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IMPROVED CHEN’S INEQUALITIES FOR LAGRANGIAN
SUBMANIFOLDS IN QUATERNIONIC SPACE FORMS

GABRIEL MACSIM

ABSTRACT. Riemannian invariants (in particular Chen invariants) play an important
role in the theory of submanifolds. They are very useful in providing relationships
between the extrinsic and intrinsic invariants of a submanifold. On the other hand,
Lagrangian submanifolds are one of the most studied, with important roles in other fields.
In this paper, an improved inequality for the Chen invariant d5; and an inequality for the
invariant d(ny,...,nk), both in the case of a Lagrangian submanifold in a quaternionic
space form, by using an optimization method, are obtained.
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1. PRELIMINARIES

Let M be a differentiable manifold and we assume that there is a rank 3-subbundle o of End(TM )
such that a local basis {J1, Ja, J3} exists on sections of o satisfying for all « € {1,2, 3}

(11) Jg = —Id, JaJaJrl = —Ja+1Ja = Ja+2,

where Id denotes the identity field of type (1,1) on M and the indices are taken from {1,2,3} modulo 3.
The bundle o is called an almost quaternionic structure on M and {.Jy, Ja, J3} is called a canonical basis
of o. (M ,0) is said to be an almost quaternionic manifold. It’s easy to see that any almost quaternionic
manifold is of dimension 4m, m > 1.

A Riemannian metric g on M is said to be adapted to the almost quaternionic structure o if it satisfies

(1.2) 9(JaX, JoY) = g(X,Y), Vae{l,2,3},

for all vector fields X, ¥ on M and any canonical basis {.J1, J2, J3} on . (M, 0, §) is said to be an almost
quaternionic Hermitian manifold.

(M,0,§) is said to be a quaternionic Kaehler manifold [9] if the bundle o is parallel with respect to
the Levi-Civita connection V of g, i.e., locally defined 1-forms wy, wa, ws exist such that we have

(1.3) VxJa = Wara(X)Jas1 — War1(X)Jato,

for all « € {1,2,3} and for any vector field X on M, where the indices are taken from {1,2,3} modulo 3.

Let (M,0,§) be a quaternionic Kaehler manifold and let X be a non-null vector on M. The 4-plane
spanned by {X, 1 X, o X, J3X} is called a quaternionic plane and is denoted by Q(X). Any 2-plane
in Q(X) is called a quaternionic plane. The sectional curvature of a quaternionic plane is called a
quaternionic sectional curvature. A quaternionic Kaehler manifold is a quaternionic space form if its
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quaternionic sectional curvature are equal to a constant, say c, i.e., its curvature tensor is given by

(1.4)

3
R(Xv Y)Z = 2 {Q(Zv Y)X —g(X,2)Y + Z[Q(Z, JoY)JoX = §(Z, Joa X)JoY +2G(X, Jay)JaZ]}a

a=1
for all vector fields X, Y, Z on M and any local basis {J1,J2,J3} on o.

For a submanifold M of a quaternionic Kaehler manifold (M ,0,g) we denote by g the metric tensor
induced on M. If V is the covariant differentiation induced on M, the Gauss and Weingarten formulae
are given by

(1.5) VxY =VxY +h(X,Y),

(1.6) VxN = —AxX 4+ V%N,

for X, Y € I(TM), N € T(TM+), where h is the second fundamental form of M, V= is the connection
on the normal bundle and Ay is the shape operator of M with respect to N. The relation between the
second fundamental form h and shape operator Ay is

(L.7) g(h(X,Y),N) = g(ANX,Y),
for all X, Y € D(TM) and N € D(TM™1).
For {ei,...,e,} an orthonormal basis of T,M and {e,41,...,€4n} an orthonormal basis of Tle,

where p € M, we denote by H the mean curvature vector, i.e.,
1 n

H(p) =~ z; h(ei, e;).
1=

Also,
hi; = g(h(ei,ej),er), 4,5 € T,n, m€n+1,4m

and
n

1817 () = D glh(eie;), hleise)))-

i,j=1
Let f: M — M (¢) an isometric immersion of the n dimensional Riemannian manifold M in the 4n
dimensional quaternionic space form M/(c). M is said to be a Lagrangian submanifold if

Jo(T,M) C T;-M,¥p € M, Vor € {1,2,3}.

We choose an orthonormal frame field in M (c)

{617 €2;---,€En; €4 (1) = Jl(el)v cees €gy(n) = Jl(en)a
Cor(1) = J2(€1), -y €pyn) = J2(en);  egy1) = J3(€1),- -+, egym) = J3(en)},
such that, restricted to M, ey, es,...,e, are tangent to M.

We set
h% = g(h(eia ej)vea)v o€ {(bl(]-)v LR ¢1(n)» ¢2(1)a ) ¢2(n)7 ¢3(1)7 SRR (bd(n)}
and then, for any r = 1,2, 3, we have (see (2.9.) in [7])
(K r(J (4
18 P = o) — o),

Let (M,g) be a Riemannian submanifold of a Riemannian manifold (M,§) and f € C®(M). We
attach the following optimum problem

(1.9) min f(x).

zeM
We recall the following result.
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Theorem 1.1. [10] If xg € M is a solution of the problem 1.9, then

a) (grad)(xzo) € T;BM;

b) The bilinear form o : TpyoM x TpyM — R, a(X,Y) = Hessy(X,Y) + g(h(X,Y), (grad)(zo)) is
semipositive definite, where h is the second fundamental form of the submanifold M in M.

2. CHEN INVARIANTS

In this section we recall the basic definitions and standard notations (see, for example, [3]).

Let M be an n dimensional Riemannian manifold and K(7) the sectional curvature of M associated
with a plane section 7 C T,M, p € M. For any orthonormal basis {e1,es,...,e,} of the tangent space
T,M, the scalar curvature 7 at p is defined by

(2.1) )= Y K(eine)).
1<i<j<1
One denotes (see [2])
(inf K)(p) = inf{K (n)|r C T,M, dimn = 2}
and the Chen first invariant is defined by
(2.2) oum(p) = 7(p) — (inf K)(p).

If L is a subspace of T, M of dimension r > 2 and {es,...,e,} an orthonormal basis of L, the scalar
curvature 7(L) of the r-plane section L is defined by

7(L) = Z K(eq N eg).

1<a<p<r
For given integers n > 3 and k > 1, denote by S(n, k) the finite set of all k—tuples (ni, na, ..., ng)
of integers satisfying
2<ny, no, ..., np <nandniy+---+nx <n.
Let S(n) be the union U S(n, k).
E>1
For each (n1, n2, ..., ng) € S(n) and each point p € M, B.-Y. Chen introduced a Riemannian
invariant
o(n1, ..., ngp)(p) =7(p) —inf{r(L1) + ...+ 7(L)},
where Ly, ..., Ly run over all £ mutually ortoghonal subspaces of T,M such that dimL; = n;, j =
1,...,k.

3. IMPROVED §/-INEQUALITY FOR LAGRANGIAN SUBMANIFOLDS IN QUATERNIONIC SPACE FORMS

B.-Y. Chen, F. Dillen, L. Verstraelen and L. Vrancken [6] showed that every totally real submanifold
M of a real dimension n in a complex space form M(c) of real dimension 2m satisfies Chen’s inequality

n—2 n? c
< H|? 1)=+.
om < - {n—l' I”+ (n+ )4}

J. Bolton et al. [1] established an improved inequality for this invariant, in the case of a Lagrangian
submanifold in a complex space form:

(n—2)(n+1)c n*
2 4 2 2n+3

n22n —3
om < |12

1H
(see also Oprea [10]).

In this section we prove a similar inequality for Lagrangian submanifold of a quaternionic space form.
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Theorem 3.1. Let M be an n—dimensional Lagrangian submanifold of a quaternionic space form M(C)
Then, we have

(n—2)(n+1) ¢ n? 2n-3 9
3.1 oy < ——— 2 — 4 — - || H||7.
(3:1) M= 2 177 2y 1A

The equality sign holds at a point p € M if and only if there is an orthonormal basis {e1,ea,...,e,}
at p such that with respect to this basis the second fundamental form h satisfies the conditions

W™ =0, i=Tn, j=3m, i#j ke{l...,n}\{ij}.

Proof. From the Gauss equation we have
c

for any X,Y, Z, W tangent to M.
We get
¢ n(n—-1)  n? o 1.5
(3.2) =1 T‘F?HHH §Hh\| :

Let e1,e2 be tangent to M. Then

n

3
R(e1,e2,e1,€2) = R(eq, e2,¢€1,€2) — Z

r=1k=1

2
(k) 7 b (ke (K
g — ()]
From this, we obtain

3 n
c (K) 1 b (k 0\ 2
(3.3) Kenhe)=S+3 % [h%( g5 — (k5 }

c (nn—1 n2||H|[? hl|2 3.2
Sar = 7 — K(e1 A es) = { ( ) _1}+ ||2 I* 2H B {hf;(’“)hﬁg(’“) —(th(k))2}7
r=1k=1

equivalent with

3 n
c(n?—n-2 (k) 7 én (K (K
5M_4< )*Z [ ®n® — 2] -
r=1k=11<i<j<n
& k k k
=3 [ Ong® - (@]
r=1k=1

It follows that

(n+Dn-2c = |
Sas = ! : £y (h‘f{““) +h§’5(’“>> ha»(k) . hasr(k)hm(k)
r=1k=1 |7=3 3<i<j<n
3 n n s (k) 9 5 3 n k) 2
- (n55 ™)+ (ng* ) =Y > (M)
r=1k=1 |j=3 r=1k=13<i<j<n
and then
3 n n
_(n+1)(n-2)c or(k) 1 or(k) (k) 0 1) 1)
Sar = : Y S (05 ® 4+ ngs M) ny® ST wrn

r=1k=1 | j=3 3<i<j<n
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n

=S {(h%<1>)2+ <h§;(2)>2+ (hf;<j>)2+ <h§;<j>)2] N
3

r=1 j=
EA1 k) k22 k)
6 () 6 (F)
+ZZ(’%) ZZ(’%)
1<k<n 3<j<n 1<k<n3<j<n
- 6, (1) 2 b\ = )
(2 r(J r(k
>0 2 (hz‘j )* > (hz‘j )*Z > (hij )
r=1 |3<i<j<n 3<i<j<n k=13<i<j<n

This implies

Zn: (K5 +1O) R+ 3 O ©

r=1k=1 |7=3 3<i<j<n
0 N2 L (1 NE L (16 WNE L (1622
A () + () + () (h5P) |
r=1 7j=3
C 2 e, e B ewm)?
CXOS (M) S X (")
1<k<n3<j<n 1<k<n3<j<n

23: T [(h¢ <j>)2 por@)? En: kf:’j por)?
: PP T (5)
r=1 | 3<i<j<n " k=13<i<j<n ’

From the previous relation, it follows that

3 n n

(34) oy < tNE=2c YIS (hf{(m +h§’g<’“>> B 4 3 pr®pg®
= 2 4

r=1k=1 [j=3 3<i<i<n

[(hf{m)ﬁ (hgé(j))ﬁ (h?;.<1>)2+ (hf;@))j _
S [(h2r<j>)2+(hf;(i>)2]

r=13<i<j<n

-2

n
r=1j=3

For 7 € {1,2,3}, let us consider the quadratic forms fs sy : R* = R, k = 1,n defined by

(1 (1 ” o (1 (1 (1
(3.5) f¢r(1)(h(1ﬁl( ),h%( )w-whgn(l)) = Z (h(fl( )+ h<2b2( )) h?j( )+
j=3
Z hd) (1) h¢r _ - (h(ﬁv (1))
3<i<j<n 7j=3
r (2 r(2 " _ r(2 r(2 (2
7=3
(e (0@
F e -3 (),
3<i<j<n 7j=3
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n

(k) 5 bk . (k - (k o (k
(3.7) Forty 7™ 0G5 ® om0y = 37 (m3r ™+ ngs ™) g+

r'nn
J=3
ik
Y a8 (hf{<k>)2—(h§§<’“))2— 3 (hf’[(k))Q,
3<i<j<n 3<i<n

where

k=3n,r=123 ¢1=1, ¢po=1J, ¢p3=K
For r € {1,2,3}, we must find an upper bound for f; (1), subject to
(3.8) P:hyiW 4 ng ™M 4 ng D = o),
where ¢®*(1) is a real number.
The bilinear form « : T, P x T, P — R has the expression
a(X,Y) = Hess(f,)(X,Y) + (h'(X,Y), grad f,(q)),

where A/ is the second fundamental form of P in R™ and ( , ) is the standard inner-product on R™.
Searching for the partial derivatives of the function fy (1), we get

0fo,1) _ X 160 ()
=N "o
et 3o
0fo.1) _ N\ 0. )
T = h,r
et -3
0fos1) _ 1 o01) L o) | Cx o) o on(1)
oy =+ hg Y+ Y0 Rt -2t =3
8htt 3<j<n
In the standard frame of R", the Hessian of f4 (1) has the matrix
0 0 1 1 1 1 1
0 0 1 1 1 1 1
1 1 -2 1 1 1 1
11 1 -2 1 1 1
1 1 1 1 -2 1 1
1 1 1 1 1 -2 1
1 1 1 1 1 1 ... =2
As P is totally geodesic in R™ (P a hyperplane; b’ = 0), we get
n n  k#j
o(X,X) =D (X600 + X6,2) Xo.0 + 2 D Xor9Xs, (k>*2z X))
=3 7=31<k<n
2
2 2 2
=D Xon | — 2% 0%, — (Xo) = (Ko@) =3 (Xo,0)" =
j=1 j=3
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so the Hessian of fy (1) is negative semidefinite.

M ngs ™t

Searching for the critical points hf{ ) of fe,(1), we find

has = h ™ == hip ) =

fs.y _ 9fo,(1)
ongs" ong;"

It follows
(n—2)A =7 1 a4 (n = 3)A — 2,

which implies

™Y 4 ngy M =3
From (3.5) we obtain

3A+ (n—2)A =),

Then
c®r (1)
T on+l
and
30 (1)
per) | per() _ 9T
11 + 29 1 ,
$r(1)
o = o™ = ) = e
n+1

Again, from (3.5), we find
3cbr(1) c$r(1) )\ ? et 2
2 2 —(n—2 =
n—i—l(n )n—|—1+cn_2(n—|—1) (n )<n+1>

_ :(31(12_1?2? . (Casr(l))Q n W . (cm(l))Q _ ﬁ _ (C¢r(1))2 _

forq) <

1 2
- et _ _ —3)— —92) =
TCESYE (c ) [6(n —2) + (n— 2)(n — 3) — 2(n — 2)]
1 2
== (D). _
ORI (c ) (n+1)(n—2),
which implies
n? n—2 2
3.9 < . s
(8.9) Jo.0 S 5 ( )
In a similar manner, we find for fy ()
n? n—2 2
1 < .22, (Hm(?)) .
(3 0) f¢7r(2) -2 n+1

Next, we must find an upper bound for f, ), k=3,n, 7 € {1,2,3}, subject to

(3.11) Pohfr® g2 ® gk = bR
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For k = 3 we have

(3.12) oy = (W70 ) SO ST w -
=3 3<i<j<n
i#3
() - (@) - Y (he )
3<i<n

We calculate the partial derivatives of fy (3

fs,3 <
oy

fo.3) _ B ®) _ 9pdr(®)
(3 73 ’
ahgz( ) =3

¢ (3 ¢r (3
hjj( ) —2h11( )7
3

<.
I

3

o _ o | o | N o)
oper@ e > b
33 3<j<n

8f¢.,(3) ¢r(3) ¢ (3) i ¢ (3) #r(3)
¢ (3) hir™ 4 hoy ™ Z hii™" =2hy ", t=4,n.
Ohu 3<ji<n

From the above relations, we find
hip ™ = hgs® = 3x,
hg; @ = anfr® =122,
Ry = = hgr® =4,
so these relations and (3.8) implies
6A+ 12X+ (n — 3) -4\ = ),

equivalent with

e (3)
A=
2(2n + 3)
Then
30¢7'(3)
1 h¢r(3) — h¢r(3) -
(3 3) 11 22 2(2n _|_ 3) ’
(3 (3 6c¢7‘(3)
(3.14) hg; @ = anf;® = o T3
ér(3)
0r3) _  _ pén(3) _ %€
d =...= = —.

In the standard frame of R", the Hessian of fy4 (3) has the matrix

-2 0 1 1 1 1 1
0 -2 1 1 1 1 1
1 1 0 1 1 1 1
1 1 1 -2 1 1 1
1 1 1 1 -2 1 1
1 1 1 1 1 -2 1
1 1 1 1 1 1 -2
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As P is totally geodesic in R™, we get

J#3 n
aX,X)=-2 > (X;)P+2) (X1 +X)X;+2 > XX, =
1<j<n j=3 3<i<j<n
2
n n J#3
=) X5 | —2XaXo - ) (X2 -2 ) (X)) =
j=1 j=1 1<j<n

2
n

= zn:Xj — (X1 4 X2)? — (X3)? = 2(X1)% — 2(X5)? — :’,Z(Xj)2 <0,
j=1 Jj=4

so the Hessian of fy (3y is negative semidefinite.
From (3.12), (3.13), (3.14) and (3.15), we get

3ctr(3) [6cor(3) 2c47(3)
: +(n—3)-
2n+3 [2n+3 2n+3

for3) <

G 906r(3) 9c6r(3)\ 2 3cbr(3) 12 2c6r(3)\ 2
4o S(n—3)= b2, () —o || gy =
2n+3 2n+3 2n+3 2(2n + 3) 2n+3

_18(e? )2 6(n—3)
 (2n+3)2  (2n+ 3)2

12(n —3)
(2n + 3)?

(n—3)(n—4) 4(cr®))2
2 @2n+3)?

(P )2 (P2 4

9(ctr N2 4(n — 3)(c? )2

"4(2n+3)2 (2n+3)?
(c#r®)2
= 300 1372 36 +12(n—3)+24(n—3)+4(n—3)(n—4)—9—-8(n—3)] =
= w(zxn? -9) = M@n —3)(2n + 3)
2(2n + 3)2 2(2n + 3)2 ’

so we obtain
2n —3

< _
Jor = 5090 1 3)
From previous relation and (3.11), we find that

2 -3

()2,

n
3.16 < — - = (HO)H2
(3.16) fon S o s (P O)
In a similar manner, Vr € {1,2,3} , Vk > 3, we get
n?> 2n—3
3.17 < . (HE(F)H2,
(317) fartiy < T S (HO )
—_9  9n_
Since r < L3, then we have
n+1 2n+
(n+1)(n—-2) ¢ n? 2n-3 9
oy < rWmzme f H
M= 2 1t g I

which is an improvement of the result of Y. Hong, and C.S. Houh [§].
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4. 6(nq,...,nk)-INEQUALITY FOR LAGRANGIAN SUBMANIFOLD OF A QUATERNIONIC SPACE FORM

B.-Y. Chen established the following inequalities for Chen invariant d(nq,...,nx) of Lagrangian sub-
manifolds in complex space forms.

Theorem 4.1. [4] Let M be a Lagrangian submanifold of a complex space form M(c) For a given
k-tuple (ny1,ng,...,ng) € S(n), we put N =n3 +na+... +ni and Q = Zle(Q +n;)7L IfQ < é and
N < n, we have

n?{n — N +3k—1-6Q}
2{n—N+3k—-1-6Q}

1 b c
+§ {n(n -1 - ;nl(nl — 1)} T

The equality sign holds at a point p € M if and only if there is an orthonormal basis {e1,...,e,} at p
such that with respect to this basis the second funfamental form h takes the following form

(4.1) S(nyna, .y mi) < | H 2+

(5
h(ea,,es;) Z hl g Jey + ‘ﬁ‘ )\JeNH,
V€A

h(ea;,e€a;) =0, Z Rl ., =
a; EA;
3\

m:}@ai, h(eai,eu) = O7

h(eaiaeN-i-l) =

h(ent1,envt1) = 3AJent1, hlenii,en) = Aey,
h(ew, ey) = Ny Jen+1,
for distinct i,5 € {1,... )k} u,v €{N+2,....,n} and A = 1h%ﬁz\7+1

Theorem 4.2. [5] Let M be a Lagrangian submanifold of a complex space form M( ) For a given
k-tuple (ny1,n2,...,n;) € S(n), we put N =n1+ng+ ... +ni and Q = Ele(Q +n;)7 L IfQ >3 L and
N < n, we have

n?(n— N + 3k — 3)
2(n — N + 3k)

1
—1—2{ (n—1) annl—l}

The equality sign holds at a point p € M if and only if there is an orthonormal basis {e1,...,e,} at p

such that
h(ea;.es;) Z hiﬁJeW, Z hl., =0,
Vi EA; a; EA;

(4.2) 5(nrynas ..y mp) < E ]2+

h(ea,ep) = 0 otherwise,
for i, Biyvi € Ajyi € {1,...,k}, and A,B,C € {1,...,n}.

By using the method of constrained maximum, we obtain a similiar inequality in the case of Lagrangian
submanifolds in quaternionic space forms in the next Theorem.
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Theorem 4.3. Let M be an n—dimensional Lagrangian submanifold of a quaternionic space form M(c)

For a given k—tuple (n1,n2,...,n,) € S(n), we put N =ny+ns+...+n; and Q = Zf:1(2+ni)_

N < n then we have
1

n*{n — N +3k—1-6Q}
2{n—N+3k+2—6Q}

+;{ (n—1) Zni n; }Z

(4.3) d(ni,na,...,ng) < | H %+

The equality sign holds at a point p € M if and only if there is an orthonormal basis {e1,ea,. ..

at p such that with respect to this basis the second fundamental form h takes the following form

3

v 304
60‘“65’ Z Z hﬁtgjq)(ﬁre% 2_1_1& )‘¢T’(6N+1) 3 O‘mﬂz S A = 7k7
r=1 \vi€A;
h(eass €a;) = Z her 0D =0, r=1,3, a; € Ay, aj €Ay, i # 4, 4,5 €{1,2,....k},
3N O
hleassenst) = 570 ;aﬁr(eai), h(ea ) =0, ue {N+2,...,n},

3

h(ent1,eni1) =3X Y dr(enta),
r=1

3
h(6N+1,6u) = /\ng)r(eu)a u € {N+ 2a s 7”}7

r=1

3
h(ew, €y) = Ay Z¢7-(€N+1)a u,v € {N +2,...,n},

r=1
N
for A= gheNtlleNH
b)if Q> L,
)i Q> L
n?{n— N +3k—3
(1.0 Bz, ) < "k e

2{n— N + 3k}

+;{ (n—1) Zn ni }

The equality sign holds at a point p € M if and only if there is an orthonormal basis {e1,ea, ...

at p such that with respect to this basis the second fundamental form h takes the following form

h(ea;,es;) Z Z h qﬁr (e4:),

r=1vy,€A;

3
Z Z h%a’jl (e’yq‘,) = 07

h(ea, eB) =0 otherwise,
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fOTO[i, Bia FYlGA’Lv i:17k7 A7 Ba Cil,n

Proof. Let {e1,ea,...,e,} an orthonormal basis in p € M, (n1,ng,...,ng) € S(n) and Ly, Lo, ..., Lg be
k mutual orthogonal subspaces of T, M, dim L; = n;,j = 1,k, Lj = Span{e,, 4. 4n, 1415+ Cni+...on; }>
=Tk

We choose

Al 2{1,...,77,1},
Ag:{n1+1,n1+2,...,n1—|—n2},

Ap={m+...4+ng_1+1,....,n0+ ... +ng},
Appr={mi+...+np+1,...,n},
and
N=ni+...4+ng.

By using Gauss equation, we have

XY S [ - () -

3 n A<B

2 (s —

br(k) p dr(k ok ni(n;—1)c .

) =30% Y [P - () |+ R T
1 k=1 A,BEA,;

Using the following convention concerning indices

ai?ﬁiu’yi S Ah 7’7] S {17"'7k}7
7,8t € A1, u,v € {N+2,...,n},
A, B,Ce{l,...,n},

T

we get

3
(4.5) T=Y

2 _
br(A) 1 br(A) b (A nn—1)c
{th(s )hccg - (th )> ] + 5 1

3. 2 (. —
. (A ~(A nz(nz ]-) c .
(4.6) ") =23 5 [rngst - ()] - ML -1

k 3 n " ) a;,Bi €A 4)
¢r(A) 7 or(A ~(A) 7, ¢r(A
T = Z T(Ll) = Z Z hBB hCC(' - Z hiit(li )h571571
i=1 r=1 A=1 |1<B<C<n a; <Pii=1,k
3 n | 9 a;,B; €A, 2 1 k c
dr(A ér(A) _
_ZZ (hBC ) — Z (haiBi ) —|—§ n(n—l)—Zni(nl—l) 1
r=14-1 |1<B<C<n i< Bri=T i=1
3 n t<s 1<i<j<k 1<i<k
dr(A)p (A #(A) pdr(A ~(A) 7 r(A
r=1A=1 t,SEA]H,l (lq‘,EAi,OijEAj aiEAi7tEAk+1
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t<s 1<i<j<k 1<i<k

55 511D SIS SU (100 S S T

=10

=10

r=1A=1 |t,s€EAk4+1 aiEAi,ajeA,- i EAGTEA L
T Z ¢ <
a TL - nz n; — P
2 4
3 n t<s 1<i<j<k 1<i<k
ES| S e S @ Y g
r=1A=1 [t,s€Ar41 Q€A EA ;€A TEA L
3 n S€EAR41 3 n A#t k
a; r(t
Y Y () - Y Y () S - 1= ot
r=1 A=1 a,€A; r=1t=N+11<A<n i=1
Thus, we find
3 n t<s 1<i<j<k 1<i<k
T-r(L) <> > | Y REr D por(4) | S R One ¢ S e por(A)
r=1A=1 [t,s€Ap41 a; €A, EAG €A TEA 11
3 n SE€EAR41 3 n A#t
a; (t
TERES S SN (LIS o i S G20 IS HURIED ot
r=1A=1 a;EA; r=1t=N+11<A<n
For A =1,n we consider the quadratic forms fy (a): R™ — R defined by
t<s
(4.8) f¢7~((17‘,)(hf{(ai)’ hfg(ai), e hf’bz(ai)) _ Z hzr(m)hfsr(ai)_i_
t,SeAk+1
1<j<h<k 1<j<k 9
r (O (O r Q4 br (g QG
D SR D S UL Ol (L)
o EAj,ap €A o EAGEEAL SEAR 41
s<q
(4.9) For ey ngs GOy = ST hgOpg 04
5,q€AKL1
1<i<j<k 1<i<k A#t 5
DI DI LR S D I
a; €EAG,a  EAG " a; €EA;,SEA K1 1<A<n
for a; €A, i=1,k t€ Ay, r€{1,2,3}
For r € {1,2,3}
t<s
~(1 ~(1 (1)1 by
(4.10) Fory G gV g Oy = 3 hg RGO+
t,SEAk+1
1<j<h<k 1<j<k 9
- ~(1
SR Rl R DR A DR i)
aj€Aj,ap€A aj €A EEAL L teEAR 11
We want to find an upper bound for fy (1), subject to
(4.11) ) A e R A A
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where ¢?*(1) is a real number.
The bilinear form o : T, P x T, P — R has the expression

a(X,Y) = Hess(f,.)(X,Y) + (W (X,Y), grad f.(q)),
where b’ is the second fundamental form of P in R™ and ( , ) is the standard inner-product on R™.
A vector X € T, P satisfies ZXi =0.

i=1
Searching for the partial derivatives of the function fy (1), we get

0fs ) 2<h<k
er() _ ér(1) ér(1)
oo o hh+ > ht,
11 aR€Ay tEAL1
0,1 2<h<k
¢r(1) ¢ (1) (1)
D WL W)
22 ap€AR t€Ak 41
ooy _ 'R
T — ¢r (1) ér(1)
8h¢r(1) = Z hah,ah —+ Z htt , 1 € Al.
a1 apEAn,htl N
In a similar manner, we find
Ofs 1) 1<h<k
¢r(1) 6 (1) ¢r(1)
oner Z hagan + Z hy ™, az € Qg
@202 apEAp,h£2 tEAR11
S0, in general,
ooy _ 61 (1)
T — ¢r(1) k8 . . ;o
(4.12) oho ) SO S w0 en, i=Tk
22122 ajEAG,jFL [ASTAVAIRY
For s € Agy1, we also find
t#s 1<j<k
(4.13) Ofe, (1) _ Z per() Z por(D) _ opdr(1)
. ah(z,r(l) - W5 tt < ;o ss .
58 €Akt a; €A

In the standard frame of R", the Hessian of fy4 (1) has the matrix

O1 A Az A ... Ay, By
Aoy Oz Az Aoy ... Ay B
Ay Ass O3 Asy ... A3, B3
A Aoy Aps A Or By
B BY B B} B A

where O; € M,,,(R), with all the elements equals to 0, i = 1,k, A;; € My, 5, (R), i # j, i,j = 1, k, with
all the lements equals to 1, B; € M,,, ,—n(R), with all the elements equals to 1 and A is the matrix

-2 1 1 ... 1
1 -2 1 1

A= , A€ Man’n,N(R).
1 1 1 -2

As P is totally geodesic in R™ (P a hyperplane; b’ = 0), we get

1<j<k 1<j<k
aX,X)= X1 Y Xot+.+Xa, Y Xo|+
Ot_»,‘EAjJ‘?fl a:/'eAjmj?ﬁl
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1<j<k 1<j<k
+ | X041 Z Koy + oot Xnyns Z Xoy |+ 4

ajEAj,j;éZ OZjEAj,j;ﬁ2
1<5<k 1<5<k
=+ Xn1+---+nk71+1 Z Xaj +.+ Xn1+~~+7lk Z XOtj +
OLJGAJ‘,j;ﬁk OLJ‘GA]‘,j;ﬁk
1<i<k 1<i<k s#AN+1
(X x) ¥ x| 3wy xs

i €A SE€EARL1 ;€N $€ARL1

1<i<k sAN+2 1<i<k s#n
+XN+2' Z Xa.b"i_ Z Xs ++Xn Z Xa1+ Z Xs -2 Z (XS)Q-
i €A SEAR 11 o €A SEAR 11 SEAR 11
Thus, we get
1<i<j<k 1<i<k
aX,X)=2 > XeoXe +2 Y Xo Xt
aieAi,OéjeAj a; €A, SEAL 1
s#t
+2 ) XX -2 ) (X))?=
s tEAR 1 SEAR41
n 2 1<i<k i #Bi
- (Z X@') -2 - 32 Y XaXe -2 3 (X)P=
1=1 a; €A SGA]H,l Qi EN;,BiEA; SEAkJrl

:<§‘:Xi>2_i<z X“i>2_3 > (X.)? <0,

=1 a EA; SEA]H,l

so the Hessian of f, (1) is negative semidefinite.

Searching for the critical point (h‘f{(l), hgg(l), ce hm(l))

0 3}
S0 e Ao sy
ah’a:(’éi aho‘;aj

of fg,(1), we find

then
1<h<k 1<h<k
Z h¢r(1) — Z h¢r(1)
apap QpOp?
ap €A, h#i ap €Ay, h#j
ér(1) _ ér(1) 4 ;
(4.14) Song =" nrl) i
a; EN; a; EA;
From of of
#r(1) #r(1)
e = (1 57q€A/€+1a 57éq
ons; D ol
we get
t#s or(1) t#q (1)
” ér(1) _ r or(1 ¢r(1) _ pér-(1
ST oW —2ng® = ST pir® —opdr ) =y = @)
tEAL 11 t€EAK 1
(4.15) WSy == k.
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Then

1<j<k

aj; €A ,jFL

and from this, we get

(4.16)

Let
(4.17)

(4.18)

.y _ Ofo,(1)
onZ ™ ong M

t#s 1<j<k
R S S N SRR
tEARL1 tEAL1 (XJ'EA]-
= ni W= ngl) -2
a; EA;
her() = Z horM) s € Apgr .
a; EA;

doohgt) =% hl) == > heG) =3adl,

a1 €AY az€A2 ar€AL

her) = Z her) =al, s € Apya,
a;€A;

where a! is a real number.

From the relations (4.11), (4.17) and (4.18), we get

One gets
(4.19) > ong
a1 €A,
(4.20)

k-3a'+(n—N)a' =M = o' = &
N - n—N+3k
sy 3et®
ozloq Z hagag - Z hoz;ak = m»
az€A2 ar €A
¢r(1)
he® = S s Ap.
ss n—N—i—Sk’SE k+1

Thus, from (4.10), (4.19) and (4.20), we have

c$r(D) 2 3c6r(1)
< (2 R v
Jor) = Cun (n—N+3k:) +<n—N+3k) +

| 3k = N)(e D)2 (n_ ). ( ctr@) ) _

B (n—N—l—3k:

2

(n— N + 3k)? n— N+ 3k

cr() 2
>~WﬁN+QC%3Mnjmeﬂ—

2

2 2

_ <n_c<z;<23k) .[(nN)(an)Jer(k1)+3k(nN)(nN)} _

_ () B
= 50— N 3 3k [ N = N = 1)+ 9k(k — 1) 4 6k(n — N) = 2(n — N)] =
()2

2(n — N + 3k)?

(n* =N —n —nN + N? + N + 9k* — 9k + 6kn — 6kN — 2n + 2N) =
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(D)2
= (n®+ N2 —2nN — 3n+ 3N + 9k> — 9k + 6kn — 6kN) =

2(n — N + 3k)?
(c¢r(1))2 )
(C¢T(1))2 2
(c?r())2
(c¢r(1))2
=—~ . (n—N+3k+3
Sn—Niak (M NF3k+3),
which implies
n? n—N+3k—3 2
4.21 < — (1 ) (g,
(4.21) foy =5 ( n—N +3k ) (1)
In a similar manner, we find
n? n—N+3k—3 2
1.22 S5 () () i =T, are A
(4.22) Jortan <35 < n— N+ 3k ) ' i€
Let r € {1,2,3}, t € A1,
s<q
5,q€EA K41
1<i<j<k 1<i<k At )
S DI 55 ST R DI G LT R S (57 G
a; EAG,a EAG o a; €EN;,SEA L1 1<A<n
Searching for the partial derivatives of fy (;), we have
af 1<j<k
(424) ¢‘¢T$) B Z hﬁ;l(lty) + Z hfg(t) h¢r¢g¢t)a o; € Aiv i= 17k7
ho;ocz ajeAj,j#Z 36Ak+1
8f ( ) 1<i<k
¢r(t r(t) @r(t)
(4.25) ir Z hgr @+ > oD,
qEA K41 i €A
.ty _ T SR o
(4.26) e Z hor® 4 3" hgrD —2nlr ) s st
hss qEA K11 a; EA;

In the standard frame of R”, the Hessian of f; () has the matrix

Ii A Az A ... A B
Aoy Iy Axz Aoy ... Ay B
Ay Asp Is  Asy ... A3, B3
A Aoy Aps A Or By
BY BY BY B B! A,
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where I; € M,,,(R), with all the elements equals to 0,except those on the first diagonal that are equals
to =2,i=1,k, Ajj € My, n;(R), i # j, 4,5 = 1, k, with all the lements equals to 1, B; € My, »—~n(R),
with all the elements equals to 1 and A; is the matrix :

At = (aij)i,j:m’ A € Mn—N,n—N(R)a

CL“‘:72, ’L':l,an, Z#t,

aij:17 i,jil,n*N, 7’#]7

ay = 0.
As P is totally geodesic in R™, we get
1<i<k 1<i£j<k
aX,X)=-2 > (Xa)?+2 Y Xo X+
a; EA; €A, EA
1<i<k s#t s#q
2 XoX.-2 ) (X)P+2 > XX, =
€A, SENA L1 SEAR4+1 s,qeAk+1
n 2 1<i<k 1<i<k
— ( X,») - > (X))’ > (X2 > X0, X5, —
i=1 i EA; SEAR 41 ai,Bi €A, F#Bi
1<i<k s#t
-2 Y (Xa)’ =2 ) (X)) =
a;€A; SEARK+1
n 2 k 2 1<i<k st
- <in> -3 ( > Xa> —2 ) (Xa,)’ =3 > (X)P—(X)* <0,
=1 i=1 \a;€A; a; €A SEAK+1

so the Hessian of fy (;) is negative semidefinite.

O 20

Searching for the critical point (hf{ Yoy hﬁ:ﬁ)) of fe,(t), we have

sty _ Oty

’ O‘iaﬁi S Ai — h¢r(t) = hg:éf) ) Oliaﬂi S A’i —

@r(t) B r(t) Qi
haia hﬁiﬁi
- (t n
hyp W == )]
&r(t) _ _ hqﬁr(t)
ni+lni+1 — 7 nj4noni+ngy c vt
Thus, we get
. e . - (t
(4.27) Vi=T1,k, You, B € Ay, horD =i,

In the same way, we find

e,y _ Ofs.1)
o e U8 € Bk tE{v s =
SS VU

q#s 1<:i<k qFv 1<:i<k
Yo bW > a2 = N hg @ Y ne ) — 2080, 1 ¢ {v, s}
qEA K41 a; €A qEA L1 ;€A

— o) _opr® = p¢r® _op®r® which is
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(4.28) her® = p2r M) Vs v € Apia, t ¢ {s,0}.
Also, for s # t, we have

o0y _ Ofs.t)
hftr(t) hfsr(t) ’

which implies

gt 1<i<k q#s 1<i<k

STonk® 4+ N a0 = 37wl ® 4 N pd o —

q€EAL 11 a; €A q€EA K11 a; €A
r(t) _ ¢r(t) (T
hfs( ) - h’tt - Zh?S( )7
from which we have

(4.29) hor® = 3pdr® s £t s € Apyr.

sty _ 0oy ., .
From 50 T o) 1% j, we get

1<h<k 1<h<k
SRS SRR T ST RN S U]
ap€AR,h#i SEAK 41 ap €A, h#] SEAL 41
Thus
SO ongr® —ondrl = N ng) —ondr ) =
wrch, ] S ]
(4.30) Do b2 = Y7 hg D w2l ).
a; EA; OljeAj

From (4.30), using the relation (4.27), we get

(4.31) (ni + 205l = (n; + 20 Y), s € A, aj € Aj, i #
0 0 _
Also, from Jor (0 = f¢"(t), for some ¢ = 1,k, a; € A; we get
0] G (1) &
ha:lai httr
1<j<k s#t 1<i<k
SoongD+ S0 G —ong = N 4 N adl) —
aj; €A ,jFL SE€EAKL1 $€EARL1 Q€A
= hf[(t) - Qhﬁgé? = Z héﬁ?éti)’ and we get
a; EA;
(4.32) hiy® = (i + 2R 0, i =T, o € Ay

Ao,y _ 9fs.v)
RN RON

Qg

From

for some i = 1,k, a; € A;, s #t, we get

1<j<k q#s 1<i<k
ér(t (t ér(t) _ ér(t H(t bt
Z h%‘(lj? + Z hgq( = Qhail(li) - Z hqq( ) + Z hiiéi) B ths( ) =
0‘jeAj NE quk+1 qEAk+1 a; EA;
— hgW —2n8r D = 3" Ao — 202
a; €A
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Then
3hg; W = " i) 4 208

a; €A
Using this relation and (4.25), we get
(4.33) 3RS0 = (n; +2)h& 1, s £t, oy € Ay, i = 1,k
From the relations (4.27), (4.28), (4.29), (4.31), (4.32) and (4.33), we find
(4.35) her® = por® = a* 50 € Appa, t ¢ {v,s},
(4.36) hir® = 3pdr() = 3¢° 5.t € Apyr, s %t

where a', a® are some real numbers.
So, we obtain

(ni +2)h% ) = (n; + 202D, i € Ay, ay €A, i, 5 € {1, kY, i # ]

and
(4.37) (n; +2)a' = (n; +2)d’, i,j € 1,k, i # j.
(4.38) hir®W = (n; +2)d’, i =1,k

From 3h¢”( ) — =(n; + 2)/1?&?7 s#Et, a; € Ay, i =1k, we get
(4.39) 3a® = (n; +2)a’

, ; 3m .

Let a®* = m, m € R. Thus o' = , ¢ =1,k and this implies

(4.40) her () = 377”, i=1,k a; € Ay,
K n; +2

(4.41) her® = m, s € Apyr, s #t,
(4.42) hir® = 3m.

Because hf{ ® 4 h ORI hi%(t) = k", r =1, 3, from the above relations we get

k
3
g (ni- m )—I—Sm—l—(n—N—l)m:kT,

i=1
k

(n—2n1—1>m k",
=1

3mz

which implies

k n
ml‘o’;nﬁz ;ni—ll — k"

or

S BSI(E PR S
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and this is equivalent with

(4.43) N-1| =k

. from (4.43) we find

k
1
Denoting by Q = —_—
enoting by @ ; - ,
S n—N+3k+2-6Q
and using (4.40), (4.41) and (4.42) we get

6r(t) _ 3k

4.44 (1) — ci=1,ka; €Ay,
(4.44) ¥ (n;+2)(n— N +3k+2 - 6Q) ! “
k.?"
4.45 her® — A t
(4.45) S TR Niski2_6q S Ak ST
3k"
(4.46) hir® =

n—N+3k+2-6Q
Using the relation (4.23) and the relations (4.44), (4.45) and (4.46), we have
3k” k"
< (n—N-1)-
f¢r(t)_n—N+3k+2f6Q (n ) n—N+3k+276Q+

(/ﬂr)Q + Z n;-nj ) (3]{1T)2

C2
+ N (= N +3k+2 - 6Q)2

1<i<j<k
3k" Z -3k
n—N +3k+2—6Q n1+2)(n—N+3k+2—6Q)

k

_|_

k" n; - 3k”

+(n—-N-1)-

(3K)? (k")?

(ni +2)(nj +2) (n— N +3k+2—6Q)?

n—N+3k+2—6Q';(ni+2)(n—N+3k+2—6Q)_

_ ; —(n—N-1)-
Z” it 22 —N+3kr2-6qp ™ )

i=1
= (k")? 3(n—N-1)+0C? +9 >
- — — 5 " - - —N-1
(n—N+3k+2-6Q) 1<Z<]<k

+Z

k

i=1

- (kr)2
~ (n— N +3k+2-6Q)2

ni-nj

2n—-N-1)+Cr n 1 +9 Y
1<i<j<k

k k
+9Z Z+2+3 N —1) Zm”i? Zm
=1 1=1

~N -

_ (k") (n
T - N+3k+2-60)7 [2("_N_1)+

+2)?
D(n—
2

N -2)
+

81

(n— N +3k+2—6Q)?
n7+2 nj+2)+

k
N_l)zni;2_92(m+l2)2_(”_N_l)] =

(n; +2)(n; +2)

+
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k
(n; +2)(n; +2) —2n; — 2n; — 4 2
9 i J J 90y (1-
0 3 m+2)<ny+2) ’ Z}( m+2)+

1<i<j<k

3(n — i( n1+2>9§;<(ni12)(mi2)2>1_

+9

(k)2 (n—N—1)(n— N +2)
(n—N+3k+2-6Q)% 2

1<i<j<k [ (

+9k

N-1)k—6(n—N—1) Z

oo 1
_gzni+2+18;(ni+2)2}:

B (k")Q_ .{(n—N—l)(n—N—i—Q)
 (n—N+3k+2-6Q)2 2

+ 907~

° 1<;<k [ (n; +2)(nj +2) +9 18Q+

k 1
+3(nN1)k6(nN1)Q9Q+18;(ni+2)2}

B (k™)? (n—N—l)(n—N+2)+9k(k:—1)_
 (n—N+3k+2-6Q)2 2 2
1
-18 > [ - ] +36 Y —+
1<i<j<k L™ +t2 n;+2 1<7,<]<k )(n; +2)

k 1
+9k18Q+3(71N1)k6(nN1)Q9Q+18;(ni+2)2}

(k")
2(n— N + 3k + 2 — 6Q)?

[(n=N—=1)(n— N +2)+9k* — 9k — 36(k — 1)Q+
— 118k - — N —1)k—
+36 ) R nj+2)+ 8k — 36Q + 6(n )
1<1<J<k

1
(k")

:2(n—N+3k+2—6Q)2'[(n_N_1)(n—N+2)—|—9k‘2—9k—36(k—1)Q_|_

+18k — 36Q + 6(n — N — 1)k — 12(n — N — 1)Q — 18Q + 36Q°] =

_ (k)
~ 2(n— N +3k+2-6Q)? (n=N-1(n—-N+2)+3n—-N—1)k+

+3(n—N -1k —6(n—N—-1)Q —6(n — N —1)Q + 9k? — 9k — 36kQ + 36Q+
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+18k — 36Q — 18Q + 36Q°] =

B (k.r)Q
— SN TR I_507 ((n=N-1)(n-N+2)+3n—N—-1k—-6Q(n—N—1) +

+9k* — 9k + 18k + 3k(n — N — 1) — 36(k — 1)Q — 36Q — 6Q(n — N — 1) — 18Q + 36Q°] =

\2
- 2(n_N+(’;k)+2_6Q)2 (n=N=1)(n—N+2+3k—6Q)+3k(n— N —1+3k+3)—

—36kQ + 36Q — 36Q — 6Q(n — N — 1) — 18Q + 36Q°] =

(k")
2(n— N +3k+2-6Q)%

[(n=N-1)(n—N+3k+2-6Q)+3k(n— N +3k+2)—

—36kQ — 6Qn + 6QN —12Q + 36Q°] =

B (kr)Q
~ 2(n— N +3k+2-6Q)2

‘(mn—=N-1)(n—N+3k+2-6Q)+
+3k(n — N + 3k +2) — 18kQ — 18kQ — 6Qn + 6QN — 12Q + 36Q°] =

o (kr)2
T 2(n— N 43k +2-6Q)2 (n=N-1)(n—N+3k+2-6Q)+

+3k(n— N+3k+2-6Q)—6Q(n— N+3k+2—-6Q)] =

_ (k7)?
" 2(n— N +3k+2-6Q)2 (n=N+3k+2-6Q)(n—N+3k—1-06Q).

Thus, we find that

)2
Jort) < ()
"= 5N+ 3k+2 - 6Q)2

(n—N+3k+2-6Q)(n—N+3k—1-6Q),

SO
(k") n—N+3k—1-6Q
2 n—-N+3k+2-6Q’

fort) <

from which we have

n?> n—N+3k—1-6Q 2
| (" A ger®)
(4.47) fw)—(g n—N+3k+2—6Q) (H )

We have 2 cases

1
DifQ < 3 then

n—N+3k—-3 < n—N+3k—-—1-6Q
n—N+3k ~—n—N+3k+2-6Q’
so, using the relations (4.7), (4.22) and (4.47), we find the relation (4.3).

83


Galaxy
Text Box
83


ROMANIAN JOURNAL OF MATHEMATICS AND COMPUTER SCIENCE, 2016, VOLUME 6, ISSUE 1, p.61-84

) if Q@ > %, then
n—N+3k—1-60Q < n—N+3k—-3
n—N+3k+2-6Q n—N+3k '’
thus, using the relations (4.7), (4.22) and (4.47), we find the relation (4.4).

O

Remark 4.4. In the particular case n; = no = 2, we have Q = % and N = 4 < n; it follows that we

are in the case b) of the Theorem 4.3 and the inequality (4.4) becomes

2( 1) 1 c
4.48 5(2,2 2+ —1)—4]-.
(4.48) (2,2) < T2 HH " + 5 [n(n = 1) — 4]
In this case, the following improved inequality can be obtained

n2( 2) 1 c
6(2,2) < 1H |+ n(n —1) —4]7;
2(n+1) 4

it improves the inequality (4.48), because Z—ﬁ < Z—H, for n > 4. The complete proof is given in a

forthcoming paper (joint work with A. Mihai), submitted for publication.
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