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NECESSARY AND SUFFICIENT CONDITION FOR OSCILLATION
AND ASYMPTOTIC BEHAVIOUR OF NONLINEAR NEUTRAL
FIRST-ORDER DIFFERENTIAL EQUATIONS
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ABSTRACT. In this work, necessary and sufficient conditions for oscillations of the solu-
tions of a class of nonlinear neutral first-order differential equations of the form
d
g [z(t) + p(t)z(t — 7)] + q(t)G(z(t —0)) =0
are established under various ranges of the neutral coefficient p. Our main tools are
Knaster-Tarski fixed point theorem and Banach’s fixed point theorem. Finally, two
illustrating examples are presented to show that feasibility and effectiveness of main
results.
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1. INTRODUCTION

Consider a class of first-order nonlinear neutral delay differential equation

d
(1.1) o [z(t) + p(t)z(t — 7)] + q(t)G(2z(t — 0)) =0,
where
T,0 € R+ = (0,+OO), pE PC([OaOO)vR)a qc€ C(R+7R+)a
and G is nondecreasing with
G € C(R,R) with uG(u) >0 for u # 0.

In [1], Ahmed et al. have studied the oscillation properties of a linear differential equations of the form
d
(Ev) 7 @@ +p@)2(t = )] +a()2(t — o) =0,

for the cases p(t) < —1, —1 < p(t) < 0 and p(¢t) = p # £1 and established sufficient conditions so that
every solution of (E}) is oscillates. In [2], Ahmed et al. considered the first order nonlinear neutral delay
differential equations with variable coefficients of the form
d
(E2) T [r(t)(a(t)z(t) + p(t)z(t — 7))] + q¢(t)G(z(t — o)) =0,

and obtained some new sufficient conditions for the oscillation of all solutions of (Es) by employing the
Riccati transformation. In [4], Candan have obtained sufficient conditions for existence of nonoscillatory
solutions of first order neutral differential Equations having both delay and advance terms (known as
mixed equations) by using Banach contraction principle. In [8], Graef et al. considered (E2) when
a(t) =1 = r(t) and developed some sufficient conditions for the oscillation of all solutions of (F5). Unlike
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the work in [1], [2] and [8] an attempt is made here to establish necessary and sufficient conditions for
oscillations of (1.1) under various ranges of p(t).

Recently, an increasing interest in obtaining sufficient conditions for oscillatory or non-oscillatory
behavior of different classes of differential and functional differential equations has been manifested. In
particular, investigation of neutral differential equations is important since they are encountered in many
applications in science and technology and are used, for instance, to describe distributed networks with
lossless transmission lines, in the study of vibrating masses attached to an elastic bar, as well as in some
variational problems.

Definition 1.1. By a solution of (1.1) we understand a function x € C([—p,00),R) such that x(t) +
p(t)x(t — 7) is once continuously differentiable and (1.1) is satisfied for t > 0, where p = max{r,o} and
sup{|z(t)| : t > to} > 0 for every to > 0. A solution of (1.1) is said to be oscillatory if it has arbitrarily
large zeros; otherwise, it is called nonoscillatory.

2. NECESSARY AND SUFFICIENT CONDITION FOR OSCILLATION

In this section, sufficient and necessary conditions are obtained for oscillation of solutions of the
equation (1.1). We need the following assumptions for our work in the sequel:

(A;) there exists A > 0 such that G(u) + G(v) > AG(u + v) for u,v > 0;
) G(uv) = G(u)G(v) for u,v € R;
As) fi” % < 00, ¢1,¢9 > 0;
Ag) [ Q(n)dn = oo, where Q(t) = min{q(t), q(t — 7)};

) fcoo%<oo,c>0;

(46) fo a(n)dn = oo.
Remark 2.1. Assumption (Az) implies G is a odd function. Indeed, G(1)G(1) = G(1) and G(1) > 0
imply that G(1) = 1. Further, G(—1)G(—1) = G(1) = 1 implies that (G(—l))2 = 1. Since G(—1) < 0,
we conclude that G(—1) = —1. Hence,

G(—u) = G(-1)G(u) = —G(u).

On the other hand, G(uv) = G(u)G(v) for u > 0 and v > 0 and G(—u) = —G(u) imply that G(xy) =
G(z)G(y) for every z,y € R.

Remark 2.2. We may note that if x(t) is a solution of (1.1), then y(t) = —x(t) is also a solution of
(1.1) provided that G satisfies (As).

Lemma 2.3. [7] Let r,z,z € C([0,00),R) be such that z(t) = z(t) + p(t)z(t —7), t > 7 >0, z(t) > 0
fort > t1 > 7, liminf; oo 2(t) = 0 and limy_,o 2(t) = L exists. Let p(t) satisfy one of the following
conditions:

i) 0 < p(t) <ps <1, ii) 1 <ps < p(t) < ps < o0, iii) — oo < —pg < p(t) <0,
where p > 0,3 <:<6. Then L =0.

Remark 2.4. If, in the above lemma, x(t) < 0 for t > 7 > 0, limsup,_, ., 2(t) = 0 and lim;_, o 2(t) =
L € R exists, then L = 0.

Theorem 2.5. Let —1 < —p < p(t) <0, t € Ry and p > 0. Assume that (Az) and (As) hold. Then
every solution of the equation (1.1) oscillates if and only if (Ag) hold.

Proof. Suppose for contrary that z(¢) is a nonoscillatory solution of equation (1.1). Then there exists
to > p = max{7, o} such that z(t) > 0 or 2(t) < 0 for ¢t > t¢. Assume that z(¢) > 0 for t > t;. We set

(2.1) z(t) = z(t) + p(t)z(t — 7),

99


Galaxy
Text Box
99


ROMANIAN JOURNAL OF MATHEMATICS AND COMPUTER SCIENCE, 2019, VOLUME 9, ISSUE 2, p.98-107

it follows from (1.1) that
(2.2) Z(t) = —q(t)G(z(t —0)) <0

for t > t; > tg. Consequently, z(t) is monotonic on [tg,00), where to > t1. We have the following two
possible cases.

Case 1. Let z(t) > 0 for t3 > to. From (2.1), it follows that z(t) < x(¢) on [t3,00). Consequently, (2.2)
becomes

Z'(t) + q(t)G(2(t — o)) < 0.
Because of nonincreasing z(t), the last inequality becomes
Z'(t)
+q(t) <0.
G(z(t))
Note that lim; o 2(t) exists. Integrating the last inequality from t3 to t, we get

/t ( ) z(t) dC
q dﬁ*/ ——— <00, as t — 00,
ts ol 2ts) G(Q)

due to (As), we get a contradiction to (Ag).
Case 2. Let z(t) < 0 for t3 > t2. From (2.1), it is easy to verify that x(t) < z(t — 7) on [t3, 00), t3 > ta.
Further we can write

z(t) <z(t—7) <z(t—271) <--- <y(ts),

that is, z(t) is bounded on [t3,00). Consequently, z(t) is bounded and lim; , 2(t) exists. From (2.1), it
follows that z(t +7 — o) > p(t + 7 — 0)x(t — o). Hence, (2.2) becomes

q(t)
G(=p)
due to (Az). Since z(t) is decreasing, then there exist ¢4 > t3 and ¢ > 0 such that z(t) < —c for t > #4.
Therefore, the inequality (2.3) can be viewed as

(2.3) 2 (t) + G(z(t+7—0)) <0,

(2.4) 2'(t) +

for t > t4. Integrating (2.4) from t4 to t, we obtain

gg:;; _/t4 q(n)dn < —[2(77)];4 < 00, ast — 00,

which is a contradiction to (Ag).
If 2(t) < 0 for t > tg, then we set y(t) = —x(t) for t > ¢y in (1.1). Using (Az) and Remark 2.1, we find

d
7 WO +p0y(t = 7)] +¢(OG(y(t = 0)) = 0.
Then, proceeding as above, we find the same contradiction.
For the necessary Part, we suppose that (Ag) does not holds. Then there exist t; > 0 such that

d t>1t.
| atmin< g =

For t3 > t1, we let Y = BC([t2,00),R) be the space of all real valued bounded continuous functions
defined on [tg,00). Clearly, Y is a Banach space with respect to sup norm defined by

Iyl = sup{|y(£)] : t = ta}.
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Let L={y €Y :y(t) >0, t>ty}. Then, Y is a partially ordered Banach space (see for e.g. [7], p. 30).
For u,v € Y, we define u < v if and only if u — v € L. Let
l—p

S:{ueY: 1—BSu(t)gl,tzzfg}.

If up(t) = 11;5”, then ug € S and uyp = g.l.b S. Further, if & C S* C S, then

1—
S*:{ueY: )\Su(t)gu,ﬁpg)\,ﬂgl}.

Let vo(t) = po, t > ta, where pg = sup{p : 11_—5’) < u <1}. Thenvg € S and vp = L.u.b S*. For t3 = ta+p,
define T': S — S by

(1) — (Tz)(t3), te [t ts],
e {_p(t)x(t —)+ 2+ [TanGzin—o0))dny, t>ts.
For every x € S, (T'z)(t) > 11;5]’ and

o) <p+ G [ ] + 12E < 2 <

15 15

implies that Tx € S. For x1,22 € S, it is easy to verify that z; < x5 implies that Tz; < Tzs. Hence by
Knaster-Tarski fixed point theorem (see for e.g. [7], Theorem 1.7.3), T has a unique fixed point xo € S.
Hence x is a positive solution of (1.1) such that liminf;_, . xo(¢t) > 0. This completes the proof of the
theorem. 0

Theorem 2.6. Let —co < —p; < p(t) < —ps < —1,t € Ry, p1,p2 > 0 and 7 > 0. Assume that (As)
and (As) hold. Furthermore, assume that G is Lipschitzian on interval of the form [a,b],0 < a < b < oo.
Then every solution of the equation (1.1) oscillates if and only if (Ag) holds.

Proof. On the contrary, we proceed as in the proof of the Theorem 2.5 to obtain z(¢) is monotonic on
[t2,00), ta > t1. We claim that z(t) < 0 for ¢ > t5. If not, let z(t) > 0 for t > t2 > t;. Consequently,

x(t) > —pt)z(t—7) >zt —7) > 2t —27) > 2t —37) > - > x(t2)

implies that z is bounded from below by b > 0. Integrating (2.2) from t5 to t(> t2), we obtain

2(t) — 2(t2) + / ()G (x(n — o)) dn = 0,

2
that is,

() = 2(ts) + G(b) / g(n)dn < 0.

to

Therefore,

£(t) < #(t2) = GO) [ aln)dn —+ ~0, ast -

ta

due to (Ag), which is a contradiction because of boubded z(¢) (or z(¢t) > 0) on [t2,00). So, our claim
holds. From (2.1), it follows that z(t + 7 — o) > p(t + 7 — 0)z(t — o). Hence, (2.2) becomes

q(t)

(2.5) 2'(t) + G

G(z(t+71—0)) <0.

Since z is decreasing on [t2,00), then
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Integrating the last inequality from ty to t(> t2), we get

) o
/tz G(z(n) LT /t q(n)dn > 0,

that is,
t z(t) dC
q(n)dn < —-G(—p / —— < 00, as t — o0,
[ atnin= e [ s

due to (A4s), we get a contradiction to (Ag). The case where x is eventually negative is very similar and
we omit it here.
For the necessary part of the theorem, let (Ag) does’t hold. Then it is possible to find a ¢t; > 0 such

that
oo p2_1
d
/tl q(n)dn < =7

where K = max{K, K>} and K is the Lipschitz constant of H on [a,b] and K3 = G(b) such that

o 2Ap2 —pi(p2 — 1)
2p1p2

A -1
b ’ )
p2—1 2po
Let Y = BC([t2, ), R) be the space of real valued bounded continuous functions on [ta, 00). Clearly, Y
is a Banach space with respect to sup norm defined by

llyll = sup{ly(£)] : ¢ > t2}.

> 0.

Define
S={ueY:a<u(t)<b, t>ta}.
It is easy to verify that S is a closed convex subspace of Y. Let T': S — S be such that
Tx)(ta +p), tE [ta,ta+pl,
(Tt _{( )(t2 + p) [t2, t2 + p]

x(t+71 A oo
~HHD — R+ | G = o))dn], 1=t 4.

For every x € S,

x(t+71) A b+A A
(Tz)(t) < Cplt+1)  plt+7) = p2 pa—1 ="
and
G(b) o A
(Tz)(t) > o+ 7) [/HT Q(ﬂ)dn} )
imol A
= P2 2 +p1
_ 2 —pi(pa—1)
2p1p2
implies that Tx € S. For y1,y2 € S
[(Ty1)(t) — (Ty2)(t)] < m\yl(t+7) —ya(t +7)|
K o0
e L b = 0) — (- o).
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that is,

oo

1 K
()0~ )01 < -l =l + -l = well[ [ atmsa]
D2 D2 t+7
1 P2 — 1
<=+ -
<p2 2po )Hyl bell

implies that
1 Ty1 — Tyl < pllyr — v2ll,

that is, 1" is a contraction, where p = ( + E 22p21> < 1. Hence by the Banach’s fixed point theorem, T

has a unique fixed point which is a nonoscillatory solution of the equation (1.1) on [a,b]. Thus the proof
of the theorem is complete. ([

Theorem 2.7. Let —oco < —p; < p(t) < —p2 < =1, t € Ry and p1,p2 > 0. Assume that (Az) holds.
Furthermore, assume that G is Lipschitzian on intervals of the form [a,b], 0 < a < b < co. Then every
bounded solutions of (1.1) oscillates if and only if (Ag).

Proof. Suppose for contrary that x(t) is bounded nonoscillatory solution of equation (1.1). We proceed
as in the proof of the Theorem 2.5 to obtain z(¢) is monotonic on [t2,0), t2 > t1. Therefore the cases
z(t) > 0 and z(t) < 0 for t > ty follows from the Theorem 2.6 and Theorem 2.5 respectively. Necessary
part of the theorem follows from the Theorem 2.6. This completes the proof the theorem. O

Remark 2.8. In Theorem 2.7, H could be linear, sublinear or superlinear.

Theorem 2.9. Let 0 < p(t) < p < oo, t € Ry and 7 < 0. Assume that (A1)—(Ay) holds. Then every
solutions of (1.1) are oscillatory.

Proof. On the contrary, we proceed as in the proof of the Theorem 2.5 to obtain z(¢) is monotonic on
[ta,00), ta > t1. Since z(t) > 0 for ty > t;. From (2 2)

0=2'(t) +qt) ( t—a)) [ T)—|—q(t—7')G(x(t—T—U))]
for ¢ > to and because of (A4;), (Az) and z(t) )+ px(t — 7) we find that
0> 2'(t)+ G(p)(t T)—I—)\Q(t) [G(z(t —0)) + G(ra(t — 7 —0))]
Z(t) + G(p)'(t —7) + AQM)G (2(t — 7).
Hence, there exists t3 > t5 such that
(26) G(Z(;(t_) ) TEw) G?;((tt__%) Q) <0
Since z(t) is decreasing on [t3,00) and 7 < . Then the inequality (2.6) becomes
20 207D o <o
G(2(t)) G(z(t—1)) -

Note that lim;_, o 2(t) exists. Integratmg the last mequahty from t3 to t(> t3), we get

dG jyan+ Y < 0,
/G +/G +/Q”

. 2(t) dc z(t—T) d¢
A dn < — —_— G(P A
| Qman<-| [ o+ 6 >/Z(t3_ﬂ ]

< 00, ast — 00,

that is,

due to (As), a contradiction to (Ay).
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The case where x is eventually negative can be dealt similarly, and we omit the details here. This
completes the proof. O

Theorem 2.10. Let 0 < p(t) < p3 < 1, t € Ry. Let G be Lipschitzian on intervals of the form [a,b],
0 <a<b<oo. Then every solution of (1.1) converges to zero as t — oo if and only if (Ag) hold.

Proof. Suppose that (Ag) holds. Let z(t) be a solution of (1.1) on [t;, o0], ¢, > 0. Let the solution
x(t) > 0 for t > t,. Then proceeding as in Theorem 2.5, we have obtained (2.2) for ¢ > t; > to + o,
where to > p > t,. Since, z(t) > 0 for t > t5. So, lim;_, 2(t) exists. Consequently, lim;_, o, x(t) exists
and z(¢) is bounded. We claim that liminf;_, . 2(¢) = 0. If not, then there exists 5 > t2 and a > 0 such
that z(t — o) > a > 0 for t > t3. Ultimately,

/t Q)G (x(n — 0))dy > G(a) / a(m)dn — +oo,

ts

as t — 00, due to (Ag). On the other hand, we integrate (2.2) from ¢3 to ¢ to obtain

[z(m)],, + / a()G (z(n—a))dn =0

ts
and hence it follows that
t
t
[ a6 (atn - a)dn= [0, < .

t3
as t — 0o, we get a contradiction. So, our claim hold. Consequently, lim;_,, z(t) = 0 due to Lemma 2.3.
As a result,

0= lim 2(t) = limsup[z(t) + p(t)z(t — 7)] > limsup z(t)
t—o0 t—o00 t—o0

implies that limsup,_, ., x(t) = 0, that is, lim; o, 2(¢) = 0. An equivalent procedure can be followed for
z(t) < 0 for ¢t > t, to show that lim;_, . z(t) = 0.
For the necessary part we suppose that (Ag) does’t hold. Then it is possible to find a t; > 0 such that

> 1—p3
d
/0 q(n)dn < 0L

where L = max{L;, H(1)} and L; is the Lipschitz constant for H on [@, 1] For to > t1, we set

Y = BC([t2,0),R), the space of real valued bounded continuous functions on [t2,00). Clearly, Y is a
Banach space with respect to sup norm defined by

lyll = sup{|y(t)] : t > t2}.
Let us define

2
S:{ueY: 5(17p3)§u(t)§1,t2t2}.

Clearly, S is a closed and convex subspace of Y. Let T': S — S be defined by

(TJ?)(t) _ (T.’E)(tg + P), te [t27t2 + p]7
—p(t)z(t — 1)+ F22 4+ [T g(n)G(z(n —0))dn, t>ta+p.
For every x € S,
2+ 3ps o 2+4+3ps 1—p3 1+p3
T < — 1 = 1
T < =2 o) [ atan] < T I - L

and

2+3 2+3p; 2
L2H3ps L 243D

(T2)(®) 2 ~p(Balt ) + =222 2 —py+ 22 = 2
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implies that Tx € S. Now, for y,y2 € S
[(Ty)(t) — (Ty2) ()] < Ip(®)llyr(t —7) — y2(t — 7)|
+ L /too amly1(n — o) — y2(n — o)ldn,
that is,
[(Ty1) (1) = (Ty2)(0)] < psllyr — yell + Lallyr — w2l [/too q(n)dn}

1—p3
10

< <p3+ )||y1—y2\|

implies that
ITyr — Tyal| < pllyr — vall,

that is, T" is a contraction mapping, where y = p3 + 1;53 = % < 1. Since S is complete and T is a

contraction on S, then by the Banach’s fixed point theorem 7" has a unique fixed point on [%(1 — p3), 1}.
Hence Tx = x and

CL’( ): x(t2+p)’ te [tQ,tQ‘i‘ﬂ],
—p(t)a(t — 1)+ 222 4 [Fq(n)G(x(n—0))dn, t>ts+p

is a nonoscillatory solution of (1.1) on [2(1 — p3), 1] such that lim—,« x(t) # 0. This completes the proof
of the theorem. O

Theorem 2.11. Let 1 < py < p(t) < ps < 0o, t € Ry and p3 > ps. Let G be Lipschitzian on intervals

of the form [a,b], 0 < a < b < co. Then every solution of (1.1) converges to zero as t — oo if and only
if (Ag) hold.

Proof. Sufficient part of the theorem follows from Theorem 2.10 and the necessary part of the theorem
follows from the proof of the Theorem 2.6. But we need to mention the following:

> ps—1
d
/ q(n)dn < =7

t1
where K = max{K7, K2} and K is the Lipschitz constant of H on [a,b], K2 = H(b) such that

g 2Wiops) —ps(pa—1) o pam1H2A pspa=1)
2p3ps 2p4 2(pi — ps)
and
T {Tx(tg +p), teta,ta+p),
R et R o | )L CLUR L] B R
This completes the proof of the theorem. O

Remark 2.12. In Theorem 2.10 and Theorem 2.11, G could be linear, sublinear or superlinear.

3. DISCUSSION AND EXAMPLES

We could succeed to establish the necessary and sufficient conditions for oscillation of all solutions
of (1.1) when —oco < p(t) < 0. But, we failed to obtain the necessary and sufficient conditions for
0 < p(t) < oo. However, we established necessary and sufficient conditions for oscillations of solutions of
(1.1) is either oscillates or converges to zero as t — oo when 0 < p(¢) < 1 and 1 < p(t) < oo. Hence the
undertaken problem is open for 0 < p(t) < co. May be some other method is required to overcome the
problem.
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Remark 3.1. A prototype of the function G satisfying all the assumptions on G is
(1+ a|u|’8)|u|vsgn(u) foru e R,

where a > 1 or a = 0 and B,v > 0 are reals. For verifying (A1), we may take help of the well-known
inequality (see [9, p. 292])

L 0<p<1]
u? +oP > h(p)(u+v)?  foru,v >0, where h(p):= 1 p>1
2r—1’ -

Example 3.2. Consider the differential equation
d 3m 3 - o
(3.1) dt{x(t)—e m(t—2)] +2e"x(t—m) =0,

where T = 37" > o =w. Clearly, all the conditions of Theorem 2.6 are satisfied. Hence, by Theorem 2.6
every solutions of (3.1) oscillates. Indeed, x(t) = e'sin(t) is such a solution of (3.1).

Example 3.3. Consider the differential equation
d
dt
where 0 < p(t) = e™™ < 1 and G(z) = a3. Clearly, all the conditions of Theorem 2.10 are satisfied.

Hence, by Theorem 2.10 every solutions of (3.2) converges to zero ast — oo. Indeed, x(t) = et is such
a solution of (3.2).

(3.2) [x(t) +e Tx(t — w)] + 262707 (3t — 2m))° = 0,
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