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ABOUT THE EQUIVARIANT K- THEORY

Cristian N Costinescu *

Abstract

The purpose of this paper is to set down the basic results about Atiyah-Hirzebruch spectral
sequence in equivariant K-theory (most of them can be found also in [3], [5] and [7]). One
application of this spectral sequence is the finiteness theorem of Segal (see [8]) and we present
here a complete new proof of this result.
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1. Introduction

We shall have to start with a collection of definitions and simple results
concerning the equivariant K — theory.

Let G be a topological group, then a G — space is a topological space X
together with a continuous action GxX — X satisfying the usual conditions. A G —
vector bundle ( or an equivariant bundle) on X isa G —space E together witha G —
map p: E — X such that:

a) (E,p,X)isacomplex (real) vector bundle on F;

b) forany ge G and any xeX the group action on fibres £ —E  isa
homomorphism of vector spaces.
One can construct a general cohomology theory by using the equivariant vector

bundles on G — spaces: the set of isomorphism classes of G — vector bundles on X forms
an abelian semigroup under the direct sum. The associated abelian group is noted by

K (X): its elements are formal differences E, —E, of G — vector bundles on X, modulo

the familiar equivalence relation ( see [8 ] ). The tensor product of G — vector bundles
induces a structure of commutative ring in K (X).

In the rest of this paper I shall assume that G is a compact Lie group; let U =
(U,),es afinite covering of the compact G —space X, by G — stable closed sets and one
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denotes by V,, the nerve of U: the finite simplicial complex whose simplexes are the
finite subsets 4 S such that
U,= ﬂ U, is non-empty.

acd

Then
Wy=w&x U)= U(UAX|A|)

is a subspace of the product X x | N, |, where by | N, | one denotes the geometrical

realization of the nerve NN, . Because W), isclosedin X X | N, | then it is a compact G
— space.

If (f, 0): (X, U) > (Y, V= (V;)s) isamorphism (ie.f: X — Y isa G~
map and 6: S — T such that /' (U,)cV ,,, forany a €S) itis obviously to see that

the product map f X | 6?| applies W (X, U) into W (Y, V). We have the following two

simple results (see [2]):

Lemmal. Let (f, 6,), (f, 6,): (X U)— (Y, V) be two morphisms ; then the

induced maps W (X, U) — W (Y, V) are G — homotopic.
Proof. Using the above definition we can define the homotopy

hi|Ny| 10,11 |N, |
by the formula: 2 (ax, )= (1 -1) 6, +¢ 6, forany « e|NU| and te [0, 1]; one finds
that the induced applications f x | 6, | and f x | 6, | are G —homotopic by the map
(f,h): WX U) x[0,1] = W(, ) O

Using the universal property of the direct product and the fact that K, is a
contravariant functor we obtain:
Lemma 2. Let Y be a compact G —space, (V,),.s a finite covering of Y by

G — stable closed sets, and one considers the following notations:

Y,=Y,nY, Y, =\JY,.Y'=J7..
Lra a
Then there exists the relative homeomorphism
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IR AEIR S

which induces the isomorphism in equivariant K — theory:

Koy, Yy =[] K;(%,.Y,)

aeS

Using Lemma 1 and fixing the pair (X, U) one can omit the index U for the
spaces W, and N, because the map K 2 w (@, V) - K 2 (W (X, U)) does not
depends at the choice of the morphism (f, @) : (X, U) — (Y, V).

Proposition 1. The projection onto the first factor p:W — X induces the
isomorphism

Ko(X)— Kg (W)
Proof. Let a filtration of the space X by G — stable closed sets

X=X,0X,D.0X, D..
where X is the subset of points of X which are contained in at least r+1 of the sets
U, . Define also
w=p" (X)= {J WU, x[4)ew

dimA4 >r
and one considers the following diagram:
T W \uxl4 - ww,

r+l
dimA4>r
J J
1w, vy - x\x,

dimA4 >r

20


Galaxy
Text Box
20


ROMANIAN JOURNAL OF MATHEMATICS AND COMPUTER SCIENCE, 2012, VOLUME 2, p.18-27

where U ;1 =U,NX,,,. The horizontal arrows are homeomorphisms (using Lemma 2)

and the vertical arrow on the left is a homotopy — equivalence because |A| is contractible.
This implies that the induced morphism
p K (X \X

r+l

) > K (WAW,.,)

is an isomorphism - i.e. K, (X,, X, )=K,(W.,W.,,).
Using now the exact sequences associated to the triples (X, ,X,,X,. ),
respectively (W,_ ,W_,W ) it follows that
Ko (X, X) Ky (W, W,)
is an isomorphism for all r; after a little manipulation (for a great number » the spaces
X, and W are empty) one obtains the desired result

P KL (X)—> K, (W) o

2. The spectral sequence

We shall associate to the space W, a filtration by G — subspaces:

such that K, ; (X)—>K ; (W,,) is an isomorphism (see Proposition 1) and when V is a

refinement of the covering U there exists a G — map W, — W, respecting the
filtrations and the projections on to X.
If g: W —> |N | is the projection onto the second factor we define W7’ as his

,l.e.

inverse image of the p — skeleton of |N

wr=|J WU,x4)) .

dimA4<p

Using the method of Cartan — Eilenberg ( see [4 ] ) to the above filtration of W
there corresponds the Atiyah — Hirzebruch spectral sequence:
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Theorem 1. To the finite covering U = (U,),.s of the compact G — space X

by G — stable closed sets there exists a spectral sequence terminating in
Ko (X)=Kg(W,):
EP'=H' (N,Kg(U)) = Kq (X)
where K, (U) denotes the coefficient system: A—>KZ& (U ).
Proof. Firstly we define a filtration of K (W) by:
(K, (W), =Ker (Kg, (W)= K, (W) =Im (K, (W, W) > K, (7))

thus K. (W) is a filtered  ring in the sense that
(Ko (W), (Ko (W), = (Kg(W)),,,

construct the spectral sequence by setting:

(see [8] pag. 145-146) We are going to

" =Tm(K (WP, wet ) > K, (WP, we)

B’ = Im(Kg(Wpl,Wpr)i KZ(W",W‘”)j

and E’ (W)= Z!/B?,where 0 is the differential from the exact sequence associated
to a triple.
Because the graduation of K; (W) is compatible with the above filtration one

can introduce on the terms £ a bigraduation by setting:

ZP9=7" KL, BP =B’ NKL" and E"'= Z"% /B’
Then the differential is
. TPsq p+r,q—r+l
d :E" —>FE!

with EP?=K2" (W ,W""). But the covering U has finite dimension, so there exists

an integer p such that W7”= W and then we obtain the infinite term of the spectral
sequence:

En = (Ko (W), K5 (W),
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(analogous with [4], lemma 1.1, pag. 316)

Using now the Proposition 1 it follows that the above spectral sequence is
convergent to K:; (W)EK:; (X) and the terms EJ? are just the p — cohomology of
the complex

KLWY KW W) —> > KT WP W) — ...

On the other hand there exist the isomorphisms:

ke ez T K29 W, x4) = ] KeU,)=C" (N;KL(U))

dimA4=p dimA4=p

where one denotes by A the interior of the simplex |A| and by C”(N,K( (U)) the

complex of p — cochains of the nerve N with coefficients in the system K¢ (U). The
first isomorphism is induced by the relative homeomorphism
I W, x a)y»wrwr!
dimA=p
(using Lemma 2 ) and for the second one we just use the definition of the group K[ (U)

(see [2]).

It remains to show that the differential
dEP=KZ (WP WP ) EFM =K (wr wr)

associated to the triple (W?”*' ,W” W?™) is corresponding to the differential of the

above complex of cochains of the nerve N.
Using Lemma 2 we obtain the following isomorphisms:

Kerwrwrh= T K6 U, x4

dimA=p

U, X‘Z‘)
and

K2 (U, x|4 U x(B[\4))

U, X‘Z‘);Kg“f U, X‘E
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where B isa (p+1)— simplex of the nerve N and by ‘Z‘ one denotes the boundary of

the simplex A4 which is a face of B. We shall also use the differential associated to the

triple (UBx|B ,UBX‘E ,UBX(‘E‘\;I))Z

K2 (U, x[B|.U, <(B\ ) > Kz U, x|B

U, x[B)).

Then the desired compatibility of differentials follows from the diagram:

W W = KEw ) s KT
" " 0
D> KMUNAUGD=E — KZUU | B G
= = =
c— Ki(Gy) = K4y

B)

where one denotes C= K/ (U,), D=K ", ><|A

,UAX‘Z‘) ,

E= K (U,x ‘E U, x(‘E‘ \ A)) . All the rectangles of the above diagram commute,

except the right bottom rectangle: this one commutes, anticommutes or is degenerated if
the orientation of the p — simplex A is the same with the orientation of the (p+1) —
simplex B of the nerve N, respectively the orientations are different or 4 is not a face of

the simplex B. Thus we have that the map d, is just the differential of the complex of

cochains of the nerve M. m
More generally we have:

Theorem 2. If - X > Y isa G - map between two compact G — spaces and the
group G acts trivially on Y, then there is a spectral sequence

EM=H"(Y;K% f)= K ;(X)
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where K . f is asheaf whose stalkat y €Y is Kl ().
For a proof of Theorem 2 I refer again to [5].

3. A finiteness theorem

The Atiyah — Hirzebruch spectral sequence has many interesting applications and
one of them is the following finiteness theorem.
Definition. A G —space X is locally G — contractible if each point x€ X has an

arbitrarily G - stable neighbourhood which is G _ - contractible to x (where by G_ one

denotes the isotropy or stabilizer group of x).

For example, a differential manifold X on which a compact Lie group acts
smoothly, is locally G — contractible.

Now one can prove the following useful result:

Theorem 3. (see [8]).If X is alocally G — contractible compact G — space

such that the orbit space X/ G has finite Lebesgue dimension (see [ 1] ), then K:; (X)

is a finite R (G ) —module (where R ( G ) is the representation ring of the compact Lie
group G ).
Proof. Let m:X—>X/G be the projection on the orbit space; using the

Theorem 2 for Y=X/G one obtains a spectral sequence terminating in K :; (X):

EP'=H"(X/G;K%Ln)= K (X)
where K[! 7 isasheafon X/ G whose stalk at an orbit xG is R(G,) if g is even
and K/ 7 =0 if g is odd ( for details see [8] and [5]).

Firstly one shows that H” (X /G;K [, ) are finite R (G) — modules and so it

suffices to prove the theorem.
Because X is locally G — contractible, for each orbit xG there is a small

neighbourhood ¥ such that K:; (V) = R(G,), which is finite over R (G) if g is

even (see Proposition 3.2 in [9] ). Now we choose a finite covering €2 of the orbit
space by small open sets V' such the above isomorphisms are satisfied; but there exists

the isomorphism: H (Q;K:; ) ——H (X/G;K:; ) ( see for example [6]) and
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because the space of orbits has finite Lebesgue dimension that means
H”(X/G;K_ ) arefinite R (G)—modules.

Using the same assumption about the dimension of X/G one can prove that the
associated spectral sequence is convergent:

H? (X/G;K%7m)= K ,(X)

On the other hand E)?=0 if p <0 or if ¢ is odd and this implies that
EPi=F" =0 forall r 22 if p<0 or if ¢ is odd. Then we have:

Im( E 7 S EY y=Im (E" P S EP™ =0 forall » > 2 and p > 0;

r+p r+p

this implies that By**= B/"=...= B”? forall p, q €Z and so we obtain the

monomorphism E??c E? using the following sequence of inclusions and equalities:
pP.q _ p-.q P9 _ P-4 p-.q
ES'= E"D E)'= ES'D ... DECY .

But the ring R(G) is noetherian (see [9]) and because
EYM=H"(X/G;K L) are finite R (G)— modules it follows that the infinite terms
are also finite modules.

On the other hand, in the filtration of K2 (X):

KG (X)= (K5 (X)), 2 (K5 (X))o ... (K5 (X)),D ...

there exists a natural number k such that (K (X)), =0 forany p>k and using now

the definition of the infinite term E}*= (K™ (X)), / (K;™ (X))

following exact sequences:

»u1 We have the

0> (KL(X)), > KL(X)—> EX -0
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0 - (K& (X)), - (KG(X), » ES -0

0— (KL(X)), —» (KL(X)),, —» EM™ S0

0> (KL(X)), = EN' >0

Because the finite R (G) — modules are noetherians and they form a Serre class it
follows that K! (X)) are also finite R (G)— modules.

O

Remark. The hypothesis that the space of orbits X / G has finite Lebesgue
dimension is satisfied in the case of a smooth G — manifold because X/ G is then a finite
union of open manifolds.
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