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ON A GENERALIZED GAUSS CONVERGENCE CRITERION
ILEANA BUCUR

ABSTRACT. In this paper we combine the well known Raabe-Duhamel, Kummer,
Bertrand . .. criterions of convergence for series with positive terms and we obtain a new
one which is more powerful than those cited before. Even the famous Gauss criterion,
which was in fact our starting point, is a consequence of this new convergence test.
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1. PRELIMINARY AND FIRST RESULTS

It is well known that the sequence ((1 + 2)"),>1 (resp. ((1 4 1)"™),>1) increases (respectively
decreases) to the real number e = 2,73.. ..
Sometimes is useful to rephrase this assertion in a more powerful form:

Lemma 1. The function f (resp. g) defined by

f(z) = <1 + i)z (resp. g(x) = (1 + i)xﬂ), x € (0, 00)

is increasing (resp. decreasing) to the real number e when x tends to co.

Notations. The function F; : (—o0,00) — (0,00) given by Ej(z) = e” being increasing, bijective and
continuous (in fact £y € C*°(R)), the functions E,, p € N*, inductively defined by
Epii(x) = Er(Ep(x)) = Ep(Er(z)) = (EroEyo Eyo...0 Ey)(x)

p+1 times

belong also to the class C*° and we have
Ei(R) = (0,00), E2(R) = E1(0,00) = (1, 00),
E3(R) = El(l,OO) = (6,00), E4(R) = 1(65 OO) = (ee,oo),
E5(R) = Ey(ef,00) = (¢, 00) ...

Let us denote by A1, As, ..., Ap, ... the elements of Ry given by A; =0, Ay =1=FE1(41), Az =e=
El(AQ), A4 =e¢ = El(Ag) N Aerl = El(Ap) e

Obviously we have 0 = A4; < Ay < A3 < Ay < ... < A, < Ap41 < ... and the functions
Eq,Es,...,E,... defined on the interval (—oo, 00) belong to the class C*>°(R), they are strictly increas-
ing and Ej(—o00,00) = (0,00) = (A41,0), Ea(—00,00) = (1,00) = (Ag,00), E3(—00,00) = (As,00),

B Ep(fooa OO) = (Apa OO)
One may show inductively that
E (x) = Ey(z)Ea(x) - Ep(z), Vp>1
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and therefore, if we denote by [, the inverse of the function Ej, [, : (4,,00) — (—00,00), the function [,
belongs to the class C*°(A,, oo) and we have

EqoE,=E,0E,=Ey.,, E,'oE/'=E/'oE'=E]

q P p+a-
Hence, for any ¢t € E,44(—00,00) = (Aptq, 00) we have

E L) =E o ES () = B o BN (1);

pt+q
lptq(t) = (Ip 0 lg)(t) = (Ig 0 1) ();
I(t)

Eq(lqﬂ?(t)) = Eq(lq(l () =
and therefore
t€ (Apiq,00) = 1 (1) = ! = ! =
pha 20 pta E;/)+q(lp+q(t)) (EIEQ e Ep-ﬁ-q)(lp-‘rq (t))
1 1
E, (lp+q(t))E2(lp+q(t)) Tt Ep+q<lp+q(t)) ; lp-i-q—l(t) ’ lp+q—2(t) (1) - t’
I(t) = L Vi€ (A, o00).

tli(t) - Da(t) o i (E)

We remark also that for any p > 1, p € N we have
(Api1,00) = (0,00) and 1 (Apy2,00) = (1, 50).
We shall denote by Ay, k € N*, the function defined on (A, c0) given by
Ap(z) =lp(x + 1) — lp(x).

Lemma 2. a) For any x € [e,00) = [A3,00) and any y > x we have
Ly _y

11(1‘) - 5
b) For any x € [Ajy2,00) and any y > x we have

Uk (y)
k()

<
X

o~

Proof. a) If we denote u = l;(x), v =13 (y) we have 1 < u < v and therefore

l _ v
W) v v e €Y
li(z) wu u er  x

b) The inequality may be done inductively. For k = 1 the assertion b) is just the assertion a). We
suppose that for k > 1, x € [Agy2,00), y > x we have

le(y) <Y
lk(z) —
If # € [Agys,00) and y > = we have l1(x) € [Agy2,00) C [As,0), l1(y) > l1(x) and therefore by the
hypothesis we have

(i (y))
k(li(z))

l(y)

L (x) -

< <

H\@

Lemma 3. For any k € N* and any x € [Ap41,00) we have
(z+Dlh(z+Dla(x+1) ... lg—1(z + 1) Ag—1(2)
lk_l(l‘)

0< —1< =2k

8=
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Proof. Taking k € N*, x > A1 and applying Lagrange Theorem we deduce the existence of a real
number z’ € (z,z + 1) such that

1
Ap_ =lp_ 1) — lx_ = .
e () = bealo 1) = b (0) = o @) @)
If we denote
1 1 1)« g 1A, _
For(z) = (z+ Dl (x4 1)la(x 4 1) k—1(7 + 1D)Ag_1 () .
lk,l(x)
we have
z4+1 hLxz+1) L+1) lg—o(z+1) lp_1(z+1)
Fra(z) = ——- - y R - -1
x ll(l‘ ) lg(l‘ ) lk,Q(.T ) lk,1($)
Since the functions Iy, s, ..., l;_1 are positive and increasing on the interval [Ag1, 00) we deduce that
the function Fj_; is positive on the interval [Aj11,00) and moreover we have
1 1 1) 1 1 I 1
0< Fr_i(x) < vl @+ 1) . 2@ +1) . 1@ +1) —1.
x I (z) lo(x) lg—1(x)
We apply now Lemma 2 and we obtain
1 1 1 1 _ 1 1
i=1+—, M §1+,7.__,lk1<$)§1+,7
x x li(x) x lg—1(2) x

1\* 1Y 1.
L <(14=2) =1= 7 (=) <=2 ¢! <=2k O

We remember now, under a convenient form, the well known Raabe-Duhamel and Gauss criterions of
convergence (or divergence) for the series with positive terms (see [1] or [2]).
From now on »_ a, will be a series of real numbers such that a,, > 0 for all n € N.

an

1
Raabe-Duhamel divergence criterion. If < 1 + —, for n su-
Ap+1 n

fficiently large, then the series Y a,, is divergent.

Raabe-Duhamel convergence criterion. If a € R, a > 1 and for n sufficiently large we have
a o
— > 14 — then the series > ay, is convergent.
Ap+1 n

Gauss divergence criterion. If there exist « € (1,00) and a (positive) real number M such that
Qp

1 M
<14 —+ —, for n sufficiently large, then the series > a, is divergent.
An+1 n ne

Gauss convergence criterion. If there exist r € (1,00), a € (1,00) and M a (negative) real number

a
such that —=

r
> 14 — + — for n sufficiently large, then the series > a, is convergent.
Ap41 n ne

Kummer divergence criterion. If (k,) is a sequence of real numbers, k,, > 0, for alln € N such

that the series Y — is divergent and we have
n n

Qn

kp -

- kn+1 S 0
An+41

for n sufficiently large, then the series Y a, is divergent.
n
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Kummer convergence criterion. If (k,), is a sequence of real numbers k, > 0, for alln € N and

if there exists a > 0 such that
an

k-

—k 1 Z o
an+1 e
for n sufficiently large, then the series Y a, is convergent.

Remark 1. If instead of the above sequence (kj), of positive numbers we take k, = nlnn or
k, = nlog, n, where a € (1,00), we obtain so called Bertrand criterion.

Remark 2. Even Gauss criterion is a consequence of Bertrand criterion.

Remark 3. The sequence (kn)n>4,,, of positive real numbers given by

kn =nli(n)la(n) - ... lp(n), n > Apt1

1
is increasing and the series > — is divergent. Here p € N is arbitrary, p > 1.
n>App1 Vn

2. THE MAIN RESULT

From now on we shall use the notations from the preceding section, > a, will be a series of real
number, a,, > 0 for all n and p will be a natural number, p > 1.

Theorem DT, (p - divergence criterion). If we have

G 1 1 1 1
<1+-—+ + o+ :
nt1 — n  nli(n)  nli(n)la(n) nli(n)lz(n) - ... l(n)
for n sufficiently large, then the series Y a, is divergent.
1
Proof. Let k, = nli(n)la(n) - ... - ly(n) for n € N, n > A,1;. We know that the series > P is
divergent. We try to use Kummer divergence criterion. We have o
k- a“" g1 < (A D(lada o L)) + (lals - oo L) () + (Isly - . 1) (n) + ...
n+1
o+ ol )+ L)+ 1=+ D)l l)(n+1) =
= [(n + 1)(l1(n) — l1<’l7, + 1)) + 1] . (Zglg CI lp)(n)—i—
+Hn+1h(n+1)(la(n) —la(n+1) +1] - (Isly - ... 1p)(n)+
+Hn+1Dh(n+Dle(n+1)-...- lioa(n+ 1) ({s(n) —ls(n+ 1)) + 1(lsg1lsq2 ... - lp)(n)+
+..o+n+ )l )+ D) (lp—i(n) — lp—1(n+ 1)) + 1] - I (n)+

i+ (s . lpes) 4+ V(L) = Ly(n+ 1) + 1.
Obviously ls(n) > 0 for all s < p and any n > A,11. To finish the proof it will be sufficient to show
that
(m+D(hle-...- ls—1)(n+1)(Is(n) = ls(n+1))+1 <0, Vn> Ayyq.
This inequality follows applying Lagrange Theorem, namely there exists x, n < x < n + 1 such that

1
L(n+1) = ls(n) = — (hly - ... ls_1)(x)

and therefore

m+1)(le-... - ls—1)(n+1) - (ls(n) = ls(n+ 1))+ 1=

_(n+1>.l1(n+1)'lg(n+1). lsm1(n+1)
x I1(x) la(x) 77 lsq(x)

+1<0. (]
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Theorem CT, (p - convergence criterion). If there exists o > 1 such that
LS S S S ! + 2
Ant1 n o nli(n) 7 nli(n)la(n) ... l—1(n)  nli(n)la(n) ... l(n)’

for n sufficiently large, then the series > a, is convergent.

Proof. Using the same sequence (kj), we shall use again Kummer (convergence) criterion. We shall
try to show that for any n € N, sufficiently large, we have

A, a—1

kn - —kpy1 21 >0, Wherer:T.

Ap+41
From the calculus performed in the proof of Theorem DT}, we have

K, - aail — Eong1 > [(n 4+ D (n) — L+ 1)) + 1)(lals - ... ) (n)+
+i[(n F 1) (s L) (4 1) s(n) — Lo+ 1)) + 1] - (agaloga - - - L) (n)+

Hn+1)(la ... lp—1)(n+ D)(lp(n) = lp(n+ 1)) + 1] + 2r.
To finish the proof it will be sufficient to show that
nlin;o[(n + (s lm)(n+ D) (s(n) —ls(n+ 1) + 1] - (logalsqo ... - 1) (n) =0
for s € {2,3,...,p— 1} and
lim [(n+1)(li(n) —l(n+1)) +1](ls ... Ip)(n) =0=

n—oo
= lim (0 + 1) (01 -~y ) (D) (Ip(n) — Lyl + 1) + 1],
For our purpose we shall use the above Lemma 1 and Lemma 3. We have

0< (4 D)(lals - lo_y)(n+ D(Iy(n+ 1) — ly(n)) — 1 =
=+ )(lals ... ly_1)(n+ 1) (zl (ll("“)» 1=

ls_l(n)
ls—1(n)

o (n—Fl)(leQ . ...-ls_l)(n+1)As_1(n) ) As—l(n) A1 (n) _
et [ o)

ls—1(n)

(n + 1)([1[2 e ls_l)(n + 1)As_1(n) B As_l(n) As—1(n)
= < ls—1(n) 1) h (H ly_1(n) ) =

<o

and therefore, if n > A, 1, the following inequality holds
0<[(n+)(lle-... - o) (n+D(ls(n+1) = Ls(n)) = 1(ls41 - ... - Ip)(n) <

(o 1) ()

S 25 .
Hence
lim [(n+1)(Lilz-...- ls—)(n+ D(ls(n+1) —ls(n)) = 1](lsg1 - ... - Ip)(n) = 0.

n— oo

In a similar way one can show the assertions

nh_)rr;o[(n + D)y o) (n+ 1) (Ip(n) = ly(n+ 1)) — 1] = 0.
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a
Hence k, - —— — kp41 > r for n sufficiently large. a
an+1

Theorem LT, . If there exists the following limit

l:= nh_{r;() n(lily ... L) (n)(

then the series > a, converges for 1 > 1 and diverges for 1 < 1.
n

3. EXAMPLES AND COUNTEREXAMPLES

In this part we establish some relations between different convergence (or divergence) criterions for
series with positive terms.

Notations. If C',C" are two criterions of convergence (or divergence) for series Y a,, with a, > 0 we
say that C” is stronger than C' and we write C' < C", if the conditions in which C"" acts are automatically
fulfilled whenever the conditions in which C’ acts are fulfilled.

Proposition. If we denote by CR, CG (respectively DR, DG ) the Raabe convergence, Gauss conver-
gence (respectively Raabe divergence, Gauss divergence) criterions then we have

CR<CG<CTI<(CTy < (CTz < ...<:(77; < CﬂIb+1 < ...
DR< DG < DTN < DTy < DIs < ... < DT, < DT11 < ...

Proof. From the inequalities

1+l<l+l+%<l+l+;<1+l+ L + 1 <...
n - n  ne " n  nli(n) ~ n o nli(n)  n(lil)(n) —
...<1+l+ L + ! + L + ...+
- n o nli(n)  n(lil)(n)  n(llls)(n) n(lly ... 1) (n)

for any a > 1, M > 0 and n sufficiently large, n > A,;, we deduce that
DR < DG <DTy < DT, < ... < DT,

Some examples will show that these inequalities are strict.
If b1,bs, ..., by are real numbers we shall denote by TI b; their product by - bg - ... - bg.
i<k

Let us take the sequence (ay,), in Ry given by

((n — 1)))?

Ap =

[T A+k+k2)
k<n—1
We have
an n?4+n+1 1
Ap41 n n n

D@ criterion decides the divergence of the series > a,, but DR criterion doesn’t it. Hence DR < DG.
Let now b,, € Ry given by

(n— 1)(In(2))(In(3)) - ... - (In(n — 1))

by = s > 3.
(1+3In2)(1+4m3)-...-1+nnn—1) "
We have by 1+ (n+1)In(m) 11
n +(n+1)nn
= :1 - .
bnt1 nln(n) * n * nln(n)
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By DT - criterion the series Y by, is divergent. In the same time if we take @ > 1 and M > 0 we can

n>3
not have the inequalities
by, 1 M
<14+ -4+ —
brnt1 n  n¢
1

M
——— < — fails for n sufficiently large.
nln(n) — no

Hence DG - criterion does not decide the nature of the series Y b, i.e. DG < DTj.

Let now p € N, p > 2 and ng € N be the smallest natural number greater than A, 1, defined in Section

1. We consider a sequence (by,)n>n, inductively defined by
bny =1,

T+ A+ D)l b))+ (als - L) () + (sly .. - L)(n) + ... + Lp(n)”
Obviously b, > 0 and

at least for a sufficiently large n because the inequality

bn+1 = bn

bn, 1 1 1 1
=14+ ———+...+ + :
bn+1 n nll(n) n(lllg LE—— lp_l)(n) n(1112 La— lp)(’fl)
Using DT, - criterion we decide that the series > b, is divergent. Since
n>no
1 1 1 by,
14+ =4 ——+... + < , Vn > ng,
n ' nli(n) n(lly - lp_1)(n) b1 0
the DT, - criterion does not decide the nature of the series > b,, i.e. DT,_1 < DT,. From the
n>ngo

preceding considerations we get DR < DG < D17 < DTy < ... < DT,

We show now that CR < CG < CT; < CTs < ... < CT,,.
The relations CR < CG < CTj are obvious.
For an arbitrary p € N, p > 1 we consider a series Y a,, for which there exists « > 1 such that

NS P Ly ! + =
ant1 n o nli(n)  n(lil)(n) 7wy lo)(n) o n(lily .- L) ()
Since
an 1 1 1
limn(lily-...-1 -1l1--———— - | >
(Ll p+1) (am_l n  nli(n) n(ly«...- lp)(n)> -

we have for n sufficiently large

U o o n 1 n 1 P 1 n 2
ny1 no nli(n) T n(lo..ol)n) n(ly e lper)(n)

Hence CT,, < CTp41, CRSCG < CTy <CTy, <... < CT,,.

The fact that we have strict inequalities before, may be shown by some examples. More precisely we
consider p € N, p > 1 and for any n > [A,41] + 1 = ng let b, € Ry given by

bn, =1,
b — . n(lle ... 1,)(n)
ntl " 24 0,(n) 4+ (p-1lp)(n) + oo+ (s L) () + (n 4+ D) (lila ... 1) (n)
We have
b SN ! +.o+ ! + 2
bnt1 n  nli(n)  n(ll)(n) n(lile ... lh—)(n)  n(l-...-1)(n)
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and therefore using CT), - criterion the series ) b,, is convergent. In the same time there is no o > 1
such that

b 1 1 1 1 @
—=21l+—+ + +. +
bn+1 n nh (n) n(lllg)(n) ’n(lllg e lp,g)(n) n(1112 tae.t lp,l)(n)
at least for n sufficiently large. Hence C'T,,_; - criterion does not decide the convergence of the series
dby ie. CT,_1 < CT,.
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