 5 ]M_
t=s—Il+m

This contradiction shows that {z,} must be bounded from above, so there exists a constant L > 0 such
that z, < L for all n > Nj. It follows from (2.12) and (2.13) that

No—1
vz tlosn 3 L 5 qt] S
S p=s— l+m
which contradicts the fact that lim,,_, - w,, = —o0o. Hence Aw > 0 for n > Nj.

In this case, we see that L is a nonnegative constant , where L = lim,, o apAw,. Summing (2.14)
from N7 to oo, we obtain

oo
oo > ClNlA’LUN1 — L > MsM; Z SL'T"iJrlil
n:N1
which implies that {z”} is summable, and thus lim,,_,, ¥, = 0. This completes the proof. O

Finally we obtain oscillation results for equation (1.2) when I = m, and for this case the condition
0< %J) < M5, is not needed.

Theorem 2.7. Let assumptions (Hy) — (Hy) hold. Further assume that 1 >k + 1,

(2.16) 0<c, <asz<1 forneN(Ny),
(2.17) 0<B <1,
(2.18) > Qn =0,
n=N
and
n—1 1 n—1
(2.19) nlgn;o sup 7Z:Z+k w tZ: Q=

Then every solution of equation (1.2) is oscillatory.
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Proof. Let {z,,} be a nonoscillatory solution of equation (1.2). Without loss of generality, we may assume
that x,, > 0 and x,,_¢ > 0 for all n > ny € N(ng). The proof for the case x,, < 0 is similar and is omitted.
Define

Zn = Tp — Cpn—k, M 2> N1.

From equation (1.2), and conditions (H3) and (H4) we have
(2.20) AlanAzy,) < Mlanzrm_1 .

Hence {z,} and {a,Az,} are eventually of one sign for all n > N. Then by Lemma 2.1 of [12], and (H;)
the sequence {z,} satisfies one of the following two cases for all n > N :

(i) zn > 0,a,Az, > 0,A(a,Az,) <0;

(ii) zn < 0,a,Azy, > 0,A(a,Az,) <0.
Case (i): From the definition of z,, we have x,, > z,, and using this in (2.20), we obtain

<0,n>N >n;.

(2.21) AlanAzy) +MQuzl |, <0, n>N.
Define A
Wy = anﬁ Zn, nZN,
z

n—l1

then w, > 0 for n > N, and from (2.21), we obtain

A
Aw, = —-MQ,— BaniznAszl
Zn+1—lzn—l
B nA n
< _MlQn - BﬁaizAzn—l
Fn—1%n+1-1
S _Mlan n Z N.
Summing the last inequality from N to n — 1, we have
n—1
Ml ZQS <wy — wp S Wy
s=N
Letting n — oo, we obtain a contradiction with (2.18).
Case(ii): From the definition of z, and (2.16), we have
(2.22) Tt > <_Z”> .
as
Using (2.22) in (2.20), we obtain
MQn
AlanAz,) — 1@ P <0,n> N.

T8 Pntl-l+k
of “n1-l+

Summing the last inequality from s to n — 1 for n > s+ 1, we have

(223) anAzy — asAzg — 5 Z Qtzt+1 I+k = <0.

t=s

Summing again the last inequality from n — [ + k to n — 1 for s, we have

Zn—l+k — Zn S Zn—l+k E Z Q:

snl+ksts

or
n—1
Zn—l+k Ml
7 > — E E Q.
Zp—l+k 3 s=n—itk ¥ 1=s
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If 8 =1, then from the last inequality, we obtain
— >
3 2 Jim sw )3 o 5
s=n—Il+k t=s

which is a contradiction with (2.19). Next, assume 0 < 8 < 1. Since z,, is negative and increasing, we
have lim,, 00 2, = § < 0. If § = 0, then from (2.23), we obtain

R P S SR

snl+k:sts

since 1 — 8 > 0, which is a contradiction with (2.19). Now assume that § < 0. From (2.23) we have

pnt MESR G, 50

agas t=s

Summing the last inequality from N to n — 1, and rearranging we obtain

agzN
T Z ZQt

a
s=N % t=s

In view of § < 0, ;flz\é has an upper bound, so
n—1
i Z Q<o
which again contradicts (2.19). This completes the proof of the theorem. O

Remark 2.8. Let g, = 0 in equation (1.2), then Theorem 2.5 reduced to the known oscillation criteria
for the equation

A((ZRA(CU“ - Cnxnfh)) +pnf(xn+1fl) =0

given in [1, 14], and the references cited therein.

3. EXAMPLES
In this section, we present some examples to illustrate the main results.

Example 3.1. Consider the second order nonlinear neutral difference equation of the form

1 4 a3
(3.1) A (nA (zn + 2xp-1)) + <2n +1+ 3n> zd_y (1422 ) — S - 0, n>2.

Here a, = n, ¢, = 2, pn=2n+1—|—%, Qn = 3,7, k=1,1=3 m=1, f(u) = v3(1 +u?), and
gu) = 11% By taking = 3, and M; = My = M = 1, we see that conditions (H1) — (H4) hold. Further,

1 4
Pn = nmt1 =20+ 14 o — oo

> 1,

and
1
Z 2235 Z <3n2 n_1><00~

Therefore all the conditions of Theorem 2.2 are satisfied, and hence every solution of equation (3.1) is
oscillatory. In fact, {x,} = {(=1)"} is one such oscillatory solution of equation (3.1).
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Example 3.2. Consider the second order nonlinear neutral difference equation of the form

(32) Aln|Alx +1:E + n+1+ ! 5/3 (1+x )—ii—o n>1
. n 2 n—1 2 2n+2 n—1 2n (1+$%_1)_ 5 = 1.

u5/3

Here a, =n, ¢n = %, pp=n+ 3+ 52, @0 = 5, f(u) = 3 (1+u?), g(u) = {5, k=1, andl=2.
1

With 8 = 3, M =1, and My = 1 we see that the conditions (Hy) — (Hy) are satisfied. Further we see
that
1
l—cpp101 = 3 > 0,
and . 5 9
n — Pn — M n — P > =
Q P q n+ 5 g2 =3 > 0.

By taking p, = 1, we see that the condition (2.8) becomes

n—1 p [ee) 1 5/3 1 3
Jmow S [et e 0] =3 (3) (veg-gm) =
Hence all conditions of Theorem 2.4 are satisfied, and therefore every solution of equation (3.2) is oscil-

latory. In fact, {x,} = {(—=1)"} is one such oscillatory solution of equation (3.2).

Example 3.3. Consider the second order nonlinear neutral difference equation of the form

1 1 1\ #3_ (2+422,) 1 z3
33) AfnA(z, -z, “(an+2- n nl) o~ T g op>1.
63) & (08 (o= yone) ) 5 (30427 o ) Y - g 0 2
24u ud
Herean:n, anév Pn = (4n+2 4n+3) qn:ﬁ? f(u):ﬁv g( ) m’ k:27 I =
2, m=1 With =3, My =1, My =1, and M = 1, we see that the conditions (Hy) — (Hs) hold.
Further we see that

and

< -+ -—=<L

Hence by Theorem 2.4, every solution of equation (3.3) is either oscillatory or tends to zero as n — oo.
In fact {x,} = {(—=1)"} is one such oscillatory solution of equation (3.3).

Example 3.4. Consider the second order nonlinear neutral difference equation of the form
1
5

1 n 15 nd1 1 T, _1 2 T
(3.4) A (nA <:cn an1>> + (242" ( (3n+2)2 + 4§> 0t zaa]) 13 xi =0.

+4L%]7 Qn:yz%vkzlal:27and62n:

2n+1

Here a, = n, ¢, = 3, pp = (2+2")[15(3n+2)2

(242")(2(3n+2)2 =2 75) — T > 0. Further, we see that
> 15 " 2n41 n
> Qn= Z S (2+2MBn+2)275 425 | = oo,
n=1 n=1
and
lim sup Z ZQt = hm sup( ! )[E(Q +2" 1 (3n — 1) ] = 0.
n—00 i as 8
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Hence all conditions of Theorem 2.7 are satisfied, and therefore every solution of equation (3.4) is oscil-
latory. In fact {xz,} = {(—1)"2"} is one such oscillatory solution of equation (3.4).

4. CONCLUSION

In this study, we have obtained new sufficient conditions for the oscillation of all solutions of equations
(1.1) and (1.2) via Ricatti transformation and inequalities. Further the oscillation criteria obtained here
are applicable to deduce oscillation results for the equations (3.1) to (3.4). The same cannot be deducible
for equations (3.1) to (3.4) from any previously known oscillation criteria given in [4, 7, 8, 9, 10, 11, 13,
15, 17], since a,, # 1, and f # g. Therefore the results obtained here improve, extend and generalize the
existing results.
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