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ABSTRACT. This paper deals with the complex oscillation of differential polynomials
generated by meromorphic solutions of the differential equation

FO+ Aa () SV 4+ A () 1+ Ao () f =0,

where A4; (z) (i = 0,1,--- ,k — 1) are meromorphic functions of finite [p,g]-order in the
complex plane.

Mathematics Subject Classification (2010): 34M10, 30D35.
Keywords: Linear differential equations, Differential polynomials, Meromorphic solu-
tions, [p,q]-order, [p,q]-exponent of convergence of the sequence of distinct zeros.

Article history:

Received 4 February 2015

Received in revised form 6 May 2015
Accepted 6 May 2015

1. INTRODUCTION AND PRELIMINARIES

In this paper, a meromorphic function will always mean meromorphic in the complex plane C.
Throughout this paper, we assume that the reader is familiar with the fundamental results and the
standard notations of the Nevanlinna’s value distribution theory (see [9], [25]). A meromorphic function
¢ (2z) is called a small function with respect to f (z) if T (r,¢) = o (T (r, f)) as r — 400 except possibly
a set of r of finite linear measure, where 7' (r, f) is the Nevanlinna characteristic function of f.

To express the rate of fast growth of meromorphic functions, we recall the following definitions. For
the definition of the iterated order of a meromorphic function, we use the same definition as in [13], ([6],
p. 317), ([14], p. 129). For all r € R, we define exp; r := e" and exp,,, ; 7 := exp (expp 7‘) ,p € N. We also
define for all r sufficiently large log, r := logr and log,,, r := log (logp 7") , p € N. Moreover, we denote
by expy 7 :=r, logyr :=1r, log_, r :=exp, r and exp_; r := log; r.

Definition 1.1. ([13], [14]) Let f be a meromorphic function. Then the iterated p—order p, (f) of f is

defined as

oo (f) = lim sup 222172 )

(p > 1 is an integer).
r— 400 log r

If f is an entire function, then the iterated p—order p, (f) of f is defined by

10 T T, 10 M T,
pp (f) = lim supM = lim Supgl"*‘l—(f)
r—+o0 log r o too log

)

where M (7, f) = max|,—, | f (2)|. For p = 1, this notation is called order and for p = 2 hyper-order.
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Definition 1.2. ([13]) The finiteness degree of the order of a meromorphic function f is defined as

0, for f rational,
min{j € N: p; (f) < +oo}, for f transcendental for which
some j € N with p; (f) < +oo exists,
+00, for f with p; (f) = +o0 for all j € N.

i(f) =

Definition 1.3. ([4], [21]) The iterated p—type of a meromorphic function f of iterated p—order p, (f)
(0 < pp (f) < o0) is defined as
lo T (r,
7p (f) = lim Supgpfii(éf) (p>1 is an integer).
rPp

r—-+oo

Similarly, the iterated p—type of an entire function f of iterated p—order p, (f) (0 < pp (f) < 00) is

defined as
log M (r,
Tarp (f) = lim supgpi(f) (p>1 is an integer).
’ r——400 rPp(f)
Definition 1.4. ([13]) Let f be a meromorphic function. Then the iterated exponent of convergence of
the sequence of zeros of f (z) is defined as

log, N (r, %)
Ap (f) = limsup———+

(p>1 is an integer),
r—+o0 10g T

where N (r, %) is the integrated counting function of zeros of f(z) in {z : |z|] < r}. For p = 1, this
notation is called exponent of convergence of the sequence of zeros and for p = 2 hyper-exponent of
convergence of the sequence of zeros. Similarly, the iterated exponent of convergence of the sequence of
distinct zeros of f (z) is defined as

X (f) = nmsuplogpr (

p>1 is an integer),
r— oo log r

where N (r, %) is the integrated counting function of distinct zeros of f (2) in {z : |z| < r}. For p = 1, this
notation is called exponent of convergence of the sequence of distinct zeros and for p = 2 hyper-exponent

of convergence of the sequence of distinct zeros.

Definition 1.5. ([13]) The growth index of the convergence exponent of the sequence of the zeros of
f(2) is defined by

0, if N (7“, %) =0 (logr),
ix(f) = min {j € N, \; (f) < oo}, if some j € N with ; (f) < oo,
+o00, if A, (f) = oo for all j € N.

Remark 1.6. Similarly, we can define the growth index of the convergence exponent of the sequence of
distinct zeros ix(f) of f(2).

Consider the complex differential equation

(1.1) Ff® LAz f=0

and the differential polynomial

(1.2) gr =dif® + d1 fEY 4 dof,

where A (z) and d; (z) (j =0,1,---,k) are meromorphic functions in the complex plane.
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Recently, many articles focused on the study of the complex oscillation theory of solutions and
differential polynomials generated by solutions of differential equations in the unit disc and in the complex
plane C, see ([4], [7], [8], [15], [16], [17], [18], [19]). In [4], the author and Z. Latreuch investigated
the growth and oscillation of differential polynomials generated by solutions of (1.1), and obtained the
following results:

Theorem 1.7. ([4]) Let A(z) be a meromorphic function of finite iterated p—order. Let d;(2)

(j=0,1,--- k) be finite iterated p—order meromorphic functions that are not all vanishing identically
such that
0,0 Q10 - . Og_1p0
@01 1.1 B Q1,1
h = . . .o . £ 0,
@ok—1 1 k-1 - - Okp_1k—-1

where the sequence of functions oy j (j =0,--- ,k —1) are defined by

N gt i, foralli=1,--- k-1,
"J aE)’jfl — Aag_1-1, fori=0

and
R dia foralli:]_7...’k_1’
e do — diA, fori=0.

If f (%) is an infinite iterated p—order meromorphic solution of (1.1) with ppy1 (f) = p, then the differ-
ential polynomial (1.2) satisfies
pp (9f) = pp (f) = o0
and
Po+1(95) = pp1 (f) = p-
Furthermore, if [ is a finite iterated p—order meromorphic solution of (1.1) such that

pp (f) > max{p, (A),pp (d;) (j=0,1,---,k)},
then
Pp(gf)zpp(f)~

Theorem 1.8. ([4]) Under the hypotheses of Theorem 1.7, let ¢ (z) # 0 be a meromorphic function with
finite iterated p—order such that

@ 1,0 - k—1,0
o (o T ¢ R S
b (z) = k-1 alg—1 - - Qk—1k—1
h(z)

is not a solution of (1.1), where h #0 and oy ; (i =0,..,k—1;5=0,--- ,k — 1) are defined in Theorem
1.7. If f (%) is an infinite iterated p—order meromorphic solution of (1.1) with ppy1 (f) = p, then the
differential polynomial (1.2) satisfies

Ap(gr —©) =X (g5 —p) = pp (f) =00
and

A1 (95 = @) = Xpr1 (97 — @) = pp41 (f) = p-
Furthermore, if [ is a finite iterated p—order meromorphic solution of (1.1) such that

pp(f) >max{pp(A)7pp(‘p)vpp(dj) (]:O,l, 7k)}a
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then

Ap (97 —®) =X (g7 —®) = pp (f) -

In ([11], [12]), Juneja, Kapoor and Bajpai investigated some properties of entire functions of [p, ¢l-
order and obtained some results concerning their growth. In [22], in order to maintain accordance with
general definitions of the entire function f of iterated p—order ([13], [14]), Liu-Tu-Shi gave a minor
modification of the original definition of the [p, ¢]-order given in ([11], [12]). By this new concept of
[p, g]-order, the [p, g]-order of solutions of complex linear differential equations (1.1) was investigated in
the unit disc and in the complex plane (see, e.g. [1], [2], [3], [5], [10], [20], [21], [23], [24]). Now, we
shall introduce the definition of meromorphic functions of [p, g]-order, where p, ¢ are positive integers
satisfying p > ¢ > 1. In order to keep accordance with Definition 1.1, we will give a minor modification
to the original definition of [p, ¢]-order (e.g. see, ([11], [12])).

Definition 1.9. ([21]) Let p > g > 1 be integers. If f (z) is a transcendental meromorphic function, then
the [p, ¢]-order of f (z) is defined by

log, T'(r, f)
= limsu —r -7
Pl (/) = limsup =0

If f is a transcendental entire function, then the [p, g]-order of f (z) is defined by

log T(Tv f) log 1 M (Tv f)
=1 op T VI —optl T VI
Pip.a) () rlm s+uopo) log, 7 irgig) log, 7

It is easy to see that 0 < pp, ¢ (f) < oo. By Definition 1.9, we have that ppy 4 (f) = p1 (f) = p(f),
P2y (f) = p2 (f) and pppr1.1 (f) = pp+1 (f) -

Remark 1.10. ([21]) If f (2) is a meromorphic function satisfying 0 < pp, 4 (f) < oo, then

(1) Plp—n,q = 0 (1 < ), Plp.g—n] =0 (1 < q), Ppptn,g4n) =1 (n <p) forn=1,2,3,---

(ii) If [p, ¢'] is any pair of integers satisfying ¢’ = p’ +¢ — p and p’ < p, then pyy ;7 =0if 0 < p, g <1
and pp,r g = 00 if 1 < ppp g < 00.

(iii) ppprqn =00 for ¢ —p' > ¢ —p and ppy g1 =0 for ¢ —p’ < q—p.

Definition 1.11. ([21]) A transcendental meromorphic function f (z) is said to have index-pair [p, ] if
0 < ppp,q (f) < 00 and ppp_1,4—1] (f) is not a nonzero finite number.

Remark 1.12. ([21]) Suppose that f; is a meromorphic function of [p, g]-order p; and f3 is a meromorphic
function of [p1, g1]-order p2, let p1 < pa. We can easily deduce the result about their comparative growth:
(i) If p1 — p > ¢1 — q, then the growth of f; is slower than the growth of f.

(ii) If p1 — p < q1 — q, then f; grows faster than f.

(iii) If p1 —p = ¢1 — ¢ > 0, then the growth of f; is slower than the growth of f3 if po > 1, and the growth
of f1 is faster than the growth of fs if py < 1.

(iv) Especially, when p; = p and ¢1 = ¢ then f; and f; are of the same index-pair [p, g]. If p1 > pa, then
f1 grows faster than fo; and if p; < pa, then fi grows slower than fy. If p; = po, Definition 1.9 does not
show any precise estimate about the relative growth of f; and f.

Definition 1.13. ([21]) Let p > ¢ > 1 be integers. Let f be a meromorphic function satisfying 0 <
Pip.q) (f) = p < co. Then the [p, q] —type of f(2) is defined by
log,  T'(r, f)
T f) = limsup—2——— "~
pa) (/) r—4o0 [logrl T]p
Similarly, the [p, ¢] —type of an entire function f of [p, q] —order 0 < pp, 4 (f) = p < 00 is defined as

. log, M (r, f)
M [p,q (f) = lim suppip
r—+00 [logq_l r]
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Definition 1.14. ([21]) Let p > g > 1 be integers. The [p, g]-exponent of convergence of the zeros
sequence of a meromorphic function f (z) is defined by

' log, N (r, %)
Alp,q (f) = limsup—————=.

r—+o0 logq r

Similarly, the [p, ¢]-exponent of convergence of the sequence of distinct zeros of f (z) is defined by

_ _ logpﬁ (r, %)
Alp,ql (f) = limsup—————=.

r—+o0 logq r

The remainder of the paper is organized as follows. In Section 2, we shall show our main results
which improve and extend many results in the above-mentioned papers. Section 3 is for some lemmas
and basic theorems. The last section is for the proofs of our main results.

2. MAIN RESULTS

In this paper, we continue to consider this subject and investigate the complex oscillation theory
of differential polynomials generated by meromorphic solutions of differential equations in the complex
plane. The main purpose of this paper is to study the controllability of solutions of the differential
equation

(2.1) FE+ 41 (@) 5D+ 4 A (2) f + Ao (2) f =0,

In fact, by making use of the concept of meromorphic functions of [p, g] —order, we study the growth
and oscillation of higher order differential polynomial (1.2) with meromorphic coefficients of [p, ] —order
generated by solutions of equation (2.1). Before we state our results, we define the sequence of functions
Qi j (]:O’ 7k_1) by

o a;,j_l +o1 -1 — Ajoge_q o, foralli=1,--- k-1,
(2.2) Qg = { aly ;g — Aoy—1,j-1, fori =0
and
(23) Q5.0 :di—dkAi, fOTiZO,"~ ,k‘—l.

We define also h by

@0,0 1,0 - Ok—1,0
@01 1.1 B Q1,1
(2.4) h=
oo k—1 Q1k—1 - - Ofg_1k—1
and ¥ (z) by
2 1.0 - ak—1,0
90' Q7.1 - k1,1
k-1 o
¥ a1 k-1 - - k1 k-1
2.5 = : :
(2.5) ¥ (2) ) ,

where h # 0 and o;; (i=0,..,k—1;5=0,--- ,k—1) are defined in (2.2) and (2.3), and ¢ # 0 is a
meromorphic function with pp, 41 (¢) < oo. The following theorems are the main results of this paper.
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Theorem 2.1. Let p > q > 1 be integers, and let A; (z) (i=0,1,--- ,k — 1) be meromorphic functions
of finite [p,q] —order. Let dj(z) (j =0,1,--- k) be finite [p,q| —order meromorphic functions that are
not all vanishing identically such that h Z 0. If f (2) is an infinite [p, q] —order meromorphic solution of
(2.1) with pipy1,q (f) = p, then the differential polynomial (1.2) satisfies

Plp.al (9) = Plp.g () = 00
and
Pip+1.a (9F) = Pip+1.q (F) = p-
Furthermore, if f is a finite [p, q] —order meromorphic solution of (2.1) such that

(2.6) Pip.a) (f) > max {ppq (Ai) (i = 0,1,k —=1),ppq (dj) (1=0,1,--- k)},
then
Plp.a) (9f) = Plp.g (f) -
Remark 2.2. In Theorem 2.1, if we do not have the condition h # 0, then the conclusions of Theorem
2.1 cannot hold. For example, if we take d; = dpA; (i=0,--- ,k—1), then h = 0. It follows that

gr = 0 and pp, q (97) = 0. So, if f(2) is an infinite [p, g] —order meromorphic solution of (2.1), then
Plp,a) (9r) = 0 < ppp.q (f) = 00, and if f is a finite [p, g] —order meromorphic solution of (2.1) such that

(2.6) holds, then pp, g1 (97r) = 0 < p.q (f)-

Theorem 2.3. Under the hypotheses of Theorem 2.1, let ¢ (z) £ 0 be a meromorphic function of finite
[p, q] —order such that v (z) is not a solution of (2.1). If f(z) is an infinite [p, q] —order meromorphic
solution of (2.1) with py,11.4 (f) = p, then the differential polynomial (1.2) satisfies

gl (95 = ©) = Apq) (97 — @) = plp,g (f) = 00
and ~
Ap+1.a (97 =) = Apr1,q (97 — ©) = Plpr1,q (f) = P
Furthermore, if f is a finite [p, q] —order meromorphic solution of (2.1) such that

(2.7) Plp,q] (f) > max {P[p,q] (A;) (i=0,1,--- k— 1)7/’[1741] (o), Plp,q] (dj) (j=0,1,-- ak)} )
then
X[p,q] (97 = ©) = Ap.q (95 — ) = Pp,q) (f) -
Corollary 2.4. Let p > q > 1 be integers, and let Ag (z), -+, Ap—1 (2) be entire functions satisfying one
of the following two conditions:
() max{pp.q (Ai) 1 i = 1,2,--- k= 1} < ppq(Ao) = p (0< p < +oo) or that (i) max{pp g (As) :
i=1,2--k =1} < pppg (Ao) = p (0 < p < +00) and max{Tas [p.q (Ai) : Ppp,q (Ai) = ppp,q (Ao)} <
T, [p,q) (Ao) = 7 (0 <7 < +o00). Let dj(z) (j=0,1,---,k) be finite [p,q] —order entire functions that
are not all vanishing identically such that h #£ 0. If f # 0 is a solution of (2.1), then the differential
polynomial (1.2) satisfies
Pp.al (95) = Pip.g) (f) = 00
and
Plp.a) (9) = Plp+1,q) (F) = Plp,q) (Ao) = p-
Corollary 2.5. Under the hypotheses of Corollary 2.4, let ¢ (z) #Z 0 be an entire function of finite
[p, q] —order such that 1 (z) £ 0. Then the differential polynomial (1.2) satisfies

Ap.a) (97 = ) = Apg) (97 — @) = Ppp.g) () = 00
and ~
Ap+1,q) (95 = 0) = ANpt1.q (9F — @) = Ppt1,q (f) = Pp,q (Do) = p-.

In the following we give two applications of the above results without the additional conditions h # 0
and 1 is not a solution of (2.1).
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Corollary 2.6. Letp > q > 1 be integers, and let A (z), B (z) be entire functions. Assume that py, 4 (A) <
Pip.ql (B) = p (0 < p < +00) and that 7, g (A) < Tipq (B) = 7 (0 <7 < +00) if ppp.g (B) = ppp,q (A).
Let dj (2) (j =0,1,2) be finite [p,q] —order entire functions that are not all vanishing identically such
that

max {pp,q (d;) 1 j = 0,1,2} < pppq (A).
If f #0 is a solution of the differential equation
(2:8) "+ AR +B(2) f =0,
then the differential polynomial g = dof" + dif’ + dof satisfies p.q (9f) = Pp,q (f) = oo and
Plo+1.a (97) = Pip+1.0) (f) = Pp.g) (B)-

Corollary 2.7. Under the hypotheses of Corollary 2.6, let ¢ (z) Z 0 be an entire function of finite
[p, q] —order. Then the differential polynomial gr = do f" + dif' + do f satisfies

Xipal (97 =) = Np.q) (95 = #) = Plp,q (f) = 00
and B

Ap+1.0 (9F =€) = Apr1.q) (97 — @) = Plpr1,q (f) = g (B)-

Remark 2.8. The present article may be understood as an extension and improvement of the recent
article of the author and Z. Latreuch [4] from equation (1.1) to equation (2.1) and from p-order to
[p, q] —order.

3. SOME LEMMAS

Lemma 3.1. ([23]) Let p > q > 1 be integers. Let f be a meromorphic function for which pp, g (f) =
B < 400, and let k > 1 be an integer. Then for any e > 0,

(k)
m (r, ff) =0 (eXPp_l {(B+¢) log, r})

holds outside of a possible exceptional set E of finite linear measure.

Lemma 3.2. ([21]) Let p > q > 1 be integers, and let Ay, Ay, -+, Ag—1, F #£ 0 be meromorphic
functions. If f is a meromorphic solution of the differential equation
(3.1) FO 4+ A () fP D 4+ A () f + Ao (2) f = F,

such éﬁhgzt max {P[nq] (F) s Plp.a) (4,) (i=0,---,k— 1)} < Plp.q) (f) < 400, then X[nq] (f) = Alp.d] (f) =
Plp.a) ()

In the following, we extend Lemma 3.2 when py, o1 (f) = +o00 and pp,11,4 (f) = p < +00.

Lemma 3.3. Letp > q > 1 be integers, and let Ay, Ay,---, Ar—1, F £ 0 be finite [p, q| —order meromor-
phic functions. If f is a meromorphic solution of equation (3.1) with pp, g (f) = 400 and ppi1.q (f) =

p < +oo, then X[ZMJ] (f) = /\[p,q] (f) = Plp,q] (f) = 00 and X[erl,tl] (f) = /\[erl,q] (f) = Plp+1,q] (f)=p
Proof. By (3.1), we can write

1 1 f(k) =1 1
3.2 —=—=— + A4 e+ A=+ A .
(3.2) fF<f+k1f++1f+0
If f has a zero at 2z of order a (> k) and if Ag, Ay,---, Ax_; are all analytic at 2o, then F must have a
zero at zg of order ao — k. Hence,
1 /1 1\
(3.3) N rg <kN ny +N(r % +Y N (r,A).
i=0
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By (3.2), we have

1 k F0) kol 1
(3.4) m <r, ) < Zm (r, ) + Zm (r,A;) +m <r, > +0(1).
f j=1 f =0 F
Applying the Lemma 3.1, we have for pj,41,4 (f) = p < +oo
@) ]
(3.5) m(r, f) :O(expp{(p—i—e)logqr}) (=1, k)
holds for all r outside a set E C (0, +00) with a linear measure m (F) = § < +o0. By (3.3)-(3.5), we get
1
T(:)=T(n7)+00)
1 k—1
(3.6) < kN (r, f) ZT (r,A;) + T (r,F) + O (exp, {(p+¢)log,r}) (|z| =7 ¢ E).
=0
Set 0 = max {pjpq (Ai)) (i=0,--,k—1),ppq (F)}. Then for sufficiently large r, we have
(3.7) T(r,Ao) + -+ T (r,Ag—1) + T (r, F) < (k+ 1) exp, {(c+¢) logqr} .

Thus, by (3.6) and (3.7), we obtain

T(r,f) gkN(h}) + (k+1)exp, {(o+¢)log,r}

(3.8) +0 (exp, {(p+¢)log,r}) (z|=r ¢ E).

Hence, for any f with pp,q (f) = +00 and ppp41,q) (f) = p, by (3.8), we have A, ) (f) = pp.qg (f) = +o0
and Api1,q) (f) = ppr1,q) (F)- Since Api,q) (f) < Apig) () < ppt1,q) (f) we obtain

)‘[p-i-l,q} (f) = /\[p-i-l,q] (f) = Plp+1,q] (f) = p.
O

Lemma 3.4. Let p > q > 1 be integers, and let f, g be non-constant meromorphic functions of [p, q|-
order. Then we have

Plp,q] (f + g) < max {p[p,q] (f) s Plp,q] (g)}
and

Piv.q) (£9) < max{ppq (f) Ppq (9)} -
Furthermore, if py, q (f) > ppp,q (9), then we obtain

Plp.a) (F +9) = Pip.a) (f9) = Ppp,g) (f) -
Proof. Set pp, q (f) = p1 and ppp, 4 (9) = p2. For any given € > 0, we have
T f+9) <T(r f)+T(r,g)+01)
<exp, {(p1+e)log, 7} +exp, {(p2+¢)log,r} +O(1)

(3.9) < 2exp, {(max {p1,p2} +€)log,r} + 0O (1)

and

(3.10) T (r, fg) < T (/) + T (rg) < 2exp, {(max {p1, p2} + &) log, r}

for all r sufficiently large. Since e > 0 is arbitrary, from (3.9) and (3.10), we easily obtain
(3.11) Pp.a) (f +9) < max{ppq (f), pp.q (9)}
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and

(3.12) Pipal (f9) < max{pppq) () Pppg) (9)}
Suppose now that pp, o1 (f) > ppp,q (9) - Considering that
(3.13) T f)=T(f+9—9)<T(r,f+9)+T(rg)+0(1)
and
1
700 =1 (n ) <1 g0+ 7 (1)
(3.14) =T(r,fg)+T(r,g) +0(1).
By (3.13) and (3.14), by the same method as above we obtain that
(3.15) Plp.q] (f) < max {p[p,q] (f+9) ) Plp,q] (g)} = Plp,q] (f+9),
(3.16) Plp,q] (f) < max {p[p,q] (f9) ) Plp,q] (g)} = Plp,q] (fg)-
By using (3.11) and (3.15) we obtain pp, g (f + g) = p[p,q (f) and by (3.12) and (3.16), we get py, ) (fg) =
Plp,a) (f) - |

Lemma 3.5. Let p > q > 1 be integers, and let f,g be meromorphic functions with [p,q] —order 0 <
Pipal (f) s Pip,g) (9) < 00 and [p,q] —type 0 < 11 g (f) , Tip,q (9) < 00. Then the following statements hold:

(2) ]f Plp,q (g) < Plp,q) (f)7 then

(3.17) o) (f +9) = Tlp,q) (f9) = Tpp,q) (f) -
(%) If pip.q) () = Pip.a) (9) and Ty g (9) # Tip,q) (f) , then
(3.18) Pipa) (f +9) = Pp.q) (F9) = Pip.a) (f) -

Proof. (i) Suppose that pp, g (f) > pp.q (9). By using the definition of the [p,q] —type and since
Plp,q] (f +g) = Plp,q| (f) we get

logpfl T (T7 f + g)

Tip.q (f +g) = limsup

r—+4o00 (log )p[D,q](fJFg)
o 108, (T )+ T (r6) + O (1)
= msub Plp.q) (F)
r—4o00 (10gq, T) [p,al

< limsu logp—lT(va) logp IT(T g)+0( )
< r—>+o<I>) (10 )p[p,q](f) oo (1 )/)[p ,a) (f)
gq—l r qu—l
log, T (r, log, T (r, log, {1 Pip.a) (9)
= lim sup oot lE f()f) + lim sup oot P( g()g) ( st )P (f)
r——+o0 (Iqu—l 7,) [p,q] r——+o00 (Iqu—l ,r,) [p,q] (10gq_1 ,,,) [p,q]

. Ingfl T (7“, f)
< lim sup PR
r—+00 (logq_1 r)

Pp,a) (9
(3.19) +lim sup ( 98q-1 T) log, 1 T(r,9)

rtec (logyy )p”](f r+ (log,y r)e

=Tlpq (f)-

Since ppp g1 (f +9) = Pip.q) (f) > Ppp,q (9), then by (3.19), we obtain
Tpua) (F) = Tipug) (f 9= 9) < T (f +9).-
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Hence 7, g (f +9) = Tjp,q (f) - By the same method as before, we have

logp—lT(T7 fg) <1 logp—l (T (T7 f) +T(Ta g))
P (F9) = 0P Prral (1)
) [p,q] r—+o00 (Iqu—l ’I“) [p,q]

Tip,g) (f9) = lig Sup (08, 17
q—1

log, 1T (r,g) +0(1)
; o S Tlpd) (f)-

log, T (r,
(3.20) < lim sup By T f()f) + lim sup
r—-+00 (1qu_l7~)”[ml r—+4o0 (10gq_17~)

Since ppp.q (f9) = Pl (f) > Pip.a) (9) = Pp.q] (%) , then by (3.20), we obtain

1
Tlp.a) (f) = Tip,q) (fgg> < Tip,q (f9) -

Thus, 7,1 (f9) = Tp,q (f) -
(ii) Without loss of generality, we suppose that 7y, g (f) > 7pp,q (9) - It’s easy to see that

Pp.a) (f +9) < Pp.g) (f) = Pip.a) (9) -
If we suppose that pp, g (f +9) < plp,q (f) = Ppp.,q (9), then by (3.17)
Tipq) (9) = Tip.q) (f +9 = ) = Tip.g (f)
which is a contradiction. Hence pp, g (f +9) = pp.q (f) = Ppp,q (9) - Also, we have

Pip.a (f9) < Pp.g) (F) = Plp,q) (9) -

If we suppose ppp.q (f9) < Pp.gl (f) = Pip.g) (%) = Pip.q) (9), then by (3.17), we can write

1
Tip.a) (9) = Tip.gl <f9f> = Tip,q) (f)
which is a contradiction. Hence p, 4 (f9) = ppp,q (f) = Pp.q) (9) - O
Lemma 3.6. ([24]) Let p > q > 1 be integers, and let Ay (2),-- -, Ax—1 (2) be entire functions satisfying

one of the following two conditions:

() max{ppq (A;) 4 = 1,2,--- k= 1} < pppq(Ao) = p (0 < p < +00) or that (it) max{pp, g (Ai) :
i=1,2,--- k =1} < pppg (Ao) = p (0 < p < +00) and max{Tas p.q (As) : ppp,qg (Ai) = ppp,q (Ao)} <
TM,pq] (Ao) = 7 (0 <7 < +4o00). Then every solution f # 0 of (2.1) satisfies pp,q (f) = +oo and
Plp+1,q () = Pp,q (Ao) = p.

In the following, we give a special case of the result given by L. M. Li and T. B. Cao in [21]. This result
is a similar result to Lemma 3.6 for entire solutions f when the [p, ¢] —order and the [p, ¢] —type of the
coefficients of (2.1) are defined by the Nevanlinna characteristic function T (r, f).

Lemma 3.7. Let p > q > 1 be integers, and let Ay (2),---, Ax—1(2) be entire functions satisfying one
of the following two conditions:

() max{pp,q (Ai) :i=1,2,--- ,k =1} < pppq (Ao) = p (0 < p < +00) or that

(ZZ) max{p[p’q] (Al) i=1,2,--- k— 1} < Plp,q] (Ao) =p (0 <p< —|—OO) and HlaX{T[p’q] (Az) : Plp,q] (Al) =
Plp,q] (A0)} < Tipq (Ao) = 7 (0 < 7 < 400). Then every solution f # 0 of (2.1) satisfies ppp, q (f) = 400
and Plp+1,q] (f)= Plp,q] (Ao) = p.
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Lemma 3.8. Assume that f # 0 is a solution of equation (2.1). Then the differential polynomial g¢
defined in (1.2) satisfies the system of equations

gr =aoof +aiof + - +ag_10f*D,
gy =aoaf+onaf 4+ g1 fEY,
g =ao2f +aiaf +--+ ap—12f*Y]

k-1 -
9} )= aop-1f +avkaf + o+ ap i fEY,
where
=4 Qi T = Ak, foralli =1,k =1,
b a1 — Aok-1,j-1, fori=0
and

;0 =d; —dipA;, fori=20,---,k—1.
Proof. Suppose that f is a solution of (2.1). We can rewrite (2.1) as

k—1
(3.21) f(k) - ,ZAif(i)
i=0
which implies
k—1 _
(3.22) gr = dif® +de 1 fED 4 di f b dof =) (di — de i) £,
i=0

We can rewrite (3.22) as
k—1 _
(3.23) 9r = Z@i,of(l),
=0

where «; o are defined in (2.3). Differentiating both sides of equation (3.23) and replacing f*) with
k=1
— " A; f® we obtain

) = 3
1=0

k—1 k—1 k—1 k
gy =D aiof 4D janof T =3 alof ) airof?
i=0 i=0 i=0 i=1
k—1 k—1
=agof + Zag,of(l) + Zaifl,of(l) + ag1,0f®
i=1 i=1
k—1 k—1 k—1
=agof + Zag,of(l) + Zai—l,of(l) - Zak—l,OAif(l)
i=1 i=1 i=0
k—1
(324) = (Oé(/),O — Ozkfl,oA()) f + Z (0[270 + Q;—1,0 — ak*l,OAi) f(l)
i=1
We can rewrite (3.24) as
k—1
(3.25) g} = Zaiﬁlf(’),
=0
where
. Oz;o—i-ai,l’()—ak,l’oAi, foralli=1,---,k—1,
(326) 0[7,71 — { CY/070 o 14-00”671’07 fOr Z — 0
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k—1
Differentiating both sides of equation (3.25) and replacing f*) with f*) = — 3 A4, f®) we obtain
i=0

2

k-1 k-1 k—1 k
g./fl = Z‘%lfm + Zaalf(iﬂ) = Zaggf(i) + Zai—Llf(i)
i=0 i=0 i=0 i=1

k-1 k—1
= o f + Za;,ﬁ(i) + Zai—mf(i) + ooy f

i=1 i=1

k-1 k1 k-1
=ag f+ > i fO DY i fY = A f
i=0

=1 =1

k—1
(3.27) = (a6,1 - Oék—1,1A0> f+ Z (042,1 +t Q11— Aiakfl,l) F
i=1
which implies that
k—1 _
(3.28) g5 = Zai,gf(l),
i=0
where
_ a§1+04¢—1,1*14i04k—1,17 for allz: 1, ,kflv
(3.29) Xi2 = { g1 — Aoag—1,1, for i = 0.

By using the same method as above we can easily deduce that

k—1
(330) g§.]) - Zal71f(l)7 ] :Oa17"' ak_ 17
i=0

where

, .
gt o151 — Aiak_Lj_l, foralli=1,--- k-1,
’ .
Qg1 — Apag—1,j-1, fori =0

(331) Qg5 = {
and

(332) ;.0 :di —dkAi, for all 4 :0,1,“- ,k— 1.
By (3.23)-(3.32), we obtain the system of equations

g = aoof +arof +- 4 ar_10f* Y,
g} = aO,lf + al’lf’ + .4 akrfl,lf(k_l)7
(3.33) g7 =aoaf +aiaf +--+ 1.2 f D),

Q;kfl) =agp_1f+arpgaf + g1 e fED.

This completes the proof of Lemma 3.8.
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4. PROOF OF THE THEOREMS AND THE COROLLARIES
Proof of Theorem 2.1

Proof. Suppose that f is an infinite [p, g] —order meromorphic solution of (2.1) with pp, 41,4 (f) = p. By
Lemma 3.8, g7 satisfies the system of equations

gr = oof +aiof 4+ +ag_1,0fFY,
gy =aonf+af +-+ ap_11f*Y,

(4.1) g =aoaf+aiaf +-+ ap—12f*Y,
gj(ckil) = aop-1f + o p—1f + -+ ar_1p-1fFY,

where

(4.2) ai — { g+ 041‘—1,]/'—1 — A1 j—1, for all' i_: 1, ,k—1,
Qg1 — Apag_1,j-1, fori =0

and

(4.3) o0 =d; —diA,;, foralli=0,1,--- k-1

By Cramer’s rule, and since h % 0, then we have
gr 1,0 - Ak—1,0
9} 1.1 - Og—1,1

(4 4) f= g;kil) a1 k-1 - - Ok—1k—1

. W .
It follows that
(4.5) f=Cogs + Crgy+ -+ Ciorgd ™Y,

where C; are finite [p, ¢] —order meromorphic functions depending on «; ;, where «; ; are defined in (4.2)
and (4.3).

If pppq (97) < +oo, then by (4.5) we obtain py, 4 (f) < +oo, which is a contradiction. Hence
Plp.g) (97) = Plp.g) (f) = +00.

Now, we prove that pp41.q (9f) = Pp+1.q (f) = p- By (1.2), we get ppi1.4 (9r) < pppt1,q (f) and

by (4.5) we have ppy11.q (f) < pp+1,q (9r). This yield ppi1,q) (97) = Plp+1,q (f) = p-
Furthermore, if f is a finite [p, ¢] —order meromorphic solution of equation (2.1) such that

(46) p[pyq] (f) > max{p[P,q] (Ai)’p[p,q] (dj) = 07 ’k_ 17] = 0715"' 7k}7
then
(4.7) Pip.q () > max {ppq (aij):i=0,--- k—1,j=0,---,k—1}.

By (1.2) and (4.6) we have pp, 4 (97) < ppp.q (f) - Now, we prove pp, g (97) = pp.q (f) - If pppq (97) <
Plp,q) (f), then by (4.5) and (4.7) we get

Pip.a) () S max{ppq (C5) (=0, k=1),ppq) (97)} < Pipg) (f)
which is a contradiction. Hence pp, g (97) = ppp,q (f) - O
Remark 4.1. By (4.5), we can see that the condition h # 0 is equivalent to the condition gy, g}, g}/, ‘e ,g;k_l)
are linearly independent over the field of meromorphic functions of finite [p, ] —order.

Proof of Theorem 2.3
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Proof. Suppose that f is an infinite [p, ¢] —order meromorphic solution of equation (2.1) with pp, 11,4 (f) =
p. Set w(z) = gy — . Since pp, 4 (@) < oo, then by Lemma 3.4 and Theorem 2.1 we have pp, 5 (w) =

Plp.g) (97) = 00 and ppi1.q (W) = ppr1q) (97) = p- To prove Ny g (95 — @) = Ap.g (97 — ) = o0 and

Aip+1,0) (95 — ) = Apt1,q (95 — @) = p we need to prove A, g (w) = A g (w) = 00 and Ay g (w) =
Ap+1,q (W) = p. By gy = w + ¢, and using (4.5), we get
(4.8) f=Cow+Crw + -+ Cr_1w* Y 44 (2),
where
) (2) = Cop+ Crg’ + -+ Choy ™1,
Substituting (4.8) into (2.1), we obtain

2%k—2
Croqw® D 4 37 60 = — (0 4 Ay (2) 6D o4 Ag (2)9) = H,
=0
where ¢; (j = 0,---,2k — 2) are meromorphic functions of finite [p, g]-order. Since 1 (z) is not a

solution of (2.1), it follows that H # 0. Then by Lemma 3.3, we obtain A, ;) (w) = A 4 (w) = 0o and

Apt1,q) (W) = Apy1,q (W) = p, 1. e,

Apa) (95 = ) = Apg) (97 — 9) = 0
and
Apt1,q) (9F = ) = Apt1,q (95 — @) = p-
Suppose that f is a finite [p, g] —order meromorphic solution of equation (2.1) such that (2.7) holds.
Set w (2) = gy — . Since ppp, 4 (©) < Pip,q (), then by Lemma 3.4 and Theorem 2.1 we have py, 4 (w) =

Pp.al (97) = Pipa) (f) - To prove Ap g (97 =) = Ap.q) (97 = ©) = plp,g (f) we need to prove Ap, g (w) =
Alp.a (W) = ppp.q (f) . Using the same reasoning as above, we get

2k—2
Crorw®=D 4 Z pjw) = — (ﬂ’m + A1 ()Y 4+ A (2) ¢) =H,

=0

where ¢; (j = 0,---,2k — 2) are meromorphic functions with [p, q] —order pp, 4 (65) < pp.q (f) (5 =
0,--,2k — 2) and

¥ (2) = Cop+ Crg + -+ + Crm10™ ™V, pp o (H) < ppg (f) -

Since 1 (2) is not a solution of (2.1), it follows that H % 0. Then by Lemma 3.2, we obtain Ap, 4 (w) =
Alp.g) (W) = Plpg) () 1 € Mpg) (95 = ©) = Apg) (95 = 9) = Plpg (f)- O

Proof of Corollary 2.4

Proof. Suppose f # 0 is a solution of (2.1). Then by Lemma 3.6, we have pp, 4 (f) = 0o and pp,11,4 (f) =

Plp,q) (Ao) . Thus, by Theorem 2.1 we obtain pp, 1 (95) = ppp,q (f) = 00 and pp11,4 (97) = Pp+1,q (f) =
Plp.q) (Ao) - .

Proof of Corollary 2.5

Proof. Suppose f # 0 is a solution of (2.1). Then by Lemma 3.6, we have pp, 4 (f) = 0o and p,11,4 (f) =
Plp,q) (Ao) . Since ¢ (z) # 0 is an entire function of finite [p, g] —order such that v (z) # 0, then pp, o (v) <
oo and 1 is not a solution of (2.1). Thus, by Theorem 2.3 we obtain Ay, 4 (97 — ) = Ap.g (97 — @) =
Plp.q (f) = oo and

X[17-1-141] (97 =) = Apr1,q (97 — ©) = Pipr1,q (f) = plp,g (Ao) -
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Proof of Corollary 2.6
Proof. Suppose that f is a nontrivial solution of (2.8). Then by Lemma 3.7, we have

Plp,q) (f) = 00 and ppi1,q) (f) = plp,q (B)-
On the other hand, we have
(4.9) gr =dof" +dif' +dof.
It follows by Lemma 3.8 that

— !
(4.10) { 95 = aoof +arof’,

gy =aoaf+af.
By (2.3) we obtain

o d1 - dgA, for i = 1,
(4.11) %00 = { do — B, for i = 0.
Now, by (2.2) we get

S o+ 10— Aay, fori=1,
1 oo — Bayg, fori=0.

Hence
(4.12) g1 = dyBA— (dyB)' — d1 B + dj,
' Q1,1 = d2A2 — (dQA)/ — dlA — d2B + do + dll
and
ho= 900 OO0l _2B%  dydyA? + (—dady + didy + 2dods — d3) B
Qp1 01,1

+ (dédo — d2d6 + dodl) A+didyAB — dlng/ + dodgA/
+d3B'A — d3BA' + dydy — dod), — d3.
First we suppose that da # 0. By d2 # 0, B # 0 and Lemma 3.5 we have py, o () = pjp,q (B) > 0. Hence

h # 0. Now suppose do =0, dy Z0or do =0, dy =0 and dy # 0. Then, by using a similar reasoning as
above we get h £ 0. By h # 0 and (4.10), we obtain

o100 — o
(4.13) p= 09 s - L19f

By (4.9) we have pp, 4 (9) < pp.g () (Pr1.q (97) < Ppr1.q () and by (4.13) we have pp, 4 (f)
Plp.d ng)) (Pipt+1,9) (F) < Pppr1,q (95))- Then ppp, o1 (95) = plp.g) (f) = 00 and pppi1.q (97) = Pps1,q (f)
Plp.q) (B)-

VA

Proof of Corollary 2.7

Proof. Set w(z) = daf" + dif" + dof — . Then, by pp,.q (») < oo, Lemma 3.4 and Corollary 2.6, we
have ppp.q (W) = pip,g (95) = Pip,q) (f) = 00 and pppi1.q) (W) = pips1,g1 (97) = Plp+1.9 (F) = Ppp,g) (B). To
prove Ap.q) (95 = #) = App.g) (97 = #) = Plp.g (f) = 00 and

X[p+1,q] (gf —¢)= >‘[p+1,q] (gf —¢)= Plp+1.q] (f)= Plp,q] (B)
1 (

we need to prove Aj, 4 (W) = App g (w) = 00 and Api1,) (W) = Api1,q (W) = ppp.g (B) . Using g5 = w+p,

we get from (4.13)

(4.14) f=

/
QoW — Q11w

RS
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where

!
a0 — Q119

(4.15) b (z) = 0P
Substituting (4.14) into equation (2.8), we obtain
(4.16) B0 4+ g + G’ + Gow = (" + A () + B(2) ) = C,

where ¢; (j = 0,1,2) are meromorphic functions with pp, g (¢;) < oo (j = 0,1,2). First, we prove that
¥ # 0. Suppose that ¢ = 0. Then by (4.15), we obtain

/

(417) oy = Ozlﬁ()g.
¥

Hence, by Lemma 3.1 we have

m(r,a11) <m(r,a1,0) + O (expp_1 {(u +¢)log, r}) (p[p,q] (p)=pn< oo) ,

outside of a possible exceptional set E of finite linear measure, that is

m(r,dy A% — (daA) — diA — doB + do + d}) < m(r,dy — dyA)

(4.18) +0 (exp,_y {(n+e)log,r}), 7 ¢ E.
(i) If do # 0, then we obtain the contradiction

Plp.a (B) < ppp.q (4)

when pp, o (A) < ppp.q (B) and we obtain the contradiction

Tlp,q] (B) < Tpq) (A)

when pp, g (A) = pip.q) (B).
(i) If d; = 0 and d; # 0, then we obtain the contradiction

Plp.q] (A) < Plp,q] (dl) .

(iii) If d2 = d; = 0 and dp # 0, then we have by (4.17)

dQZOXfEO,
¥

which is a contradiction. It is clear now that ¢ # 0 cannot be a solution of (2.8) because py, 4 (¢) < 00.

Hence C' # 0. By Lemma 3.3, we obtain Aj, g (w) = Apq (w) = 00 and Ajpy1,g (W) = Apy1,q (w) =

Ppal (B) s 1€, Mgy (97 — ©) = Mgl (97 — ©) = g (f) = 00 and Appi1g) (95 — @) = Apy1,q (97 — 9) =
Pp+1,q) (f) = Ppp,g (B) - 0

1]
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