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THE STRUCTURE OF A RING OF FORMAL SERIES

GHIOCEL GROZA', AZEEM HAIDER? AND S. M. ALI KHAN?

If K is a field, by means of a sequence S of elements of K is defined a K-algebra
Kg[[X]] of formal series called Newton interpolating series which generalize the
formal power series. We study algebraic properties of this algebra, and in the case
when S has a finite number of distinct elements we prove that it is isomorphic to
a direct sum of a finite number of algebras which are either equal to K[[X]] or to
factor rings of K[X].

2000 AMS Subject Classification : 13J05, 13J10.
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1. INTRODUCTION

The K-algebra K[[X]] of formal power series is a basic structure
in commutative algebra with applications in algebraic geometry. Also
formal power series are useful tools in combinatorics as generating func-
tions or in number theory.

In the interpolation theory particular Newton series, with coefficients
in a field K, constructed by means of Newton interpolating polynomials
is a powerful tool either in archimedean or in non-archimedean analy-
sis. Thus for K = C the convergence of a family of Newton series is
the subject of [6]. Also a proof of a well-known result of Lindemann
on the transcendency of ¢?;, when 7 is an algebraic number (see [§],
Theorem 6, Ch. 2, Sec. 3) is based on a Newton series with com-
plex coefficients. In the non-archimedean case the Mahler series which
are convergent Newton series are used for representation of continuous
functions on Z, (see for example [1] or [7]). Applications of these series
to approximate solutions of boundary value problems for differential
equations are presented in [3] and [4]. All these convergent series be-
long to some subalgebras of a K-algebra of formal series called (formal)

!Department of Mathematics and Computer Science, Technical University of
Civil Engineering of Bucharest, 124 Lacul Tei, RO-020396, Bucharest, Romania,
email:grozag@mail.utcb.ro

2Department of Mathematics, Faculty of Sciences, Jazan University, Jazan,
Kingdom of Saudi Arabia, email:azeemhaider@gmail.com

3University of Education, Lahore, Pakistan, email:mohib.ali@gmail.com.

44


Galaxy
Text Box


44


ROMANIAN JOURNAL OF MATHEMATICS AND COMPUTER SCIENCE, 2012, VOLUME 2, ISSUE 2, p.44-60

GHIOCEL GROZA, AZEEM HAIDER AND S. M. ALI KHAN

Newton interpolating series defined below. So the structure of this al-
gebra becomes an important goal for problems of previous types.
Let K be a field and S = {a, },>1 a fixed sequence of elements of K.
We consider the polynomials
(1) wo =1, u;=[[(X—ay), i>1
j=1

and the set of formal sums
(2) Ks[[X]| ={f =) _a; | a; € K},
i=0

two such expressions being regarded as equal if and only if they have the
same coefficients. We call an element f from Kg[[X]] a (formal) New-
ton interpolating series with coefficients in K defined by the sequence
S. If Kg[[X]] is endowed with a suitable addition and multiplication
it becomes a K- algebra (see Section 2) which for ay = 0, for all &, is
equal to K[[X]].

The main goal of this paper is to give a structure theorem of Kg[[X]]
for the case when the sequence S has a finite number of distinct ele-
ments.

In order to prepare the proof of the main result, in Section 3, The-
orem 1 we describe the units of Kg[[X]], we prove an Isomorphism
Theorem (Theorem 2) and we find the spectrum of maximal ideals of
Ks[[X]] (see Theorem 3). In Section 4 we prove (see Theorem 5) that it
is isomorphic to a direct sum of a finite number of algebras which are ei-
ther equal to K[[X]] or to factor rings of K[X]. Moreover its algebraic
structure is uniquely determined by a finite number of non-negative
integers, so-called the invariants of the sequence S.

2. BASIC NOTATIONS AND DEFINITIONS

The following lemma is needed to give a suitable form of well-known
Newton interpolating polynomial.

Lemma 1. Let K be a field and let S = {a, }n>1 be a sequence of ele-
ments of K. Then every polynomial P € K[X] can be written uniquely

P

in the form P =Y au; with a; € K, where p is the degree of P and
i=0

every u; is defined by (1).

Proof. If P =377, b; X7, then we may uniquely write P = a,u, + Q,,
where a, = b,, Q, € K[X] such that deg@, < p. Now the lemma
follows by induction on p. [J
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If w;, u; are given by (1), we obtain that for every k, max{i,j} <
k < i+ j there exist the elements d(i,j) in K uniquely determined
such that

i+j
(3) uu; = Z (2, ) uk

k=max {i,5}
The following relationships are easily checked:
(5) diyi(i,5) = 1.
We define addition and multiplication of two elements f = > a;u;, g =

=0

> biui, € Kg[[X]] as follows

i=0
(6) f+g= Z(ai + b;)u;
i=0
and
(7) fg= Z CrUk
k=0
with
(8) Z dk aabﬁa
(o,B)€I(k)
where

9)  I(k)={(a, ) € NxN|max{a,f} <k, a+ 8>k}

and di(«, 5) are given in (3). It is easily seen that with these defini-
tions of addition and multiplication Kg[[X]] becomes a commutative
K —algebra which contains K[X].

If f= Z au; € Kg[[X]], the smallest index ¢ for which the coeffi-

cient a; is dlfferent from zero will be called the order of f and will be
denoted by o(f). We agree to attach the order +o00 to the element 0
from Kg[[X]]. Then it is easy to prove that for f, g € Kg[[X]]

(10) o(f +g) = min{o(f),0(g)},
(11) o(fg) = max{o(f),o(g)}.
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If we fix a positive real number § < 1 and define the norm || f|| of an
element f of Kg[[X]] by the formula

(12) 1] = &)

Ks[[X]] becomes a K —ultrametric normed vector space, where the
norm on K is trivial. Moreover for f, g € Kg[[X]]

(13) gl < min{|[F1], [lg1[}

holds and Kg[[X]] is a topological K-algebra. Consider a Cauchy se-
quence {f, = > ;o) @inti}n>o of elements from Kg[[X]]. Then f =
Yoo aisu; € Kg[[X]] and f = lim, . f,. Hence it follows that Kg[[X]]
is a complete K —ultrametric normed vector space and it is a comple-
tion of K[X] with respect to the topology defined by the norm (12).
This implies as in the classical case (see for example [9], Ch.VII, §1)
that the distributive law holds also for infinite sums and in particular
we obtain that

o0 o
(14) U E a;u; = E a; U,
i=0 i=0

For afix f € Kg[[X]] we denote Ly : Kg[[X]] = Kg[[X]] the K-linear
application defined by

(15) Ly(g) = fyg
Then, by (3) and (14)

(16) = fu; = Z fj.i;

where f;; € K are uniquely determmed by f. Since

Uz+1 Z Jiir1u; = Jui(X — i) ny z“] — Qiy1)

Jj=i+1
o.0] o
= fralwjen + (g — cie)y) = > (fimra + (g1 — @) i)y
=i j=i+1

it follows that
(17) fj,i-l—l = fj—l,i —f- (Oéj_H — ai+1)fj,i7 fOI'j == Z + 1,2 + 2, e .

If g =3 bju;, then by (14) and (16) we obtain
=0

0o 0 00 J
(18) fg_zb fuj :ZbJ(Zfz,juz):Z szsz
J=0  i=j

j=0 i=0
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For f = )" a;u; if we take i = 0 in (16), we get for every j
7=0

(19) fj,O = aj.
Now for a fix j, by (17) we obtain that

fii = ficvj + (i — ) fijor = fimag2 + (5 — ;1) fim1j—2t

(=) (fj—1j-at(aji—aj 1) fii-2) = fi2j2t(ajri—a; 1) fi1j-2t

(ajr1 — o) (g1 — aj1) fi -,
and by recurrence for all k£, 1 < k < j it follows that

k k—r
(20) Jii = Z Firj—k H(%‘H = Ojgors)-
r=0 s=1

In particular for £k = j we obtain

J J=r J j—r
21 fii = fieo [ [l = 00) =D ai [ [l — o),
r=0 s=1 r=0 s=1

where 19[ (ajy1 —ag) =1
Similarly for i, j such that 1 < k < i < J.
Jii = fi—1i1+ (Oéj+1 - O‘i)fj?i—l = fj—2i-2+ (aj - ai—l)fj—l,z‘—z
(i1 — @) (fi-ri2 + (1 — @ic1) fii-2) = fj-2i—2+

(o) + ajyr — i1 — @) fj-1i—2 + (@41 — i) (a1 — @i1) fio
and generally

k
(22) fis = Z fi—ri—kLj—rik;
r=0

where P;_,;_; are polynomials in aj, ..., a;41 with integer coefficients
and
(23) Pk = (aj41 — ai)(ajpn — o) (01 — Qiogga).
For any sequence S = {a, },>1 we define the set
(24) Is ={i| o # a for all j < i}
and for any v € K we put
(25) Is(y) = {i| i =7}
We call the sequence S = {ay, }n>1 purely periodic if Ig is finite set
having m elements and, for each positive integer 7 less or equal to m,

Q= Oy jm, .] = 1727 e
Now if S = {ax}r>1 is a sequence of elements of K such that Ig
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is a finite set, we say that S has canonical form if there exist the
positive integers ny < ... < ng such that oy = ay = ... = ay,, = 71,
Qny+1 = o = Onydng = V25 oo Oyt dng1+1 = o0 = Oyt g = s with
v; # ; for all ¢ # j and the subsequence T' = { }k>ny+..4n, IS purely
periodic sequence such that each ay # ~; for allt =1,2,...;s

Let S be a sequence such that |Ig| = n is finite. We may write
Is = {i1,..yis, 511, ..y in} where |Ig(ay, )| = ng is finite for & < s,
with n; < ... < n,, and infinite for £ > s. Then we call the numbers
S, m=mn—=S8, ni,...,Ng, the invariants of the sequence S.

3. ALGEBRAIC PROPERTIES OF THE RING Kg[[X]]

In order to describe the units of the ring Kg[[X]] we need the fol-
lowing lemma which is an easy consequence of (21).

Lemma 2. If a,, 11 = «; fori <n then fn, = fi_1i-1.
Theorem 1. An element f € Kg[[X]] is a unit if and only if fi—1.-1 #
0 for alli € Ig.

Proof. If f = )" a;u; € Kg[[X]] is a unit then by (18) there exists
i=0

an element g = ijuj € Kg[[X]] such that Z{be”}uj =

Jj= 7=0 i=
Hence by fo0 = 1 and Z bifi; =0 forall j =1,2,.... Suppose contrary
that there exists ¢t + 1 E I such that f;; = 0. Since byfoo = 1 and

(Z bifj,i)<04t+1 _al)(atJrl _052)---(04t+1 —Oéj) = (0 for all j = 1, 2, t, we
1=0

obtain bofoo + L3 bufse)(@nen — o) (aps — ). (o — )} = 1,

j=1 =0
which implies

(26)

t
Zb H o — o) {fig+ D fijlam — ajp) (o —a)} =1,
J=0 k=1 i=j+1
0
where [] (o1 — ax) = 1. Now by replacing j with ¢ and k with ¢t — j
k=1
n (20) it follows that for j =0,1,....t =1 fi, = f;; + Z fij(ousr —
i=j+1
t
1) (1 — jp2). (1 — ;) and by (26) fip D by H (g1 —ag) = 1.
j=0 " k=1
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Since f;; = 0 we obtain a contradiction which implies that f;_1,_1 # 0
for all 7 € Ig.

Conversely, if f € Kg[[X]] and f;_;,-1 # 0 for all i € I, we can find
by such that by foo = 1. Since by Lemma 2 f,, ,, # 0 for all n € N. there

o0

j
exists the elements b; € K such that Y b;f;; = 0. Hence g = > biu;
=0

i=0
verifies fg =1. J
We study when two K-algebras Kg[[X]] and K¢ [[X]] are isomorphic.

(2

Lemma 3. Let S = {an}n>1 and S = {fn}n>1 be two sequences of
elements of K and let u; and respectively v; be the associated polyno-
mials defined in (1). If

a ) for every i

i—1
(27) U; = U; + Z 5]',7;7)]' = E(Uni> Uni—i-l, ceey ’Ui),
Jj=n;
i—1
(28) Vi = U, + Z f}/j,iuj = Gl(umz, Um;4+1y +++» U,Z‘>,
Jj=m;

where d;,,7;; € K and

(29) Fz(Gn“ Gni+1, ey Gz) = Uy;,
(30) Gi(FmiaFmi+17'°'7ﬂ) = U3
b)
(31) lim n; = co and lim m; = oo,
1—r 00 1—r 00
then the map ¢ : Ks[[X]] — Ko |[[X]] defined by
(32) ¢<ul> = Fi(vnﬂ Uni41s -5 Ui)

and for every f =) a;u; € Kg[[X]]
i=0

(33 o =Y ao(w)

1s a K—algebra isomorphism.
Proof. Define ¢ : Kg[[X]|] = Kgs[[X]] such that
(34) 77Z)(/UZ) = G’L(umm umrf—h uz)
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and for every g = Y bv; € Kg[[X]]
i=0

(35) Y(g) = Z bith(vy).

Then by (31),(33) and (35) the maps ¢ and ¢ are well defined and
continuous maps with respect to the corresponding norms defined by
(12). The relations (29) and (30) imply that the restricted mappings
¢ and 1 on K[X] are inverses. Since K[X] is dense in Kg[[X]] and
K¢ [[X]] we obtain that ¢ and 1 are inverses and hence ¢ is bijective
map. Because ¢ is the identity map on K[X] it follows that ¢ is also
a K —algebra morphism. Hence we obtain that Kg[[X]] and Ky [[X]]
are isomorphic K —algebras. [

Theorem 2. Suppose S = {ax}r>1 is a sequence of elements of K
and m : N* — N* is a bijective map such that S" = {Bk}r>1, where
Br = ry. Then Kg[[X]] and Kg[[X]] are isomorphic K—algebras.
Proof. Consider u; = [[ (X —ay) and v; = [[ (X —fk). By Lemma
k=1 k=1
1 every u; can be written in the form

1—1
(36) U = v; + Z V5,V
=0

where v9,; = u;(f1). Let ¢; be the smallest index ¢ such that v, divides
u; in K[X]. Then for every i > t; u;(1) = 0 and by (36) we obtain
that

i—1
(37) U; = v; + Z ’Yjﬂ'vj,

j=ca
where ¢; > 1 and 7., ¢, # 0. Consider ¢; < ¢; the greatest index such
that v,, divides u;, in K[X]. Then by (37), for all i > ¢,

i—1
U; V; (%
(38) — = —+ E Yii -
Yoo Vg T2 U

Let ¢y be the smallest index 4 greater than ¢; such that v, 41 divides
ug,. Then by (38) Yey.t, = %(Bqlﬂ) =0 and for all i > t,

i—1
(39) U; = U; + Z ’yj,ivja

j=c2
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where 7., 7 0 and ¢ > ¢;. Thus by recurrence we obtain that for
every i

i—1
(40) U = V; + Z V5,iV; = ,Fi,

J=ng

where 7;; € K and lim n; = oco. Similarly, since oy = -1, it follows

1—+00
that
i—1
(41) V; = U; + Z djiu; = G,
J=my
where 0, € K and lim m; = co. By Lemma 1, (40) and (41) F;(G,,, ..., G;) =
1—00

u; and G;(F,,,, ..., F;) = v;. Thus the theorem follows from Lemma 3. [J

Remark 1. Suppose that S = {ay}r>1 is a sequence such that g is
a finite set. Then there exists a bijective map 7 : N* — N* such that
S" = {Br}r>1, where B, = o) has canonical form. By Theorem 2 it
follows that Kg[[X]] and K [[X]] are isomorphic K-algebras. Thus it
is enough to study the algebraic properties of Kg[[X]] in the case when
S has canonical form.

Lemma 4. Let oy be an element of S. Then g € Kg[[X]] belongs to
the ideal generated by X — ay, if and only if gy—1 -1 = 0.
Proof. We denote by < X — ay > the ideal generated by X — ay.

Then for an element f = > a;u; of Kg[[X]]
i=0

o0

(42) (X —ag)f =ap(ag — ag) + Z(a¢_1 + a;(o — ag))u;
i=1
If g =) byu; is an element of < X — ay >, then from (42) we can find
i=0

the elements a; such that
(43)  bo = ao(ar —ag), by = a;—1 + a;(vipy1 —ay), fori=1,2, ... .
By (43) and (21) it follows that

k—1—r

k—1
Gk—1k—1 = Z b—1-r H (ar —as) = 0.
r=0

s=1
Conversely if g = > b;u; is an element of Kg[[X]] such that gy x-1 =

=0
0, then by using (21), (43) and Lemma 2 we can find an element f =
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> au; € Kg[[X]] such that g = (X — ag) f and hence g €< X — ay, >.
i=1

O

Lemma 5. The ideal generated by X — «; for each i € Ig is a mazimal
ideal in Kg[[X]].

Proof. We consider an element h € Kg[[X]] such that h ¢< X —
ap > . Then by Lemma 4 hy_y ;—1 # 0. Since for every i € Ig, i # k the
elements b;—1 in (43) can be chosen arbitrary, we can find an element

g—ZbuZ €< X — ay > such that (g + h);—1,-1 # 0 for all i € Ig,

z%k’ Ifz:k by Lemma 4 (¢ + h)k—15-1 = Gr—14-1 + Ph—1 k-1 =
0+ hg—14-1 = hx—14-1 # 0. Hence by Theorem 1 g + h is unit in
Kg[[X]], which shows that < X — a; > is a maximal ideal in Kg[[X]].
O

Theorem 3. Kg[[X]| is a semi-local ring if and only if Is is a finite
set. Moreover in this case all marimal ideals are M; =< X — a; >,
where 1 € Ig.

Proof. Suppose the contrary that Kg[[X]] is a semi-local ring and
I is infinite. Then by Lemma 5 the ideal generated by X — «;, for
each i € Ig, is a maximal ideal in Kg[[X]]. Hence there exist an infinite
number of maximal ideals in Kg[[X]] which is a contradiction. This
implies that Ig is a finite set.

Conversely, suppose Ig = {i1, ..., 4, }. By Lemma 5 each ideal gener-
ated by X — a;,, for each i € Ig, is a maximal ideal in Kg[[X]]. Let
M be a maximal ideal of Kg[[X]] different from all M; =< X —a;, >,
with i, € Ig. Since M + M; M,,...M; = Kg[[X]], we can find an el-
ement f € M such that f €< X — «;, >, for each i, € Ig. Then
by Lemma 4 f;, _1,-1 # 0 for all i, € Is and by Theorem 1 f is
unit in Kg[[X]], a contradiction which shows that all maximal ideals
in Kg[[X]] are M;, with i € Is. Thus Kg[[X]] is a semi-local ring. [

The following example shows that when g is infinite Kg[[X]] con-
tains maximal ideals which are different from < X —ay, >, for every k.

Example 1. Consider S = {a,, },>1 such that o; # «; for every i # j.

Because u,(ay) = 0 for n > k, every f = > a;u; € Kg[[X]] defines a
i=0

map denoted also by f from S to K. Moreover, u(cyy1) # 0 implies

that every f is uniquely determined by its values at ay, k € N* and

Ks[[X]] is isomorphic to the K-algebra of all the functions from S to
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K. For every j € N* we consider h; € Kg[[X]] such that

(a4 ho) =4 L=
AN 0 i k>

Then for every nonzero h € [ =< hq, ..., hy, ... > there exist m, n € N*
such that h(a,,) # 0 and h(ax) = 0 for every k > n. Hence it follows
that I N K[X] = {0}, I < X — a > for every k and [ is not finitely
generated. Thus Kg[[X]] contains maximal ideals which are different
from < X — oy, >, for every k.

4. STRUCTURE OF THE RING Kg[[X]]

In this section we prove that the structure of the K-algebra Kg[[X]]
is uniquely determined by the invariants of S, when [Ig is a finite
set. The following lemma describes an essential isomorphism of K-
algebras. We note that canonic isomorphisms of K-vector spaces as

n—1 o)
f— <Z au;, y a;u;/ un_1> are not K-algebra isomorphisms.
i=1 i=n

Lemma 6. Let S = {a;};>1 be a sequence of elements of K such that,
for a fitedn € N, g = as = ... = a,, = v and a; # v, for all i > n.
Then Kg[[X]] = K[X]/ < X™ > &Kg|[X]], where S" = {B;}i>1, with
Bi = Qnyi-

Proof. By (18) it follows that an element f = )" e;u; is an idem-
i=0

J
potent if and only if ) e;f;; = e; for all j > 0. In order to find an
i=0
idempotent we consider f such that e = 1,e; = ey = ... = ¢,1 = 0.
Then by (17), for every i = 1,2,...,n—1 and j = 0,1, ...,i—1, it follows
that

(45) fi,j =0 and fi,i =1.
By successive applications of (17) and (19) we obtain that

n n l
frthn = €+ Z ( Z H (Oék+1+¢j - ’Y)) Chtl-
=1

i1,eig=l j=1

If we put the conditions

(46) fn+k,n = 07
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for every k= 0,1, ... we find

(47)
n—1
-1
bntk = 77— | €k T oy 14i; — €+l | -
i (s = )" ( =1 ( Z; l]Hl o ) +>
Thus
(48) f=1+ Z En+kUn+tk,

k=0
where e, defined in (47). By (16) and (46) we obtain

fun = ij,nuj =0
j=n

and hence
(49) fu; =0 for all i > n.
We show that f given by (48) is idempotent. By (22), for every

m—n

k>0, we can write foirm = 2, foth—rinPoth—rn, forn <m <n-+k.
r=0

Hence by (46)

(50) frskm =0foralln <m <n+k and k > 0.

J
Using (45) and (50) it follows easily that Y e;f;; = e; for all 7 > 0

1=
and hence f is an idempotent. Thus we can write

(51) Ks[[X]] = Kq[[X])(f) & Ks[[X]|(1 - f),
n—1
where by (49) Ks[[X]](f) = {(>] a;uw;)f | a; € K} is a ring with f as
i=0
identity.
Define ¢ : Kg[[X]](f) = K[X]/ < X —~ >" by
n—1 n—1
¢((Z a;u;) f Zazul e KIX]/ <X —v>"
i=0
n—1
Since Y a;u; = 0 if and only if all a; are equal to zero, by (45) it
i=0
follows that ¢ is well defined and one to one. Because by Lemma 1
n—-1 n—1
> X" € K[X] can be uniquely written as > a;u; we obtain that
=0 i=0

n—1

n—1 n—1
(> auy)f) = > amu; = Y. %X and ¢ is bijective. It is obvious
i=0 i=0 i=0
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that ¢ is a K-linear mapping. Because for i < n u; = (X —~)’, by (49)
we have
2n—2

S a1 b)) = (L et Y- ) ) = 6L e ) =

n—1 n—1 2n—2 n—1 n—1 n—1 n—1
=0 =0 =n =0 =0 =0 =0

= (3 aau) DO awu),

k
where ¢, = > a;b,_; and d; € K. Hence we obtain that
i=0

(52)  KS[[X]J(f) = K[X]/ <X —v>"= K[X]/<X">.
Also by (49) Ks[[X])(1 = f) = {32 arus | ai € K} is a ring with 1 — f

as identity element. Define ¢ : Kg[[X]] — Kg[[X]] by ¢(§ au;) =

i

g(i an1iv;) € Kg[[X]], where g = (X —7)" = u,, and v; = [[ (X —5;).

Si;cz; in Kg[[X]] ¢;i # 0, by Theorem 1 g is unit in Kjgzll[[X]] and
1 is well defined and bijective. Let h' = i a;u;, h' = i biu; be
two elements of Kg[[X]](1— f). Then obvious_ly w(i a;u; + % biu;) =
V(X ) (3 b and (w, 3 agn) = V(S ) = 93 cuni) =
g(g i}anﬂ-vi) = w(un)w(i a;u;), where ¢; € K. Hence by induction
(53) Pl 3 an) = D(u)p(Y_ i),

for every k > n. Because v is continuous with respect to the corre-
sponding norms defined in (12), by (53) we have ¢ (h'R") = (> a;h/"u;) =

zi iﬁ(&zuz)i/}(h") = w(zi azuz)w(zi blul) = w(h/)w(h”) Hence

(54) Ks[[X]J(1 = f) = Ks [[X]]
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and by (51),(52) and (54) we have
(55) Kg[[X]] =2 K[X]/ < X" > oK«[[X]].0O

Theorem 4. Suppose S = {a,}n>1 s a sequence of elements of K
such that

a) Is is a finite set;

b) S has canonical form.

Then Kg[[X]] = éK[X]/ < X" > &Kgl[[X]], where S" is a purely
i=1

periodic sequence.

Proof. Since o = ay = ... = ap, # «4, for all © > ny, then
by Lemma 6 we have Kg[[X]] = K[X]|/ < X™ > ®&Kgu[[X]] where
S = fa,, 1i}is1. Since in SO ay, 11 = ... = anyn, # @, for all

i > ny + ng, then again by Lemma 6 we have Kg[[X]] = K[X]/ <
X" > pK[X]/ < X™ > @Ky |[X]], where S@ = {a,,, 1ny1i}is1. By
recurrence we obtain the theorem. [

Corollary 1. If Is is a finite set, then Kg[[X]] is a principal ideal
ring.

Proof. If S is a purely periodic sequence by [2] Theorem 2.3 it
follows that Kg[[X]] is a noetherian ring. By Theorem 4 and Remark
1 this is true for every S with I a finite set. Since by Theorems 2 and
3 all its maximal ideals are principal, Kg[[X]] is a principal ring (see
for example Lemma 2 from [5]). O

Corollary 2. If I is a finite set, for eachi € Ig, (| < X —a; >7 is
5=0
a prime ideal in Kg[[X]].

Proof. By Corollary 1 Kg[[X]] is a principal ring. Then () <
=0
X —a; >=< b > h) ¢ Kg[[X]] for all i € Ig. Suppose there
exists f,g € Kg[[X]] such that f ¢< h® > and g €< A > but
fg €< b >. Then there exist two non-negative integers n; and n,
such that

(56) f=X—a)"f
(57) 9= (X —a)"¢,
where f', ¢ € Kg[[X]] but [, ¢ ¢< X — «; >. Hence by Lemma 5
(58) flg d< X —a; > .
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Now by (56)-(58) we obtain fg = (X — ;)™ "2 f'¢’ where fg belong to
n1+n2 . ni+na+1 ) )
<X-—a;>but fg& (| <X —a; >I. Hence fg g< h) >,
=0 =0
a contradiction which implies that < h(® > is the prime ideal in Kg[[X]]
for all 7 € Ig.0]
In the next lemma we give the structure of Kg[[X]] when S is a

purely periodic sequence.

Lemma 7. If S = {a,}n>1 s a purely periodic sequence of elements

of K, having the smallest period m € N*, then Kg[[X]|] = @ K[[X]].
i=1
Proof. Suppose

(59) M =\ M; =< ty, >,

i=1

where by Lemma 5 for each i € Ig, M; =< X —; > is a maximal ideal
in Kg[[X]]. Since m is the smallest period of a purely periodic sequence

we have u*, = uy,, for all k € N and (59) implies that (| M7 =< 0 >.
j=0

We consider on Kg[[X]] the M-adic topology (see for example [9], Ch-

VIII) defined by means of

(60) w(f —g) =sup{k | f—g € M"},
where f,g € Kg[[X]] and the distance
(61) d(f,g) =e U9 cecR, e>1,

which satisfies the ultrametric inequality. We show that Kg[[X]] is
complete with respect to M-adic topology which in this case coincides
with the topology defined by the norm given in (12). Consider {f,},>1,

where f, = > agn)ui, a Cauchy sequence of elements of Kg[[X]]. Then
i=0
for each € > 0 there exists ng(e) € N such that d(fn, fnr1) < € for
all n > ng(e). Thus for each ¢ € N there exists n’(¢q) € N such that
w(fn = fos1) > q for all n > n/(q) implies o\ = a9 for each
i < qand n > n'(q). We take f = > au; € Kg[[X]], where a, =
i=0
al" D) for each ¢ > 0. Then, for all ¢ > 0, w(fn = f) > ¢ for each
n > max{n'(0),n/(1),...,n'(¢)}. Hence f € Kg[[X]] is the limit of the
sequence { f, }»>1, which implies that K¢[[X]] is complete. By Theorem

7

58


Galaxy
Text Box
58

Galaxy
Text Box


ROMANIAN JOURNAL OF MATHEMATICS AND COMPUTER SCIENCE, 2012, VOLUME 2, ISSUE 2, p.44-60

GHIOCEL GROZA, AZEEM HAIDER AND S. M. ALI KHAN

3 and Corollary 2 from [9], Ch-VIII, §8, p.283 we can write

(62) Ks[[X]) = P R,
i=1
where each R, = () ([[(X — a;))™ C Kg[[X]] is a complete local ring.
n=0 j#i
Let R, = (N ([[(X — ;)" =< f; > with f; a nonzero idempotent of
n=0 j#i

Ks[[X]]. Define the linear application Ly, : Kg[[X]] = R; by L (f) =
ffi. Then < h® >C Ker(Ly,), where < h) >= (X — «;)’ and

=0
f; €< h > because f; €< h¥ > implies f; € (| M7 and hence f; = 0.
=0
Since f; €< h() > there exists p € N such that f; = (X — a;)?f! with
fi & M;.
We prove that
(63) Ker(Ly) =< h® >

Suppose the contrary that there exists g € Ker(Ly,) and g ¢< h® >

Then there exists n € N such that ¢ = (X — a;)"¢’ with ¢ ¢ M,.

Because M; is a prime ideal ¢’ f] ¢ M, and hence (X — a;)P™"¢' f! # 0.
This implies that Ly, (g) = fig = (X — a;)?*"¢' f/ # 0, a contradiction
which implies (63). Hence we obtain

(64) R = Kg[[X])/ < h >

Clearly K C R; foreach? = 1,2,...,m and hence each R; is an equichar-
acteristic rmg (see [9], Ch- VIH, §12, p.304). Now by (64) and Corollary
2 each < h) > is the prime ideal and R; is an integral domain. By
Corollary 1 and (62) each R; is principal local ring. Then each ideal in

R; is a power of M;, where M; is the unique maximal ideal in R;. Since
the dimension of R; is one and M; is generated by one element each R;
is regular (see [9], Ch-VIII, §11, p.301). Now using Corollary from [9],
Ch-VIII, §12, p.307, we obtained that each R; is isomorphic to K;[[Y;]],
where in our case K; = R;/M; = Kg[[X]]/M;. Since Kg[[X]] is the
completion of ring of polynomials K[X] with respect to filtration de-
fined by the ideals < u,, >,n € N, K[[X]]/M; = K[X]/ < X — a; >
K and we obtain

(65) R; =~ K[[X]].

Now by (65) and (62) it follows that Kg[[X]] = @ K[[X]]. O
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Theorem 5. Suppose S = {a,}n>1 is a sequence of elements of K
such that Ig is a finite set. If s, m, nq, ...,ng are the invariants of S,

then Kg[[X]] = 5191 K[X]/ < X™ > @i@l K[[X]].

Proof. By Remark 1 we may suppose that S has canonical form.
Now the theorem follows by Theorem 4 and Lemma 7. [I.
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