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1. INTRODUCTION

The notion of ternary algebraic system was introduced by Lehmer (see [18]) in 1932. He investigated
certain ternary algebraic systems called triplexes. In 1971, Lister (see [19]) characterized additive semi-
groups of rings which are closed under the triple ring product and he called this algebraic system a
ternary ring. Dutta and Kar (see [3]) introduced a notion of ternary semirings which is a generalization
of ternary rings and semirings, and they studied some properties of ternary semirings (see [3] - [9], [12]).

The theory of fuzzy sets was first studied by Zadeh (see [21]) in 1965. Many papers on fuzzy sets
appeared showing the importance of the concept and its applications to logic, set theory, group theory,
ring theory, real analysis, topology, measure theory, etc. Interval-valued fuzzy sets were introduced
independently by Zadeh (see [22]), Grattan-Guiness (see [11]), Sambuc (see [20]) in the same year 1975
as a generalization of fuzzy set. An interval-valued fuzzy set is a fuzzy set whose membership function
is many-valued and forms an interval in the membership scale. This idea gives the simplest method to
capture the imprecision of the membership grades for a fuzzy set. Thus, interval-valued fuzzy sets provide
a more adequate description of uncertainty than the traditional fuzzy sets. It is therefore important to
use interval-valued fuzzy sets in applications. One of the main applications is in fuzzy control and the
most computationally intensive part of fuzzy control is defuzzification. Since the transition of interval-
valued fuzzy sets usually increases the amount of computations, it is vitally important to design some
faster algorithms for the necessarily defuzzification. On the other hand, Atanassov (see [1]) introduced
the notion of intuitionistic fuzzy sets as an extension of fuzzy set in which not only a membership degree
is given, but also a non-membership degree is involved. Atanassov and Gargov (see [2]) introduced the
notion of interval-valued intuionistic fuzzy sets which is a common generalization of intuitionistic fuzzy
sets and interval-valued fuzzy sets. Dutta et al. (see [10]) introduced the notion of interval-valued fuzzy
prime ideal of a semiring. Kar et al. (see[13]) introduced the notion of interval-valued prime fuzzy ideal
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of semigroups. Kavikumar et al. (see [14] and [15]) studied fuzzy ideals, fuzzy bi-ideals and fuzzy quasi-
ideals in ternary semirings. Krishnaswamy and Anitha (see [16]) and (see [17]) studied the fuzzy prime
ideals and (A, p)-fuzzy quasi ideals and bi-ideals in ternary semirings. In this paper we first apply the
concept of interval-valued intuitionistic fuzzy sets to ternary semirings. Then we introduce the notions of
interval-valued fuzzy bi-ideal, interval-valued anti fuzzy bi-ideal and interval-valued intuitionistic fuzzy
bi-ideal in ternary semirings and some of the basic properties of these ideals are investigated. We also
introduce normal interval-valued intuitionistic fuzzy ideals in ternary semirings.

2. PRELIMINARIES

In this section, we refer to some elementary aspects of the theory of ternary semirings and interval-
valued fuzzy algebraic systems that are necessary for this paper.

Definition 2.1. [15] A nonempty set S together with a binary operation called, addition + and a ternary
multiplication, denoted by juxtaposition, is said to be a ternary semiring if (S,+) is a commutative
semigroup satisfying the following conditions:

(i) (abc)de = a(bed)e = ab(cde),

(ii) (a4 b)ed = acd + bed,

(iii) a(b+ ¢)d = abd + acd

and (iv) ab(c + d) = abc + abd for all a,b,c,d,e € S.

Definition 2.2. [15] Let S be a ternary semiring. If there exists an element 0 € S such that 0 + z =
x=x+0 and Ozy = 20y = 2y0 = 0 for all z,y € S, then 0 is called the zero element or simply the zero
of the ternary semiring S. In this case we say that S is a ternary semiring with zero.

Throughout this paper S denotes a ternary semiring with zero.

Definition 2.3. [15] An additive subsemigroup T of S is called a ternary subsemiring of S if t1tot3 € T
for all t1,to,t3 € T.

Definition 2.4. [15] An additive subsemigroup I of S is called a left [resp. right, lateral] ideal of S if
s1891 € I [resp. is1s2 € I, 81089 € I] for all 51,50 € S and i € I. If I is a left, right and lateral ideal of S,
then I is called an ideal of S.

It is obvious that every ideal of a ternary semiring with zero contains the zero element.

Definition 2.5. [15] An additive subsemigroup (B, +) of a ternary semiring S is called a bi-ideal of S if
BSBSB C B.

An interval number on [0, 1], denoted by @, is defined as the closed sub interval of [0, 1], where @ =
[a™,a™] satisfying 0 < a~ <a™ < 1.

The set of all interval numbers is denoted by DJ0, 1]. The interval [a, a] is identified with the number
a € [0,1].
Definition 2.6. [10], [13] Let @ = [a~,a™] and b = [b~, b"] be two interval numbers in D[0,1]. Then
i)ya< b if and only if a= < b~ and at < b+,
i) a+b=1[a"+b,at +bt],
iii) If @ > b then @ — b = [min{a™ — b=, a™ — b*}, maz{a~ —b~,at —b+}],
iv) infa; = [\ a;~, A\ a;7], supa; = [\ a;~, \/ a;T] for interval numbers a; = [a;~,a;7] € D[0,1],i € I.

iel iel iel iel
Let {a@;},i=1,2,--- ,n for some n € Z* be a finite number of interval numbers, where a; = [a; ™, a; ]
Then we define Maz'{a;} = [ max{a;~}, max{a;T} ]| and Min*{a;} = [ min{a;~}, min{a;*} ].

In this paper we assume that any two interval numbers in D[0, 1] are comparable. i.e. for any two
interval numbers @ and b in D[0, 1], we have either @ < b or @ > b. It is clear that (D[0,1],<,V,A) is a
complete lattice with 0 = [0, 0] as the least element and 1 = [1, 1] as the greatest element.
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Definition 2.7. [10] Let X be a non-empty set. A map g : X — D|0,1] is called an interval-valued
fuzzy subset of X. The complement of an interval-valued fuzzy subset p of a set X is denoted by z and
defined as p¢(z) =1 — p(z), for all z € X.

Note: We can write ji(z) = [p~ (x), u (z)] for all z € X, for any interval-valued fuzzy subset 1 of a
non empty set X, where 4~ and u™ are some fuzzy subsets of X.

Definition 2.8. [10] Let 1 and 7 be two interval-valued fuzzy subsets of a non-empty set X. Then [ is
said to be a subset of ¥, denoted by 1 C ¥ if fi(x) < U(x), ie., p~(z) < v~ (x) and pT(z) < v (z), for
all z € X where p(z) = [p~ (2), T (2)] and v(x) = [v~ (x), v (x)].

Definition 2.9. [10] An upper level set of an interval-valued fuzzy subset fi denoted by U (fi; t) is defined
as U(fi;t) = {z € X/f(x) > t} and a lower level set of an interval-valued fuzzy subset i denoted by
L(p;t) is defined as L(ji;t) = {x € X/fi(z) < t}, for all t € D[0,1].

Definition 2.10. [10] Let iz and 7 be any two interval-valued fuzzy subsets of a nonempty set X. Then
LNv, pUD, p+ v, pov are interval-valued fuzzy subsets of S defined by, for all x € S,

(i N 9)(x) = Mini {ji(x), 7(2)}.

(7 UP)(2) = Ma' (i), 7(2)},

(i 4+ 7)) = { up M ((3), 7)Y} if 0 =y +

sup{Min*{p(u),v(v)}} if = uv,
0 otherwise.

(row)(x) = {

An interval-valued intuitionistic fuzzy subset (IIFS for short) defined on non-empty set S as objects

of the form
A={<pa(z),va(z) > /z € S},

where the function fi: S — DJ[0,1] and 7 : S — D|0, 1] denote the degree of membership (namely fi(z))
and the degree of non-membership (namely 74 (x)) for each element = € S to the set A, respectively, and
0 < Jia(x) +va(x) <1, foreach z € S.

For the sake of simplicity, we shall use the symbol A = (fi4,74) for the interval-valued intuitionistic
fuzzy subset A = {< pa(x),va(z) > /x € S}.

3. INTERVAL-VALUED INTUITIONISTIC FUZZY BI-IDEALS

Definition 3.1. An interval-valued intuitionistic fuzzy subset A = (fia,74) in S is called an interval-
valued intuitionistic fuzzy right (left, lateral) ideal of S if

L pia(z +y) = Min'{pia(z), pa(y)},

2. Fialay2) > ia(@) (Baley?) > Fa(2), Faloy2) = Fal)),

3. Ua(z+y) < Maz"{Va(x),va(y)},

4. Ua(zyz) < va(x) Walzyz) <va(z), valzyz) <va(y)), for all z,y,z € S.

Example 3.2. Consider the ternary semiring S = Z;, the set of all non positive integers with the usual
addition and ternary multiplication. Let the interval-valued fuzzy subset 114 and v of S be defined by

| 0708 e (-3)
palt) = [0.1,0.3], otherwise,

pale) = 10:0,02) i 2 € (=3)
A [0.5,0.6], otherwise.

Then A = (fia,V4) is an interval-valued intuitionistic fuzzy right ideal of S.
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Definition 3.3. Let A = (Tia,74) be an interval-valued intuitionistic fuzzy subset of S and let 3,t €
DJ0,1]. Then the set gf:’t) ={z €8/ fia(z) >3, Ua(x) <t} is called a (3, 1)-level set of A = (Jia,Va).

The set {(3,2) € Im(fia) x Im(¥4)/ 5+t < 1} is called image of A = (Jia,74). Clearly gf’t) =
U(fia;3) N L(va;t), where U(fia; 8) and L(74;t) are upper and lower level subsets of fi4 and 4 respec-
tively.

Definition 3.4. An interval-valued fuzzy subset 1 of a ternary semiring S is said to be an interval-valued
fuzzy bi-ideal of S if

1. /-EA(‘T + y) > Man{ﬁA£$), ﬁASy)}7 ~

2. na(xsiysaz) > Min*{na(x),na(y), pa(2)}, for all x, s1,y,s92,2z € S.

Example 3.5. Consider the ternary semiring S = Z;, the set of all non positive integers with the usual
addition and ternary multiplication. Let the interval-valued fuzzy subset 14 of S be defined by

i) = | 106,07 itz e -2)
pratt) = [0.3,0.4], otherwise.

Then A = (fia,V4) is an interval-valued fuzzy bi-ideal of S.

Definition 3.6. An interval-valued fuzzy subset i of a ternary semiring S is said to be an interval-valued
anti fuzzy bi-ideal of S if

L pa(z +y) < Max*{pa(e), paly)},

2. :U/A(xslySQZ) < Ma’xl{/iA(x)a ;U’A(y)v MA(Z)}v for all Z,81,Y,52,2 € S.

Example 3.7. Consider the ternary semiring S = Z;, the set of all non positive integers with the usual
addition and ternary multiplication. Let the interval-valued fuzzy subset 74 of S be defined by

ey = 10:0,02) i 2 € (=2)
A [0.7,0.9], otherwise.

Then A = (fia,V4) is an interval-valued anti fuzzy bi-ideal of S.

Definition 3.8. An interval-valued intuitionistic fuzzy subset A = (ji4,74) in S is called an interval-
valued intuitionistic fuzzy bi-ideal of S if

1. jia(e +y) = Mini{jia(@), fia()},

2. pa(zsiysez) = Min'{fa(z), pa(y), fa(z)},

3. Dale +y) < Maat{a(2), 7 (1)},

4. va(xs1ysez) < Max*{va(z),va(y),va(z)}, for all x,s1,y, 82,2 € S.

0o 0 0
S{(a b c):a,b,c,d,e,héZO_}.
d e h

Then S is a ternary semiring with respect to matrix addition and matrix multiplication. Let

0 0 0
B:{(O P q):p,qEZO_}.
0 0 0

Let the interval-valued fuzzy subset 14 and v4 of S be defined by
- 0.6,0.8], if z € B,
ia(e) = { 06,0

Example 3.9. Consider

[0.1,0.3], otherwise,

~ 0.1,0.2], if = € B,
[0.4,0.6], otherwise.
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Then A = (fia,V4) is an interval-valued intuitionistic fuzzy bi-ideal of S, but not an interval-valued
intuitionistic fuzzy ideal of S. Since fi4(ssb) = [0.1,0.3] < fia(b); fra(sbs) =[0.1,0.3] < fia(b); ra(bss) =
[0.1,0.3] < f1a(b); va(ssb) = [0.4,0.6] > v4(b); va(sbs) = [0.4,0.6] > v4(b) and v4(bss) = [0.4,0.6] >

VA(b) where
0 0 0 0 0 0
s(—l -1 0>,b<0 -1 1).
0o -1 -1 0 0 0

Theorem 3.10. If an interval-valued fuzzy subset i is an interval-valued fuzzy bi-ideal of a ternary
semiring S if and only if 1€ is an interval-valued anti fuzzy bi-ideal of S.

Proof. Let i be an interval-valued fuzzy bi-ideal of a ternary semiring S. Let z,y,z € S. Then
fi(x +y) > Min'{i(x), i(y)}
= iz +y) < —Min'{f(x), i(y)}
=T Ji(w +y) < T - Min'{i(x), fity)}
=1l +y) < Maz'{1 - fi(2), T - f(y)}
= [z +y) < Maz'{°(x), 1°(y)}

p(2)}
) 1i(2)}

and
fi(zs1ysez) > Min'{fi(x), i(y),
= —h(wsiyssz) < —Min'{ji(x), fi(
= 1 fi(ws1ys22) <1 — Min'{ji(x), fi(y), (=)}
= T jilws1yss2) < Maz' {1 - i), I - ily), I — (=)}
= [i°(zs1ys22) < Max'{(x), i°(y), fi°(2) }-
Thus ¢ is an interval-valued anti fuzzy bi-ideal of S. By similar argument, we can prove the converse
part. (I

@t

Theorem 3.11. FEvery interval-valued intuitionistic fuzzy ideal of S is an interval-valued intuitionistic
fuzzy bi-ideal of S.

Proof. Let A = (pia,va) be an interval-valued intuitionistic fuzzy ideal of S. Then fi(xs1ys2z)

>
Min' {Ji(z), A(s1ys2), (=)} > Mint{fi(@), fiy), Fi(2)} and #(zsiyse2) < Mazi{#(z), 5(s1%2), (2)} <
Max*{v(x),v(y),7(2)}. Thus A is an interval-valued intuitionistic fuzzy bi-ideal of S. O

The converse of the above theorem is need not be true as given in Example 3.9.
Theorem 3.12. An IIFS A = (ta,va) in S is an interval-valued intuitionistic fuzzy bi-ideal of S if and
only if any level set ?Ej’t) is a bi-ideal of S for 35,t € DJ0, 1] whenever nonempty.

)

Proof. Let A = (jia,V4) be an interval-valued intuitionistic fuzzy bi-ideal of S. Let z,y,z € S, and

u,v € S. Then pa(z +y) > Min'{fia(z), ia(y)} > 3 and Da(z +y) < Maz*{va(z), A(y) <
t. Soxz+y € ?f’t). Again fia(zuyvz) > Mini{ﬁA(m),;zA(y) pa(z)} > s and va(zuyvz) <
Maz'{Da(z),va(y),7a(z)} < t which implies zuyvz € ?f’t). Hence S(~ )
versely let S(s g be a bi-ideal of S, for any 3,t € D|0, 1] with §+¢ < 1. Let z,y € S such
that fia(z) = a1,fia(y) = a2 and va(x) = B1,0a(y) = B> where ay,das, 1,52 € D[0,1]. Then
ay +61 < T1,as+ 52 < 1. Let & = Min' {al,ag} and B = Maxz{ﬂl,ﬁg} then z,y € S(Q’B). Since
S(O‘B) be a bi-ideal of S then z + y € S’(aﬁ that means fia(z +vy) > a = Min*{fa(z),ma(y)},

alz+y) < B = Maxl‘{l/A( x),74(y)}. Similarly we prove fia(zuyvz) > Min{fia(z),ia(y), a(2)}
and U4(zuyvz) < Max"{Vs(x),Ua(y),Va(z)}. Therefore A is an interval-valued intuitionistic fuzzy
bi-ideal. 0

is a bi-ideal. Con-

10
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Corollary 3.13. An IIFS A = (fia,va) in S is an interval-valued intuitionistic fuzzy bi-ideal of S if and
only if for every 3,t € D[0,1] such that 3+t < 1 all non-empty U(fia;3) and L(Da;t) are bi-ideals of S.

Theorem 3.14. Let I be a non-empty subset of a ternary semiring S. Then an IIFS A = (fia,va)

defined by
~ gé, if z el
palr) =< 2 .
S1, otherwise

7A) to, ifz el
va(z) = 2
A t1, otherwise,

where 0 <351 <59 < T, 0 < t~2 < t~1 < 1 and S; —|—t~i < 1 for each i = 1,2 is an interval-valued intuitionistic
fuzzy bi-ideal of S if and only if I is a bi-ideal of S.

Proof. Let I be a bi-ideal of S. Let z,y,2z,u,v € S. If z,y,z € I, then x + y,zuyvz € I. Then
ia(e + 1) = 5 > Min'{jia@), iaW)}, Pal@ +y) = b < Maz'{Da(@), va(y)}, fialouyvz) = 5 >
Min'{Jia(z), ia(y), ia(z)} and Da(zuyvz) = ty < Max{Da(x), ,va(y),va(z)}. If either z or y or z ¢ I,
then also jia(z +y) > 51 = Min'{jia(z), ia(y)}, Valz +y) < & = Maz'{Da(x), va(y)}, fa(zuyvz) >

= Min'{jia(x), ia(y), fa(2)} and Da(zuyvz) <t = Maz' {Ua(x),va(y), 7a(z)}. Hence A = (jia,Va)
is an interval-valued intuitionistic fuzzy bi-ideal of S.

Conversely, let A = (fia,v4) is an interval-valued intuitionistic fuzzy bi-ideal of S. Then S, SEE) _ =1

So, by Theorem 3.12, I must be a bi-ideal of S. [

Theorem 3.15. Let (fi;,V;)icr be a family of interval-valued intuitionistic fuzzy bi-ideals of S then
(Nps, UD;) is also an interval-valued intuitionistic fuzzy bi-ideal of S.
Proof. Let p= () i; and v = |J v;. For any x,y,z € S,

il i€l

L p(z+y) = ﬂ fi(z +y) = QI Min*{fi;(x), fii(y) }
= Min'{ Mz( ) ﬂ fi(y)} = Min'{ji(x), ii(y)}-

el
2. fi(zs1ysez) = ﬂ Uz(xSIySQZ) > ﬂ Min*{Ji;(x), fi(y), fia(2) }

= Min'{ () fi(x ) ﬂ fi(y), N iz )}—MW{M( ) i(y), (=)}

i€l i€l i€l

39+ 9)= URle+y) < U Mar' (5(2) 7(0)

— Maz'{U #i(x), U %i(y)} = Maa* {#(x), 7(y)}-

icl icl
4. v(xs1ysez) = | vi(xsi1ysez) < | Max*{v;(x), ;i (y), vi(2)}
iel iel

= Maz'{ UI vi(z), UI vi(y), _UI Vi(2)} = Maz{#(x), U(y), 7(2)}.

i€ i€ 1€
Therefore (Ng;, Ur;) is an interval-valued intuitionistic fuzzy bi-ideal of S. g
Theorem 3.16. An IIFS A = (ia,va) in S is an interval-valued intuitionistic fuzzy bi-ideal of S if and
only if the interval-valued fuzzy subsets pia and v are interval-valued fuzzy bi-ideals of S.

Proof. It A = (J1a,74) is an interval-valued intuitionistic fuzzy bi-ideal of S, then clearly 114 is an interval-
valued fuzzy bi-ideal of S. For all z,y,z, 51,52 € S, v (z+y) = T—-Da(x4y) > 1—Max {Da(z),va(y)} =
Mini{1 — v4(2),1 — Daly)} = MznZ{VA( ), va(y)} and v§(zs1yszz) = 1 — Dazsiysez) > 1 —
Maz {7a(2), Ta(y), 7a(2)} = Mint{T — 5a(), 1 — ay), 1 — 5a()} = Mini {55 (w), 7 (1), 74 ()}
Thus 7§ is an interval-valued fuzzy bi-ideal of S. Conversely assume that ;14 and 7§ are interval-
valued fuzzy bi-ideals of S, then clearly the conditions 1) and 2) of Definition 3.8 are satisfied.
Now for all z,y,z,51,80 € S, 1 —va(z +y) = 05 +y) > Min'{v5(z),75(y)} = Min*{1 —

11
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va(z),1 —va(y)} =1 — Max*{va(x), va(y)} which implies —va(z +y) > — Maz*{va(z),v4(y)} implies
va(+y) < Ma:r:’{uA( ), 0a(y)} and 1 — Da(xs1ysez) = U5 (ws1ysez) > Mini {04 (z), 75 (y), 75 (2)} =
Mml{l —va(z),1— I/A( 1,1 —a(2)} =1 — Maz'{Da(z ),va(y),va(z)} which implies —va(zs1ys22) >
—Max'{Va(x),Va(y), Va(2)} implies va(ws1ys2z) < Maz'{Ta(x), Va(y), Va(2)}. O

Corollary 3.17. If an IIFS A = (j1a,V4) in S is an interval-valued intuitionistic fuzzy bi-ideal of S if
and only if IIFS Ay = (Jia, 0%) and IIFS A = (V5,V4) are interval-valued intuitionistic fuzzy bi-ideals
of S.

Proof. 1t is straightforward by Theorem 3.10 and Theorem 3.16. (]

Definition 3.18. Let S; and S5 be ternary semirings. A mapping f : S7 — S is said to be a
homomorphism if f(x +y) = f(z) + f(y) and f(xyz) = f(x)f(y)f(z) for all z,y,z € S;.

Let f:.51 — S5 be an onto homomorphism of ternary semirings. Note that if I is an ideal of S, then
f(I) is an ideal of Sy. If S; and Sy are ternary semirings with zero 0, then f(0) = 0.

Theorem 3.19. Let S1,52 be ternary semirings and let ® : S1 — So be an onto homomorphism and
let B = (ip,vp) be an interval-valued intuitionistic fuzzy bi-ideal of Sa. Then B = (up,Vp) is an
interval-valued intuitionistic fuzzy bi-ideal of Sy if and only if ®~1(B) = (®~(up),® 1 (vp)), where
O~ (p)(z) = ap(®(x)) and @1 (vp)(x) = vp(®(x)), for all x € Sy, is an interval-valued intuitionistic
fuzzy bi-ideal of Sy.

Proof. Assume B = (g, Vp) is an interval-valued intuitionistic fuzzy bi-ideal of S, and let x,y, 2z, u,v €
S1. Then
1. o (up

)

3. ' (vp)(x +y) =vp(P(x +y

< Mar' {7a(®(z). 7a(2(y)

4. - ( B)(zuyvz) = vp

<Max{§B( (x)), V(P )

= Mar {87 (75) (), 0 73 (), () (2]

Therefore =1 (B) = (271 (i), ®~(¥p)) is an interval-valued intuitionistic fuzzy bi-ideal of 5.
Conversely, assume that ®~1(B) = (&~ (ip),® }(vp)) is an interval-valued intuitionistic fuzzy bi-

ideal of S1. Let y1,¥2,ys, ya, ys € Sz such that ®(z1) = y1, P(z2) = Y2, P(x3) = y3, P(x4) = ya, P(z5) =

ys where 1, xo, X3, x4, x5 € S7.

L (i +y2)) = ﬁB(‘I)(ﬂﬁ) + @(x2)) = fp(P(z1 +22)) = 7 (i) (z1 + 22)

R e s ey m(toriy.

2. B (Y1y2ysysays)) = MB(‘I’( 1) ®(22)D(23) P (24) P (25))

= ip(®(z172232475)) = 71 (fip) (T122237425)

> Min' {0~ (jig) (1), - S ) (@), @ (jim) ()}

= Min'{np(®(x1)), i (®(23)), ip(P(x5))}

3. vB(y + y2)) =vp(®(z1) + (x2)) = vp(®(21 + 22)) = CI’_1(~B)(3’31 + z2)

< Maz'{®~(vp)(21), @~ (Vp) (22)} = Maz' {Up(2(x1)), V5 (D(x2))}-

4. vp(Y1y2ysyays)) = VB(D (1) P (2) (23) (24)P(25))

= Up(®(z122231475)) = @fl(DB)(xlexgmxg,)

< Maz' {1 (Up)(21), 2~ (Vp) (23), @' (Up)(25)}

= Maz*{vp(®(z1)),v5(®(x3)), VB(P(x5))}. Thus B = (g, Vp) is an interval-valued intuitionistic fuzzy

bi-ideal of Ss. O

‘ ~—
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4. NORMAL INTERVAL-VALUED INTUITIONISTIC FUZZY RIGHT IDEALS

Definition 4.1. An interval-valued intuitionistic fuzzy right (left, lateral) ideal A = (jz4,74) of a ternary
semiring S is said to be normal if A(0) = (1,0), that means fis(0) = 1, 74(0) = 0. Denote by NIIFRI(S)
(NIIFLI(S), NIIFMI(S)) the set of all normal interval-valued intuitionistic fuzzy right (left, lateral) ideals
of S. Note that NITFRI(S) (NIIFLI(S), NIIFMI(S)) is a poset under set inclusion.

Example 4.2. Consider the ternary semiring S = Z;, the set of all non positive integers with usual
addition and ternary multiplication. Let the interval-valued fuzzy subset 14 and v of S be defined by

1,ifz=0

fia(z) =< [0.5,0.6], if z € (—2)\ {0}
[0.2,0.3], otherwise,
0,ifz=0

valz) = [0.1,0.2], if € (—2) \ {0}

[0.4,0.7], otherwise.

Then A = (fia,V4) is a normal interval-valued intuitionistic fuzzy ideal of S.

Theorem 4.3. Given an interval-valued intuitionistic fuzzy right (left, lateral) ideal A = (fia,vV4) of
a ternary semiring S. Let [ifi(x) = fia(z) + 1 — fia(0) and ¥§(z) = Da(x) — va(0), for all x € S.
Then A* = (i}, 7%) is a normal interval-valued intuitionistic fuzzy right (left, lateral) ideal containing
A= (jia,va) of S.

Proof. For any z,y,2 € S B

ket y) = pa(e 4 y) + 1 Fa(0) > Min'{fia(x), ia(y)} + 1 — ia(0)

Min {fia(@) + 1 - ia(0), ia(y) + 1 — ia(0)} = Mini {ji% (a), 7% (1)}

- I (wy2) = fia(wyz) + 1= [1a(0) > fa(e) +1 - 1a(0) = 4 ().

- V(e +y) =vale +y) — 7a0) < Maz' {Ta(z), a(y)} — va(0)

Maz'{Da(x) = 7a(0), va(y) — 7a(0)} = Maz* {7} (), 7% (y)}-

T (ay2) = Faley2) — 74(0) < 7a(z) — 74(0) = 75 (2).

Hence At is an interval-valued intuitionistic fuzzy right ideal of S. Again we have fi};(0) = i (0) + 1 —

[y

= L

fia(0) = 1 and 75 (0) = 94(0) — 74(0) = 0. Hence A" is a normal interval-valued intuitionistic fuzzy
right ideal of S and by definition A C A*. O

Corollary 4.4. Let A and At be as in the Theorem 4.3. A is a normal interval-valued intuitionistic
fuzzy right ideal of S if and only if AT = A.

Remark 4.5. If A = (j1a,v4) is an interval-valued intuitionistic fuzzy right (left, lateral) ideal of S,
then (AT)T = AT, In particular, if A is normal, then (AT)T = AT = A.

Theorem 4.6. Let A = (j1a,V4) be an interval-valued intuitionistic fuzzy right (left, lateral) ideal of
a ternary semiring S and let ® : D[0,1] — DJ0,1] be an increasing function. Then an IIFS Ag =
((Fa)o, (Va)o) where (fia)e(x) = P(fa(x)) and (Va)e(z) = P(Wa(zx)) for all x € S is an interval-valued
intuitionistic fuzzy right (left, lateral) ideal of S. Moreover, if ®(fi4(0)) =1 and ®(¥4(0)) = 0, then Ag
s normal.

Proof. Let x,y,z € S.

L (fia)e(z +y) = @(fia(z + y)) > 2(Min*{fia(x), fia
= Min'{®(jia(z)), ®(1ia(y))} = Min*{(jia)e(2), (ia)
2. (pa)a(ryz) = ®(pa(ryz)) > ®(pa(z)) = (La)e(2)

3. (Va)e(z+y) = (a(z +y)) < ®(Maz'{Va(z), Va(y)})
= Maz'{®([@a(z)), 2(Va(y))} = Maz'{(Va)e (@), (Va)e(y)}

)}
o(y)}
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1 (a)a(ayz) = D(Fa(ay2)) < BFa(x)) = (Fa)e(2). ) )
Hence Ag is an interval-valued intuitionistic fuzzy right ideal of S. If ®(14(0)) = 1, ®(74(0)) = 0 then
(ia)(0) = T and (74)9(0) = 0 and hence Ag = ((Jia)s, (Va)s) is a normal interval-valued intuitionistic
fuzzy right ideal of S. O

Definition 4.7. An interval-valued intuitionistic fuzzy ideal A = (ji4,74) of a ternary semiring S is said
to be an interval-valued intuitionistic fuzzy maximal if it satisfies:

i) A is non-constant.

ii) AT is a maximal element of NIIFI(S), where NIIFI(S) denotes the set of all normal interval-valued
intuitionistic fuzzy ideal of S.

Example 4.8. Consider the ternary semiring S = Z;, the set of all non positive integers with the usual
addition and ternary multiplication. Let the interval-valued fuzzy subset 114 and v4 of S be defined by

1, if z € (-2)

0, otherwise,

5a(2) _{ 0, if z € (-2)

1, otherwise.

=
b
&
Il
—N—
—

Then A = (fia,V4) is an interval-valued intuitionistic fuzzy maximal ideal of S.

Theorem 4.9. Let A= (jia,va) € NITFRI(S) be non-constant such that it is mazimal in the poset of
NIIFRI(S) under set inclusion. Then both j14 and V4 takes only the values (1,0) and (0,1) respectively.

Proof. Since A is normal interval-valued intuitionistic fuzzy right ideal, so A(0) = (1,0). Let zo (#0) € S
be arbitrary with 4 (zo) # 1. We claim that fia(zo) = 0. If not then there exists an element ¢ € S such
that 0 < p fia(c) < 1. Let A, = (54,74) be an interval-valued intuitionistic fuzzy subset of S defined by
ca(z) = 2[aa(x) + fa(c)], Na(z) = 3[Fa(z) + Da(c)]. Clearly A, is well-defined. Now,

5a(0) = 5[7a(0) + fial€)] > S[7ia(a) + a(e)] = Fal).

74(0) = 3[Fa(0) + 7a(0)] < 37a(e) +7a()] = a(a),
for any x € S. Again for any x,y,z € S,
L Ga(e+y) = 3laalz +y) + fale)] = L[Min' {jia(2), fia ()} + fia(e)
= Min’{l[ﬂA(x) +ia(e)), 3[Fa(y) + fia(o)]} = Min'{Ga(x),54(y)}-
2. Ga(zyz) = 5lfiazyz) + fia(c)] = 5[Ral@) + Ralc)] = Ga(2).
3 Ma(r+y) = 3lVa(@+y) +Valc)] < 5[Maz’{Ta(x),a(y)} + Va(c)]
= Maz'{3[7a(z) + Pa(e)], 3 [7a(y) + Pa(e)]} = Maz' {fja (@), Ta(y)}-
4. a(wyz) = 5[Va(zyz) + Va(c)] < 3[Pa(@) +Ta(e)] = fa(x).
Hence A. is an interval-valued intuitionistic fuzzy right ideal of S. Define A} = (64,7%). Then by
Theorem 4.3, A is a normal interval-valued intuitionistic fuzzy right ideal of S, where

54(2) = Fale) + 1= 5a(0) = L fiale) + Fale)] 41— 5[A4(0) + fia(o)] = 5[1 + ia(a)
and ) . .
(@) = Ta(e) = 74(0) = 5[Pa (@) + Pa(0)] = 3[7a(0) + 74 (0)] = 5 7a ()]

Clearly A C AF. Since 54 (z) =
subset of A}. Again since 7 (c)
a maximal element of NIIFRI(S).
Hence 74 takes the values 0 and 1. This completes the proof. O

1+ a()] > fiala) and 75(x) = JPa(w)] < Pa(w), A'is a proper
= 1[1+ fia(c)] < 1=54(0). Hence A is non-constant and A is not
ThlS is a contradiction. Therefore 14 takes only two values 1 and 0.
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