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If K is a field, by means of a sequence S of elements of K is defined a K-algebra

KS [[X]] of formal series called Newton interpolating series which generalize the

formal power series. We study algebraic properties of this algebra, and in the case

when S has a finite number of distinct elements we prove that it is isomorphic to

a direct sum of a finite number of algebras which are either equal to K[[X]] or to

factor rings of K[X].
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1. Introduction

The K-algebra K[[X]] of formal power series is a basic structure
in commutative algebra with applications in algebraic geometry. Also
formal power series are useful tools in combinatorics as generating func-
tions or in number theory.

In the interpolation theory particular Newton series, with coefficients
in a field K, constructed by means of Newton interpolating polynomials
is a powerful tool either in archimedean or in non-archimedean analy-
sis. Thus for K = C the convergence of a family of Newton series is
the subject of [6]. Also a proof of a well-known result of Lindemann
on the transcendency of eγ, when γ is an algebraic number (see [8],
Theorem 6, Ch. 2, Sec. 3) is based on a Newton series with com-
plex coefficients. In the non-archimedean case the Mahler series which
are convergent Newton series are used for representation of continuous
functions on Zp (see for example [1] or [7]). Applications of these series
to approximate solutions of boundary value problems for differential
equations are presented in [3] and [4]. All these convergent series be-
long to some subalgebras of a K-algebra of formal series called (formal)
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2 GHIOCEL GROZA, AZEEM HAIDER AND S. M. ALI KHAN

Newton interpolating series defined below. So the structure of this al-
gebra becomes an important goal for problems of previous types.

Let K be a field and S = {αn}n≥1 a fixed sequence of elements of K.
We consider the polynomials

(1) u0 = 1, ui =
i∏

j=1

(X − αj) , i ≥ 1

and the set of formal sums

(2) KS[[X]] = {f =
∞∑
i=0

aiui | ai ∈ K},

two such expressions being regarded as equal if and only if they have the
same coefficients. We call an element f from KS[[X]] a (formal) New-
ton interpolating series with coefficients in K defined by the sequence
S. If KS[[X]] is endowed with a suitable addition and multiplication
it becomes a K- algebra (see Section 2) which for αk = 0, for all k, is
equal to K[[X]].

The main goal of this paper is to give a structure theorem of KS[[X]]
for the case when the sequence S has a finite number of distinct ele-
ments.

In order to prepare the proof of the main result, in Section 3, The-
orem 1 we describe the units of KS[[X]], we prove an Isomorphism
Theorem (Theorem 2) and we find the spectrum of maximal ideals of
KS[[X]] (see Theorem 3). In Section 4 we prove (see Theorem 5) that it
is isomorphic to a direct sum of a finite number of algebras which are ei-
ther equal to K[[X]] or to factor rings of K[X]. Moreover its algebraic
structure is uniquely determined by a finite number of non-negative
integers, so-called the invariants of the sequence S.

2. Basic notations and definitions

The following lemma is needed to give a suitable form of well-known
Newton interpolating polynomial.

Lemma 1. Let K be a field and let S = {αn}n≥1 be a sequence of ele-
ments of K. Then every polynomial P ∈ K[X] can be written uniquely

in the form P =
p∑
i=0

aiui with ai ∈ K, where p is the degree of P and

every ui is defined by (1).

Proof. If P =
∑p

j=0 bjX
j, then we may uniquely write P = apup+Qq,

where ap = bp, Qq ∈ K[X] such that degQq < p. Now the lemma
follows by induction on p. �
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THE STRUCTURE OF A RING OF FORMAL SERIES 3

If ui, uj are given by (1), we obtain that for every k, max {i, j} ≤
k ≤ i + j there exist the elements dk(i, j) in K uniquely determined
such that

(3) uiuj =

i+j∑
k=max {i,j}

dk(i, j)uk.

The following relationships are easily checked:

(4) dk(i, j) = dk(j, i),

(5) di+j(i, j) = 1.

We define addition and multiplication of two elements f =
∞∑
i=0

aiui, g =

∞∑
i=0

biui,∈ KS[[X]] as follows

(6) f + g =
∞∑
i=0

(ai + bi)ui

and

(7) fg =
∞∑
k=0

ckuk

with

(8) ck =
∑

(α,β)∈I(k)

dk(α, β)aαbβ,

where

(9) I(k) = {(α, β) ∈ N× N | max {α, β} ≤ k, α + β ≥ k}

and dk(α, β) are given in (3). It is easily seen that with these defini-
tions of addition and multiplication KS[[X]] becomes a commutative
K-algebra which contains K[X].

If f =
∞∑
i=0

aiui ∈ KS[[X]], the smallest index i for which the coeffi-

cient ai is different from zero will be called the order of f and will be
denoted by o(f). We agree to attach the order +∞ to the element 0
from KS[[X]]. Then it is easy to prove that for f, g ∈ KS[[X]]

(10) o(f + g) ≥ min {o(f), o(g)},

(11) o(fg) ≥ max {o(f), o(g)}.
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4 GHIOCEL GROZA, AZEEM HAIDER AND S. M. ALI KHAN

If we fix a positive real number δ < 1 and define the norm ‖f‖ of an
element f of KS[[X]] by the formula

(12) ‖f‖ = δo(f),

KS[[X]] becomes a K−ultrametric normed vector space, where the
norm on K is trivial. Moreover for f, g ∈ KS[[X]]

(13) ‖fg‖ ≤ min{‖f‖, ‖g‖}
holds and KS[[X]] is a topological K-algebra. Consider a Cauchy se-
quence {fn =

∑∞
i=0 ai,nui}n≥0 of elements from KS[[X]]. Then f =∑∞

i=0 ai,iui ∈ KS[[X]] and f = limn→∞ fn. Hence it follows that KS[[X]]
is a complete K−ultrametric normed vector space and it is a comple-
tion of K[X] with respect to the topology defined by the norm (12).
This implies as in the classical case (see for example [9], Ch.VII, §1)
that the distributive law holds also for infinite sums and in particular
we obtain that

(14) uj

∞∑
i=0

aiui =
∞∑
i=0

aiuiuj

For a fix f ∈ KS[[X]] we denote Lf : KS[[X]]→ KS[[X]] theK-linear
application defined by

(15) Lf (g) = fg

Then, by (3) and (14)

(16) Lf (ui) = fui =
∞∑
j=i

fj,iuj

where fj,i ∈ K are uniquely determined by f. Since

Lf (ui+1) =
∞∑

j=i+1

fj,i+1uj = fui(X − αi+1) =
∞∑
j=i

fj,iuj(X − αi+1)

=
∞∑
j=i

fj,i(uj+1 + (αj+1 − αi+1)uj) =
∞∑

j=i+1

(fj−1,i + (αj+1 − αi+1)fj,i)uj

it follows that

(17) fj,i+1 = fj−1,i + (αj+1 − αi+1)fj,i, for j = i+ 1, i+ 2, ... .

If g =
∞∑
j=0

bjuj, then by (14) and (16) we obtain

(18) fg =
∞∑
j=0

bj(fuj) =
∞∑
j=0

bj(
∞∑
i=j

fi,jui) =
∞∑
j=0

(

j∑
i=0

bifj,i)uj.
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THE STRUCTURE OF A RING OF FORMAL SERIES 5

For f =
∞∑
j=0

ajuj if we take i = 0 in (16), we get for every j

(19) fj,0 = aj.

Now for a fix j, by (17) we obtain that

fj,j = fj−1,j−1 + (αj+1 − αj)fj,j−1 = fj−2,j−2 + (αj − αj−1)fj−1,j−2+
(αj+1−αj)(fj−1,j−2+(αj+1−αj−1)fj,j−2) = fj−2,j−2+(αj+1−αj−1)fj−1,j−2+

(αj+1 − αj)(αj+1 − αj−1)fj,j−2,
and by recurrence for all k, 1 ≤ k ≤ j it follows that

(20) fj,j =
k∑
r=0

fj−r,j−k

k−r∏
s=1

(αj+1 − αj−k+s).

In particular for k = j we obtain

(21) fj,j =

j∑
r=0

fj−r,0

j−r∏
s=1

(αj+1 − αs) =

j∑
r=0

aj−r

j−r∏
s=1

(αj+1 − αs),

where
0∏
s=1

(αj+1 − αs) = 1.

Similarly for i, j such that 1 ≤ k ≤ i < j,

fj,i = fj−1,i−1 + (αj+1 − αi)fj,i−1 = fj−2,i−2 + (αj − αi−1)fj−1,i−2
+(αj+1 − αi)(fj−1,i−2 + (αj+1 − αi−1)fj,i−2) = fj−2,i−2+

(αj + αj+1 − αi−1 − αi)fj−1,i−2 + (αj+1 − αi)(αj+1 − αi−1)fj,i−2
and generally

(22) fj,i =
k∑
r=0

fj−r,i−kPj−r,i−k,

where Pj−r,i−k are polynomials in α1, ..., αj+1 with integer coefficients
and

(23) Pj,i−k = (αj+1 − αi)(αj+1 − αi−1)...(αj+1 − αi−k+1).

For any sequence S = {αn}n≥1 we define the set

(24) IS = {i | αi 6= αj for all j < i}
and for any γ ∈ K we put

(25) IS(γ) = {i | αi = γ}.
We call the sequence S = {αn}n≥1 purely periodic if IS is finite set

having m elements and, for each positive integer i less or equal to m,
αi = αi+jm, j = 1, 2, ... .

Now if S = {αk}k≥1 is a sequence of elements of K such that IS
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6 GHIOCEL GROZA, AZEEM HAIDER AND S. M. ALI KHAN

is a finite set, we say that S has canonical form if there exist the
positive integers n1 ≤ ... ≤ ns such that α1 = α2 = ... = αn1 = γ1,
αn1+1 = ... = αn1+n2 = γ2, ..., αn1+...+ns−1+1 = ... = αn1+...+ns = γs with
γi 6= γj for all i 6= j and the subsequence T = {αk}k>n1+...+ns is purely
periodic sequence such that each αk 6= γi for all i = 1, 2, ..., s.

Let S be a sequence such that |IS| = n is finite. We may write
IS = {i1, ..., is, is+1, ..., in} where |IS(αik)| = nk is finite for k ≤ s,
with n1 ≤ ... ≤ ns, and infinite for k > s. Then we call the numbers
s, m = n− s, n1, ..., ns, the invariants of the sequence S.

3. Algebraic properties of the ring KS[[X]]

In order to describe the units of the ring KS[[X]] we need the fol-
lowing lemma which is an easy consequence of (21).

Lemma 2. If αn+1 = αi for i < n then fn,n = fi−1,i−1.

Theorem 1. An element f ∈ KS[[X]] is a unit if and only if fi−1,i−1 6=
0 for all i ∈ IS.

Proof. If f =
∞∑
i=0

aiui ∈ KS[[X]] is a unit then by (18) there exists

an element g =
∞∑
j=0

bjuj ∈ KS[[X]] such that
∞∑
j=0

{
j∑
i=0

bifj,i}uj = 1.

Hence b0f0,0 = 1 and
j∑
i=0

bifi,j = 0 for all j = 1, 2, .... Suppose contrary

that there exists t + 1 ∈ IS such that ft,t = 0. Since b0f0,0 = 1 and

(
j∑
i=0

bifj,i)(αt+1−α1)(αt+1−α2)...(αt+1−αj) = 0 for all j = 1, 2, ...t, we

obtain b0f0,0 +
t∑

j=1

{(
j∑
i=0

bifj,i)(αt+1 − α1)(αt+1 − α2)...(αt+1 − αj)} = 1,

which implies
(26)

t∑
j=0

bj

j∏
k=1

(αt+1 − αk){fj,j +
t∑

i=j+1

fi,j(αt+1 − αj+1)...(αt+1 − αi)} = 1,

where
0∏

k=1

(αt+1 − αk) = 1. Now by replacing j with t and k with t− j

in (20) it follows that for j = 0, 1, ..., t− 1 ft,t = fj,j +
t∑

i=j+1

fi,j(αt+1 −

αj+1)(αt+1−αj+2)...(αt+1−αi) and by (26) ft,t
t∑

j=0

bj
j∏

k=1

(αt+1−αk) = 1.
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THE STRUCTURE OF A RING OF FORMAL SERIES 7

Since ft,t = 0 we obtain a contradiction which implies that fi−1,i−1 6= 0
for all i ∈ IS.

Conversely, if f ∈ KS[[X]] and fi−1,i−1 6= 0 for all i ∈ IS, we can find
b0 such that b0f0,0 = 1. Since by Lemma 2 fn,n 6= 0 for all n ∈ N. there

exists the elements bj ∈ K such that
j∑
i=0

bifi,j = 0. Hence g =
∞∑
i=0

biui

verifies fg = 1. �
We study when two K-algebras KS[[X]] and KS′ [[X]] are isomorphic.

Lemma 3. Let S = {αn}n≥1 and S ′ = {βn}n≥1 be two sequences of
elements of K and let ui and respectively vi be the associated polyno-
mials defined in (1). If

a ) for every i

(27) ui = vi +
i−1∑
j=ni

δj,ivj = Fi(vni
, vni+1, ..., vi),

(28) vi = ui +
i−1∑
j=mi

γj,iuj = Gi(umi
, umi+1, ..., ui),

where δj,i, γj,i ∈ K and

(29) Fi(Gni
, Gni+1, ..., Gi) = ui,

(30) Gi(Fmi
, Fmi+1, ..., Fi) = vi;

b )

(31) lim
i→∞

ni =∞ and lim
i→∞

mi =∞,

then the map φ : KS[[X]]→ KS′ [[X]] defined by

(32) φ(ui) = Fi(vni
, vni+1, ..., vi)

and for every f =
∞∑
i=0

aiui ∈ KS[[X]]

(33) φ(f) =
∞∑
i=0

aiφ(ui)

is a K−algebra isomorphism.

Proof. Define ψ : KS′ [[X]]→ KS[[X]] such that

(34) ψ(vi) = Gi(umi
, umi+1, ...ui)
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8 GHIOCEL GROZA, AZEEM HAIDER AND S. M. ALI KHAN

and for every g =
∞∑
i=0

bivi ∈ KS′ [[X]]

(35) ψ(g) =
∞∑
i=0

biψ(vi).

Then by (31),(33) and (35) the maps φ and ψ are well defined and
continuous maps with respect to the corresponding norms defined by
(12). The relations (29) and (30) imply that the restricted mappings
φ and ψ on K[X] are inverses. Since K[X] is dense in KS[[X]] and
KS′ [[X]] we obtain that φ and ψ are inverses and hence φ is bijective
map. Because φ is the identity map on K[X] it follows that φ is also
a K−algebra morphism. Hence we obtain that KS[[X]] and KS′ [[X]]
are isomorphic K−algebras. �

Theorem 2. Suppose S = {αk}k≥1 is a sequence of elements of K
and π : N∗ → N∗ is a bijective map such that S ′ = {βk}k≥1, where
βk = απ(k). Then KS[[X]] and KS′ [[X]] are isomorphic K−algebras.

Proof. Consider ui =
i∏

k=1

(X−αk) and vi =
i∏

k=1

(X−βk). By Lemma

1 every ui can be written in the form

(36) ui = vi +
i−1∑
j=0

γj,ivj,

where γ0,i = ui(β1). Let t1 be the smallest index i such that v1 divides
ui in K[X]. Then for every i ≥ t1 ui(β1) = 0 and by (36) we obtain
that

(37) ui = vi +
i−1∑
j=c1

γj,ivj,

where c1 ≥ 1 and γc1,t1 6= 0. Consider q1 ≤ c1 the greatest index such
that vq1 divides ut1 in K[X]. Then by (37), for all i ≥ t1,

(38)
ui
vq1

=
vi
vq1

+
i−1∑
j=c1

γj,i
vj
vq1

.

Let t2 be the smallest index i greater than t1 such that vq1+1 divides
ut2 . Then by (38) γc1,t2 =

ut2
vq1

(βq1+1) = 0 and for all i ≥ t2

(39) ui = vi +
i−1∑
j=c2

γj,ivj,
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THE STRUCTURE OF A RING OF FORMAL SERIES 9

where γc2,t2 6= 0 and c2 > c1. Thus by recurrence we obtain that for
every i

(40) ui = vi +
i−1∑
j=ni

γj,ivj = Fi,

where γj,i ∈ K and lim
i→∞

ni =∞. Similarly, since αk = βπ−1(k), it follows

that

(41) vi = ui +
i−1∑
j=mi

δj,iuj = Gi,

where δj,i ∈ K and lim
i→∞

mi =∞. By Lemma 1, (40) and (41) Fi(Gni
, ..., Gi) =

ui and Gi(Fmi
, ..., Fi) = vi. Thus the theorem follows from Lemma 3. �

Remark 1. Suppose that S = {αk}k≥1 is a sequence such that IS is
a finite set. Then there exists a bijective map π : N∗ → N∗ such that
S ′ = {βk}k≥1, where βk = απ(k) has canonical form. By Theorem 2 it
follows that KS[[X]] and KS′ [[X]] are isomorphic K-algebras. Thus it
is enough to study the algebraic properties of KS[[X]] in the case when
S has canonical form.

Lemma 4. Let αk be an element of S. Then g ∈ KS[[X]] belongs to
the ideal generated by X − αk if and only if gk−1,k−1 = 0.

Proof. We denote by < X − αk > the ideal generated by X − αk.
Then for an element f =

∞∑
i=0

aiui of KS[[X]]

(42) (X − αk)f = a0(α1 − αk) +
∞∑
i=1

(ai−1 + ai(αi+1 − αk))ui

If g =
∞∑
i=0

biui is an element of < X −αk >, then from (42) we can find

the elements ai such that

(43) b0 = a0(α1 − αk), bi = ai−1 + ai(αi+1 − αk), for i = 1, 2, ... .

By (43) and (21) it follows that

gk−1,k−1 =
k−1∑
r=0

bk−1−r

k−1−r∏
s=1

(αk − αs) = 0.

Conversely if g =
∞∑
i=0

biui is an element ofKS[[X]] such that gk−1,k−1 =

0, then by using (21), (43) and Lemma 2 we can find an element f =
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10 GHIOCEL GROZA, AZEEM HAIDER AND S. M. ALI KHAN

∞∑
i=1

aiui ∈ KS[[X]] such that g = (X −αk)f and hence g ∈< X −αk >.

�

Lemma 5. The ideal generated by X−αi for each i ∈ IS is a maximal
ideal in KS[[X]].

Proof. We consider an element h ∈ KS[[X]] such that h 6∈< X −
αk > . Then by Lemma 4 hk−1,k−1 6= 0. Since for every i ∈ IS, i 6= k the
elements bi−1 in (43) can be chosen arbitrary, we can find an element

g =
∞∑
i=0

biui ∈< X − αk > such that (g + h)i−1,i−1 6= 0 for all i ∈ IS,

i 6= k. If i = k, by Lemma 4 (g + h)k−1,k−1 = gk−1,k−1 + hk−1,k−1 =
0 + hk−1,k−1 = hk−1,k−1 6= 0. Hence by Theorem 1 g + h is unit in
KS[[X]], which shows that < X − αk > is a maximal ideal in KS[[X]].
�

Theorem 3. KS[[X]] is a semi-local ring if and only if IS is a finite
set. Moreover in this case all maximal ideals are Mi =< X − αi >,
where i ∈ IS.

Proof. Suppose the contrary that KS[[X]] is a semi-local ring and
IS is infinite. Then by Lemma 5 the ideal generated by X − αi, for
each i ∈ IS, is a maximal ideal in KS[[X]]. Hence there exist an infinite
number of maximal ideals in KS[[X]] which is a contradiction. This
implies that IS is a finite set.

Conversely, suppose IS = {i1, ..., in}. By Lemma 5 each ideal gener-
ated by X − αik , for each ik ∈ IS, is a maximal ideal in KS[[X]]. Let
M be a maximal ideal of KS[[X]] different from all Mik =< X−αik >,
with ik ∈ IS. Since M + Mi1Mi2 ...Min = KS[[X]], we can find an el-
ement f ∈ M such that f 6∈< X − αik >, for each ik ∈ IS. Then
by Lemma 4 fik−1,ik−1 6= 0 for all ik ∈ IS and by Theorem 1 f is
unit in KS[[X]], a contradiction which shows that all maximal ideals
in KS[[X]] are Mik with ik ∈ IS. Thus KS[[X]] is a semi-local ring. �

The following example shows that when IS is infinite KS[[X]] con-
tains maximal ideals which are different from < X−αk >, for every k.

Example 1. Consider S = {αn}n≥1 such that αi 6= αj for every i 6= j.

Because un(αk) = 0 for n ≥ k, every f =
∞∑
i=0

aiui ∈ KS[[X]] defines a

map denoted also by f from S to K. Moreover, uk(αk+1) 6= 0 implies
that every f is uniquely determined by its values at αk, k ∈ N∗ and
KS[[X]] is isomorphic to the K-algebra of all the functions from S to
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THE STRUCTURE OF A RING OF FORMAL SERIES 11

K. For every j ∈ N∗ we consider hj ∈ KS[[X]] such that

(44) hj(αk) =

{
1, if k ≤ j

0, if k > j
.

Then for every nonzero h ∈ I =< h1, ..., hn, ... > there exist m, n ∈ N∗
such that h(αm) 6= 0 and h(αk) = 0 for every k ≥ n. Hence it follows
that I ∩K[X] = {0}, I 6⊂< X − αk > for every k and I is not finitely
generated. Thus KS[[X]] contains maximal ideals which are different
from < X − αk >, for every k.

4. Structure of the ring KS[[X]]

In this section we prove that the structure of the K-algebra KS[[X]]
is uniquely determined by the invariants of S, when IS is a finite
set. The following lemma describes an essential isomorphism of K-
algebras. We note that canonic isomorphisms of K-vector spaces as

f →
(
n−1∑
i=1

aiui,
∞∑
i=n

aiui/un−1

)
are not K-algebra isomorphisms.

Lemma 6. Let S = {αi}i≥1 be a sequence of elements of K such that,
for a fixed n ∈ N, α1 = α2 = ... = αn = γ and αi 6= γ, for all i > n.
Then KS[[X]] ∼= K[X]/ < Xn > ⊕KS′ [[X]], where S ′ = {βi}i≥1, with
βi = αn+i.

Proof. By (18) it follows that an element f =
∞∑
i=0

eiui is an idem-

potent if and only if
j∑
i=0

eifj,i = ej for all j ≥ 0. In order to find an

idempotent we consider f such that e0 = 1, e1 = e2 = ... = en−1 = 0.
Then by (17), for every i = 1, 2, ..., n−1 and j = 0, 1, ..., i−1, it follows
that

(45) fi,j = 0 and fi,i = 1.

By successive applications of (17) and (19) we obtain that

fn+k,n = ek +
n∑
l=1

(
n∑

i1,...,il=l

l∏
j=1

(αk+1+ij − γ)

)
ek+l.

If we put the conditions

(46) fn+k,n = 0,
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12 GHIOCEL GROZA, AZEEM HAIDER AND S. M. ALI KHAN

for every k = 0, 1, ... we find
(47)

en+k =
−1

(αn+k+1 − γ)n

(
ek +

n−1∑
l=1

(
n∑

i1,...,il=l

l∏
j=1

(αk+1+ij − γ)

)
ek+l

)
.

Thus

(48) f = 1 +
∞∑
k=0

en+kun+k,

where en+k defined in (47). By (16) and (46) we obtain

fun =
∞∑
j=n

fj,nuj = 0

and hence

(49) fui = 0 for all i ≥ n.

We show that f given by (48) is idempotent. By (22), for every

k ≥ 0, we can write fn+k,m =
m−n∑
r=0

fn+k−r,nPn+k−r,n, for n ≤ m ≤ n+ k.

Hence by (46)

(50) fn+k,m = 0 for all n ≤ m ≤ n+ k and k ≥ 0.

Using (45) and (50) it follows easily that
j∑
i=0

eifj,i = ej for all j ≥ 0

and hence f is an idempotent. Thus we can write

(51) KS[[X]] ∼= KS[[X]](f)⊕KS[[X]](1− f),

where by (49) KS[[X]](f) = {(
n−1∑
i=0

aiui)f | ai ∈ K} is a ring with f as

identity.
Define φ : KS[[X]](f)→ K[X]/ < X − γ >n by

φ((
n−1∑
i=0

aiui)f) =
n−1∑
i=0

aiui ∈ K[X]/ < X − γ >n .

Since
n−1∑
i=0

aiui = 0 if and only if all ai are equal to zero, by (45) it

follows that φ is well defined and one to one. Because by Lemma 1
n−1∑
i=0

γiX
i ∈ K[X] can be uniquely written as

n−1∑
i=0

aiui we obtain that

φ((
n−1∑
i=0

aiui)f) =
n−1∑
i=0

aiui =
n−1∑
i=0

γiX i and φ is bijective. It is obvious
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that φ is a K-linear mapping. Because for i ≤ n ui = (X−γ)i, by (49)
we have

φ((
n−1∑
i=0

aiui)f)((
n−1∑
i=0

biui)f) = φ((
n−1∑
i=0

ciui+
2n−2∑
i=n

diui)f) = φ((
n−1∑
i=0

ciui)f) =

n−1∑
i=0

ciui =
n−1∑
i=0

ciui +
2n−2∑
i=n

diui = (
n−1∑
i=0

aiui)(
n−1∑
i=0

biui) = (
n−1∑
i=0

aiui)(
n−1∑
i=0

biui)

= φ((
n−1∑
i=0

aiui)f)φ((
n−1∑
i=0

aiui)f),

where ck =
k∑
i=0

aibk−i and di ∈ K. Hence we obtain that

(52) KS[[X]](f) ∼= K[X]/ < X − γ >n∼= K[X]/ < Xn > .

Also by (49) KS[[X]](1− f) = {
∞∑
i=n

aiui | ai ∈ K} is a ring with 1− f

as identity element. Define ψ : KS[[X]] → KS′ [[X]] by ψ(
∞∑
i=n

aiui) =

g(
∞∑
i=0

an+ivi) ∈ KS′ [[X]], where g = (X−γ)n = un and vi =
i∏

j=1

(X−βj).

Since in KS′ [[X]] gi,i 6= 0, by Theorem 1 g is unit in KS′ [[X]] and

ψ is well defined and bijective. Let h′ =
∞∑
i=n

aiui, h
′′ =

∞∑
i=n

biui be

two elements of KS[[X]](1− f). Then obviously ψ(
∞∑
i=n

aiui +
∞∑
i=n

biui) =

ψ(
∞∑
i=n

aiui)+ψ(
∞∑
i=n

biui) and ψ(un
∞∑
i=n

aiui) = ψ(
∞∑
i=n

ciui) = g(
∞∑
i=0

cn+ivi) =

g(g
∞∑
i=0

an+ivi) = ψ(un)ψ(
∞∑
i=n

aiui), where ci ∈ K. Hence by induction

(53) ψ(uk

∞∑
i=n

aiui) = ψ(uk)ψ(
∞∑
i=n

aiui),

for every k ≥ n. Because ψ is continuous with respect to the corre-

sponding norms defined in (12), by (53) we have ψ(h′h′′) = ψ(
∞∑
i=n

aih
′′ui) =

∞∑
i=n

ψ(aiui)ψ(h′′) = ψ(
∞∑
i=n

aiui)ψ(
∞∑
i=n

biui) = ψ(h′)ψ(h′′). Hence

(54) KS[[X]](1− f) ∼= KS′ [[X]]
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14 GHIOCEL GROZA, AZEEM HAIDER AND S. M. ALI KHAN

and by (51),(52) and (54) we have

(55) KS[[X]] ∼= K[X]/ < Xn > ⊕KS′ [[X]].�

Theorem 4. Suppose S = {αn}n≥1 is a sequence of elements of K
such that

a ) IS is a finite set;
b ) S has canonical form.

Then KS[[X]] ∼=
s⊕
i=1

K[X]/ < Xni > ⊕KS′ [[X]], where S ′ is a purely

periodic sequence.

Proof. Since α1 = α2 = ... = αn1 6= αi, for all i > n1, then
by Lemma 6 we have KS[[X]] ∼= K[X]/ < Xn1 > ⊕KS(1) [[X]] where
S(1) = {αn1+i}i≥1. Since in S(1) αn1+1 = ... = αn1+n2 6= αi, for all
i > n1 + n2, then again by Lemma 6 we have KS[[X]] ∼= K[X]/ <
Xn1 > ⊕K[X]/ < Xn2 > ⊕KS(2) [[X]], where S(2) = {αn1+n2+i}i≥1. By
recurrence we obtain the theorem. �

Corollary 1. If IS is a finite set, then KS[[X]] is a principal ideal
ring.

Proof. If S is a purely periodic sequence by [2] Theorem 2.3 it
follows that KS[[X]] is a noetherian ring. By Theorem 4 and Remark
1 this is true for every S with IS a finite set. Since by Theorems 2 and
3 all its maximal ideals are principal, KS[[X]] is a principal ring (see
for example Lemma 2 from [5]). �

Corollary 2. If IS is a finite set, for each i ∈ IS,
∞⋂
j=0

< X − αi >j is

a prime ideal in KS[[X]].

Proof. By Corollary 1 KS[[X]] is a principal ring. Then
∞⋂
j=0

<

X − αi >
j=< h(i) >, h(i) ∈ KS[[X]] for all i ∈ IS. Suppose there

exists f, g ∈ KS[[X]] such that f 6∈< h(i) > and g 6∈< h(i) > but
fg ∈< h(i) >. Then there exist two non-negative integers n1 and n2

such that

(56) f = (X − αi)n1f ′

(57) g = (X − αi)n2g′,

where f ′, g′ ∈ KS[[X]] but f ′, g′ 6∈< X − αi >. Hence by Lemma 5

(58) f ′g′ 6∈< X − αi > .
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Now by (56)-(58) we obtain fg = (X−αi)n1+n2f ′g′ where fg belong to
n1+n2⋂
j=0

< X−αi >j but fg 6∈
n1+n2+1⋂
j=0

< X−αi >j. Hence fg 6∈< h(i) >,

a contradiction which implies that < h(i) > is the prime ideal in KS[[X]]
for all i ∈ IS.�

In the next lemma we give the structure of KS[[X]] when S is a
purely periodic sequence.

Lemma 7. If S = {αn}n≥1 is a purely periodic sequence of elements

of K, having the smallest period m ∈ N∗, then KS[[X]] ∼=
m⊕
i=1

K[[X]].

Proof. Suppose

(59) M =
m⋂
i=1

Mi =< um >,

where by Lemma 5 for each i ∈ IS, Mi =< X−αi > is a maximal ideal
in KS[[X]]. Since m is the smallest period of a purely periodic sequence

we have ukm = ukm for all k ∈ N and (59) implies that
∞⋂
j=0

M j =< 0 >.

We consider on KS[[X]] the M -adic topology (see for example [9], Ch-
VIII) defined by means of

(60) ω(f − g) = sup{k | f − g ∈Mk},

where f, g ∈ KS[[X]] and the distance

(61) d(f, g) = e−ω(f−g), e ∈ R, e > 1,

which satisfies the ultrametric inequality. We show that KS[[X]] is
complete with respect to M -adic topology which in this case coincides
with the topology defined by the norm given in (12). Consider {fn}n≥1,
where fn =

∞∑
i=0

a
(n)
i ui, a Cauchy sequence of elements of KS[[X]]. Then

for each ε > 0 there exists n0(ε) ∈ N such that d(fn, fn+1) < ε for
all n ≥ n0(ε). Thus for each q ∈ N there exists n′(q) ∈ N such that

ω(fn − fn+1) > q for all n ≥ n′(q) implies a
(n)
i = a

(n′(q))
i for each

i ≤ q and n ≥ n′(q). We take f =
∞∑
i=0

aiui ∈ KS[[X]], where aq =

a
(n′(q))
q for each q ≥ 0. Then, for all q ≥ 0, ω(fn − f) > q for each
n ≥ max{n′(0), n′(1), ..., n′(q)}. Hence f ∈ KS[[X]] is the limit of the
sequence {fn}n≥1, which implies that KS[[X]] is complete. By Theorem
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3 and Corollary 2 from [9], Ch-VIII, §8, p.283 we can write

(62) KS[[X]] ∼=
m⊕
i=1

Ri,

where each Ri =
∞⋂
n=0

(
∏
j 6=i

(X − αj))n ⊂ KS[[X]] is a complete local ring.

Let Ri =
∞⋂
n=0

(
∏
j 6=i

(X − αj))n =< fi > with fi a nonzero idempotent of

KS[[X]]. Define the linear application Lfi : KS[[X]]→ Ri by Lfi(f) =

ffi. Then < h(i) >⊂ Ker(Lfi), where < h(i) >=
∞⋂
j=0

(X − αi)
j and

fi 6∈< h(i) > because fi ∈< h(i) > implies fi ∈
∞⋂
j=0

M j and hence fi = 0.

Since fi 6∈< h(i) > there exists p ∈ N such that fi = (X − αi)pf ′i with
f ′i 6∈Mi.

We prove that

(63) Ker(Lfi) =< h(i) > .

Suppose the contrary that there exists g ∈ Ker(Lfi) and g 6∈< h(i) >.
Then there exists n ∈ N such that g = (X − αi)

ng′ with g′ 6∈ Mi.
Because Mi is a prime ideal g′f ′i 6∈Mi and hence (X − αi)p+ng′f ′i 6= 0.
This implies that Lfi(g) = fig = (X − αi)p+ng′f ′i 6= 0, a contradiction
which implies (63). Hence we obtain

(64) Ri
∼= KS[[X]]/ < h(i) > .

Clearly K ⊂ Ri for each i = 1, 2, ...,m and hence each Ri is an equichar-
acteristic ring (see [9], Ch-VIII, §12, p.304). Now by (64) and Corollary
2 each < h(i) > is the prime ideal and Ri is an integral domain. By
Corollary 1 and (62) each Ri is principal local ring. Then each ideal in
Ri is a power of M̃i, where M̃i is the unique maximal ideal in Ri. Since
the dimension of Ri is one and M̃i is generated by one element each Ri

is regular (see [9], Ch-VIII, §11, p.301). Now using Corollary from [9],
Ch-VIII, §12, p.307, we obtained that each Ri is isomorphic to Ki[[Yi]],
where in our case Ki = Ri/M̃i

∼= KS[[X]]/Mi. Since KS[[X]] is the
completion of ring of polynomials K[X] with respect to filtration de-
fined by the ideals < un >, n ∈ N, KS[[X]]/Mi

∼= K[X]/ < X − αi >∼=
K and we obtain

(65) Ri
∼= K[[X]].

Now by (65) and (62) it follows that KS[[X]] ∼=
m⊕
i=1

K[[X]]. �
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Theorem 5. Suppose S = {αn}n≥1 is a sequence of elements of K
such that IS is a finite set. If s, m, n1, ..., ns are the invariants of S,

then KS[[X]] ∼=
s⊕
i=1

K[X]/ < Xni > ⊕
m⊕
i=1

K[[X]].

Proof. By Remark 1 we may suppose that S has canonical form.
Now the theorem follows by Theorem 4 and Lemma 7. �.

Acknowledgements

The paper was done at the ASSMS GCU Lahore, Pakistan, and was
supported by a grant of Higher Education Commission of Pakistan.

References

[1] Y. Amice, Interpolation p-adique, Bull. Soc. Math. France, Paris, 92(1964),
p.117-180.

[2] G. Groza, A. Haider, On the ring of Newton interpolating series over a local
field, Math. Rep., Bucur. 9(59), No. 4 (2007), 343-356.

[3] G. Groza and N. Pop, Approximate solution of multipoint boundary value prob-
lems for linear differential equations by polynomial functions, J. Difference Equ.
Appl., 14 (2008), No. 12, 1289-1309.

[4] G. Groza and N. Pop, A numerical method for solving of the boundary value
problems for ordinary differential equations, Result. Math., 53 (2009), No. 3-4,
295-302.

[5] Y. Hinohara, On semilocal OP-rings, Proc. Amer. Math. Soc.32, (1972), 16-20.
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