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ON POSITIVE WEAK SOLUTIONS FOR A CLASS OF WEIGHTED
(P,Q)-LAPLACIAN NONLINEAR SYSTEM

SALAH A. KHAFAGY

ABSTRACT. In this paper we study the existence and nonexistence of positive weak
solutions for the nonlinear system

—Appu= Aa(z)vY +b(z)u® in €,
—Ag.qv = Ac(z)u® +d(z)v?  in Q,
u=v=0 on 0f.

where Ap, with » > 1 and R = R(x) is a weight function, denotes the weighted
r-Laplacian defined by Ag,u = div[R(z)|Vu|""2Vu], A is a positive parameter, a(z),
b(x), ¢(x) and d(x) are weight functions, o, 8 > 0,7, >0, a+0<p—-1,8+v<qg—1
and Q C RV is a bounded domain with smooth boundary 9€2. We use the method of
sub-supersolutions to establish our results.
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1. INTRODUCTION

Many authors are interested in the study of the existence, nonexistence and stability of positive weak
solutions of nonlinear systems involving weighted p-Laplacian during recent years (see [2, 4, 5, 12, 13, 20]
and the references therein).

Khafagy in [15] proved the existence, nonexistence and uniqueness of positive weak solution for the
nonlinear system

—Appu = Aa(z)u* in Q
(1.1) u>k in
u==kK on 0,

where 0 < a < p — 1, using the method of sub-supersolutions. These results extended in [8] to the
nonlinear system

—Appu=a(z)(Au® +u’) in Q
(1.2) u>k in Q
u==kK on 0,

wehere 0 < f<a<p-—1.
In [7] the author studied the existence and nonexistence of positive weak solutions for the weighted
(p, ¢)—Laplacian nonlinear system
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—Apyu=a(z)v?  in Q,
(1.3) —AQ,qv = Ab(z)u®  in Q,
u=v=0 on 0,

where 0 < o <p—1,0 < 8 < g— 1, using the the sub—supersolutions method.
In this paper, we are concerned with the existence and nonexistence of positive weak solutions for the
nonlinear system

—Apyu = Aa(z)vY +b(z)u® in €,
(1.4) —Ag.qv = Ac(z)u’ +d(z)v?  in Q,
u=v=0 on 0,

where Ag, with » > 1 and R = R(x) is a weight function, R(z) = P(z) when r = p and R(z) = Q(z)
when r = ¢, denotes the weighted r-Laplacian defined by Ag,u = div[R(z)|Vu|""2Vu], X is a positive
parameter, a(z), b(z), c(z) and d(x) are weight functions, o, 3 > 0,7, >0, a+d <p—1,+v<qg—1
and Q C RV is a bounded domain with smooth boundary 9. We discuss, under some certian conditions,
the existence of positive weak solution for system (1.4). We also study the conditions under which system
(1.4) has no positive weak solution. The existence results are obtained by the sub-supersolutions method.

Clearly, our work extends the work in (1.1)-(1.3) by considering a problem with a more general class
of functions. Therefore we have a generalization of all results obtained for the above systems.

On the other hand, the existence of weak solutions for nonlinear systems involving p-Laplacian opera-
tors with different weights have been studied using, the sub-supersolutions method (see [8, 10, 11, 14, 15])
the theory of nonlinear monotone operators method (see [16, 21]) and the approximation method (see
[22, 23]).

Finally, let us explain the plan of the paper. In section 2, we introduce some technical results and
notations, which are established in [6]. In section 3, we prove the existence of a positive weak solutions
for system (1.4) by using the method of sub—supersolutions. In section 4, we consider the nonexistence
results.

2. TECHNICAL RESULTS

In this section, we introduce some technical results [6] concerning the degenerated homogeneous eigen-
value problem

(2.1) —Apu = —div[R(z)|Vu|""2Vu] = AS(z)|u|""?u  in Q, }

u=20 on 0%,

where R(z) is a weight function (measurable and positive a.e. in ), satisfying the conditions

1

(2.2) R(z) € L1,,.(Q), (R(x))” 7T € L1,.(), with r > 1,
—s 1 . N 1
(23) (R(l‘)) el (Q), with s € 7700 N m,oo 5
and S(z) is a measurable function satisfies
(2.4) S(z) € LF7(9),
with some k satisfies 7 < k < r} where r} = A],Vfrjs with rs = 2% <r < r; and meas {z € Q: S(z) >
0} > 0.

Lemma 2.1. [6] There exists the least(i.e. the first or principal) eigenvalue )\Y) > 0 and precisely one

corresponding eigenfunction ¢1, > 0 a.e. in Q (¢1,, not identical to 0) of the eigenvalue problem (2.1).
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Moreover, it is characterized by

25) A [ st < [ r@iver,p
Q

Q

Lemma 2.2. [6] Let ¢1,,» > 0 a.e. in Q, be the eigenfunction corresponding to the first eigenvalue /\Y) >0
of the eigenvalue problem (2.1). Then ¢1, € L™=().

Now, let us introduce the weighted Sobolev space W?(R, Q) which is the set of all real valued functions
u defined in €2 for which (see [6])

1

(2.6) Jullwreiney = | [ e+ [ R@ar| <.
Q

Q

Since we are dealing with the Dirichlet problem, we introduce also the space WO1 (R, ) as the closure
of C§°(Q) in WL T (R, Q) with respect to the norm

(2.7) gy = | [ R@IVaT| <o,
Q

which is equivalent to the norm given by (2.6). Both spaces W (R, Q) and W, " (R, Q) are well defined
reflexive Banach Spaces.

3. EXISTENCE RESULTS

We shall prove the existence of a positive weak solution for system (1.4) by constructing a subsolution
(1h1,102) € WP (P, Q) x W(Q,Q) and a supersolution (21, z5) € WP (P,Q) x Wy%(Q,Q) of (1.4) such
that ¢; < z; for i = 1,2. That is, ¢;, i = 1, 2, satisfies

/ P@)[Vin P2V Vidr < A / a(e)p]cde + / by Cda,
Q Q Q
/ Q@) Vol Vo Vnde < A / (@) inde + / d(@) iz,
Q Q Q
and z;, 1 = 1,2, satisfies
>

/ P(2)|V21 P2V 2 V(da

A [ a(z)z3¢dx + [ b(x)2{(dx,
s |

/Q(x)|v22|Hszvndz > )\/ zlndstr/d z)2Bndz,
Q Q

for all test functions ¢ € WyP(P,Q) and 1 € W, '%(Q,Q) with ¢, > 0.

Lemma 3.1. (see [3, 7]) Suppose there exist sub and supersolutions (Y1,9) and (21, z2) respectively of
(1.4) such that (Y1,12) < (21,22). Then (1.4) has a solution (u,v) such that (u,v) € [(¥1,2), (21, 22)].

Theorem 3.2. Let (p —1)(¢ — 1) — 6 > 0. Then system (1.4) has a positive weak solution (u,v) for
each A > 0.
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Proof. Let )\(17") be the first eigenvalue of the eigenvalue problem (2.1) and ¢, the corresponding positive
eigenfunction satisfying ¢;, > 0 in Q and |[V¢1,| > 0 on 9Q with ||¢y|| = 1, for r = p,q. Then we
have

(3.1) *APprl p = >\ ( )|¢1 p|p 2¢1 D inQa ¢1,p =0 on aQa
—AQﬂ(qu = /\gq C( )|¢17q|q 2¢17q in Q, ¢1,q =0 on 89

Since (p —1)(¢ — 1) — vé > 0, we can take k such that

6 p—1
3.2 —<k<—.
(3.2) q—1 v
We shall verify that (¢1,12) = ( £¢1 " ,£k¢ ') is a subsolution of (1.4), where £ > 0 is small and
specified later. Let ¢ € Wol’p(P, Q) with ¢ > 0. A calculation shows that

/ P(2)|Vr|P~2Ve, - Vdx

Q

(%5)”_1 /P(x)qﬁl,plwl,plp‘?wlm - V(da

= IO [(P@IVOL Y01,V (61,0) = P2)[Vor, )

p p—1 (p) v
(ﬁg) (A a(z)e] , — P(2)|[Vr,,|")Cdz.

D\ Q\D

Similarly, for n € Wol’q(Q, Q) with n > 0, we have

/ Q)| Veal'* Vi - Vds = (¢! / D)6t , — Q)| Ve o|T)nda.

Q

Since ¢1, = 0 and |Vé1,| > 0 on 09, there is € > 0 such that

APa(z)gh , — P(a)[Véi P <0 and AMP¢(2)¢!, — Q(@)|Vér? <0  on Q.

l,q9
with Q. = {x € Q: d(x,09Q) < €}. This shows that

(L0t [P atyed, — P@)IVor,P)cde <0< [ at@vicds + [ by cas,

Qe Q. Q.

and

q —
(567 [P el@)et, - Q)ITonlnds <0 < [ capiindo+ [ da)uind.
Q. Q. Qe
Furthermore, we note that ¢;,, ¢1,, > o in Q — Q. for some o > 0. Then from (3.2) there is & > 0
such that if £ € (0,&p), the following inequalities hold:

§p_1_k7(%)p_1)\§p)a(x) § o < Aa(z) o1 < Aa(z) oi in Q—Q,
and
s, 4 g o ap —
ghla—1)=0 (ﬁ)q ! /\glnc(sc) ‘f)q < Ae(x)or—1 < )\c(m)¢l7p1 in Q — Q..
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Then, we have

/ P@IVEP 20 - Vede = (! / (A a(2)8h, — P(@)| Vo ,|?)Cde
Q-Q. Q-Q.
< A [ a@eror cdn < / oicde+ [ bla)uscda.
Q-Q. Q-Q.
Similarly,
| Q@ITulr vy Onde = (e / ~ Q@)|Vrg|")ndr
Q-Q. Q,

—Qe
< )\/ 5%; ndx<)\/ z)pdndr + / d(z)Sndz,

Q—Qe Q—Qe Q—Qe

i.e. (11,12) is a subsolution of (1.4).
Next, we construct a supersolution (z1, z2) of system (1.4). Let e.(x) be the positive solution of (see
23])
—Apre, =1 in Q, e, =0 on Of) for r =p, q.
We denote z;(z) = Ae,, 22(x) = Bey, where the constants A, B > 0 are large and to be chosen

later. We shall verify that (21, 22) is the supersolution of (1.4). To do this, let ¢ € W, ?(P,Q) with
¢ > 0. Then we have

/ P(2)|V21[P2V2, - V(dx = AP~} / P(x)|Ve,|P~?Ve, - V{dx = AP~! / (dx.
Q Q

Similarly, for n € Wy4(Q, Q) with 5 > 0, we have

/Q(:C)|V2:2|q_2V22 -Vndx = B9} /Q(m)|Veq|q_2Veq -Vndx = B9} /nda:.
Q

Since (p — 1)(¢ — 1) — vd > 0, it is easy to prove that there exist positive large constants A, B such
that
APL = N B + LAY, BT = N A ) + 1Bl
where o = |a(z)|, I, = [b(z)[, lc = [c(z)], la = |d(2)| and pr = [ler[| 5 7 = p, q. These imply that

/P(x)\vzl\fﬂ*?v,zl.vgdx = A/l By (dach/leau Cdx

Q o) )
> A [ a(z)z)¢dx + | b(z)z{dx,
[rore ]

and

/Q(m)|VzQ|q_2Vz2-Vndx = )\/l A%l nda:—&—/ldBﬁuﬁndx

Q
> /\/ zmdx—k/d 2277dx

i.e. (z1,22) is a supersolution of (1.4) with z; > v; with large A, B, for ¢ = 1,2. Thus, there exists a
solution (u,v) of (1.4 ) with ¢; <u < 2, 12 < v < zp. This completes the proof.
([l
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4. NONEXISTENCE RESULT

In this section, under some certian conditions we prove that system (1.4) has no positive weak solution.

Theorem 4.1. Suppose that (p —1)(q—1) —v0 =0, py=q(p — 1) and b(z), d(x) < a(z) = ¢(x) for all
x € Q. Then there exists A\g > 0 such that for 0 < X\ < X\, system (1.4) has no positive weak solution.

Proof. Let us assume that (u,v) € WyP(P,Q) x Wy (Q,Q) be a positive weak solution of (1.4). We
prove this theorem by arriving at a contradiction.
Multiplying the first equation of (1.4) by u, we have from Young inequality that

(41) !P(x)Wupdx < )\Q/a(x)(m + ) —i—Q/b(q:)up

Withu1:p>1andu2:p’%1>1.
Similarly, we have

(4.2) /Q | Voltds < /\/ )dx+/d( Yot

Q Q
with 8; = >land02—q>1
Note that
(4.3) )\gp)/a(:r)upd:c < /P(:c)|Vu\pdx, )\gw/c(x)qux < /Q(x)|Vv|qu.
Q Q Q Q

Combining (4.1)-(4.3), we obtain
AP a(z)updat A Jide < A (@+Q) uPdz+\ (Q+Q) Yot | b(x)uP+ | d(z)vr.
i i £ [ 2s [52 s s

M1 1 M2 2
Q Q Q Q Q

Now, if b(z), d(z) < a(z) = c(z) for all x € Q, we have

(/\gp) _1_ )\)/a(x)upda? + ()\gQ) —1- /\)/a(x)qux <0,

Q Q
which is a contradiction if 0 < A < g = min{)\g -1, )\ — 1}. This completes the proof. g
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