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ABSTRACT. In this paper, the structured pseudospectra of matrices with entries in the non-
Archimedean field K and the structured pseudospectra of matrix pencils with entries in the
non-Archimedean field K are introduced. Many results are proved about them and we give a
few examples.
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1. INTRODUCTION AND PRELIMINARIES

In the classical setting, L. N. Trefethen [18] developed the pseudospectra of matrices with
entries in C where C is the field of complex numbers. The pseudospectra of matrices is useful in
many fields in applied mathematics such as control theory, Markov chains, structural analysis,
numerical solution of differential equations, matrix iterations and economics. For more details,
we refer to [12, 13, 16, 17]. Recently, C. R. Johnson [12] studied the numerical determination
of the field of values of a general complex matrix. On the other hand, T. Kailath [13] collected
several results on linear systems. The concept of approximate eigenvalues and the integral
equation of laser theory were studied by H. J. Landau [14].

In non-Archimedean operator theory, J. Ettayb [8] studied the determinant spectrum of ma-
trices with entries in the complex Levi-Civita field C. The pseudospectrum of matrix pencils
with entries in K (where K is a non-Archimedean field) was studied by [7] and he proved that
the intersection of all pseudospectra of a matrix pencil with entries in K is the spectrum of this
matrix pencil and the pseudospectrum of the matrix pencil (A, B) is the collection of numbers
in K that are eigenvalues of some perturbed matrix A + C with ||C|| < e.

Throughout this paper, K is a non-Archimedean complete valued field with a nontrivial val-
uation | - |, My (K) denotes the space of all n x n matrices over K, Q, is the field of p-adic
numbers, X is non-Archimedean finite dimensional Banach space, X* denotes the dual space of
X and £(X) is the set of all bounded linear operators on X.
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In this article, we introduce and study the structured pseudospectra and the structured con-
dition pseudospectra of matrices with entries in K. We give several results about them and some
examples are supplied. We start by remembering some needed results.

Definition 1.1. [5] A field K is said to be non-Archimedean if it is endowed with an application
|-|: K — R* such that

(i) |u| =0 if, and only if, p = 0;
(i) For all a s € K, |op] = [af|l;
(iii) For each o, p € K, | + p| < max{|al, |u|}.

Definition 1.2. [5] Let X be a vector space over K. A mapping || - || : X — R4 is called a
non-Archimedean norm if

(i) For each x € X, ||z|| = 0 if and only if z = 0;
(ii) For all z € X and a € K, |laz| = |o||z|;
(iif) For any z,y € X, [l + y[| < max([|z[], [[y)-

Definition 1.3. [5] We have

(i) A non-Archimedean normed space X is a vector space X endowed with a non-Archimedean
norm || - ||

(ii) A non-Archimedean Banach space is a complete non-Archimedean normed space.

Lemma 1.4. [5] Let X be a non-Archimedean Banach space over K. Let A € L(X) such that
Al <1, then (I — A)~' € L(X) and ||[(I — A)~Y| < 1.

Definition 1.5. [15] A non-Archimedean field K is said to be spherically complete if each
decreasing sequence of closed balls (By,),, has nonempty intersection.

Theorem 1.6. [15] Suppose that K is spherically complete. Let X be a non-Archimedean Banach
space over K. For all z € X\{0}, there exists x* € X* such that *(x) = 1 and ||z*|| = ||=|~ .

Definition 1.7. [7] Let A € M,,(K), the spectrum o(A) of a matriz A is defined by
o(A) ={X e K:det(A— \I) =0}.
The resolvent set p(A) of a matriz A is the complement of 0(A) in K given by
p(A) ={AeK: Ry\(A) = (A — M)~ exists in M, (K)}.
Ry (A) is called the resolvent of the matrix A.

Proposition 1.8. [9] Let X be a non-Archimedean Banach space over K. If A, B € L(X), then
—1 ¢ o(AB) if, and only if, —1 ¢ o(BA).

We introduce the following definitions.

Definition 1.9. [7] Let A, B € M, (K), the spectrum o(A, B) of a matriz pencil (A, B) of the
form A — AB is defined by

o(A,B) = {\ € K : det(A — AB) = 0}.
The resolvent set p(A, B) of a matriz pencil (A, B) is the complement of o(A, B) in K given by
p(A,B) = {\€K: Ry\(A, B) = (A— AB)™! exists in M,,(K)}.
Ry (A, B) is called the resolvent of the matrix pencil (A, B).
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Definition 1.10. [7] Let A, B € M, (K) and € > 0. The e-pseudospectrum of the matriz pencil
(A, B) of the form A — AB is defined by

0:(A,B) =c(A,BYU{NEK: (A= AB)7| >}
The e-pseudoresolvent of the matriz pencil (A, B) is denoted by

p(A,B) = p(A, B)N{A €K+ [(A—AB) [ <},
by convention ||(A — AB)7!|| = oo if, and only if, A € o (A, B).

2. MAIN RESULTS

As a generalization of e-condition pseudospectra given in the paper [2] for the matrix case,
we introduce the following definition.

Definition 2.1. Let A, B,C € M, (K) such that 0 € p(B) N p(C) and € > 0, the structured
condition pseudospectrum of a matriz A, relative to the pair (B, () is defined by

1
A(A,B,C) =c(A)U {)\ cK:||CTHA-XDBY||B(A-X)"'C| > 8} :
The structured condition pseudoresolvent of a matriz A is given by
1
p(A)N {)\ eK:|[|[CTHA-A)BY|BA-X)"1C| < 5} .

By convention |[|[C~1(A — AI)B~Y||||B(A — \I)~!C|| = c if and only if A € o(A).
From Definition 2.1, we conclude the following remark.

Remark 2.2. Let A, B,C € M, (K) such that 0 € p(B) N p(C), we have:

(i) If C = B = I, hence for each € > 0,A.(A,I,I) = A.(A) is the condition pseudospectrum of
the matrix A.

(ii) One can see that for any € > 0, A.(A4, B,C) C A (A) in which & = || B||||C||[|B~Y||C~.

We have the following results.

Proposition 2.3. Let A, B,C € M,,(K) such that 0 € p(B) N p(C), then
(i) 0(A) =NesoAe(A, B, C).
(i) If 0 < e1 < €2, then 0(A) C A (A, B,C) C A, (A, B,C).

Proof. (i) By Definition 2.1, for all ¢ > 0, o0(A) C A(A,B,C). Conversely, if A €
ﬂAs(A,B,C), then for all e > 0, A € A.(A,B,C). If X & o(A), then A € {\ €
e>0
K : [[C7YA - X)B7Y||B(A - AX)7C| > 71}, taking limits as ¢ — 0", we get
|C~Y(A - XI)B7Y[|B(A— M)7C|| = co. Then \ € o(A).

(ii) For 0 < &1 < e2. Let A € A, (A4, B,C), then |[C~Y(A — AX)B7L|||B(A - AXI)~'C|| >
et > eyt Hence A € A, (A, B,C).
U

The following lemma is true for any Banach space over a complete field with a nontrivial
valuation, in particular see Remark 2.17.
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Lemma 2.4. Let X be a non-Archimedean finite dimensional Banach space over K, let A, B,C €
L(X) such that 0 € p(B) N p(C) and € > 0. Then X\ € A(A, B,C) \ c(A) if, and only if, there
is v € X\{0} such that

ICH A = ADB™ 2| < el|C7HA = A B [||]l.
Proof. If A € A.(A,B,C)\ 0(A), then
|C~Y A= AX)B7Y||B(A—-XI)"'C| > L.

Thus )
B(A- )7'C| > ,
1B( ) Cl SICTA DB
Hence
sup IB(A=AD)"'Cy|| 1
yex\{0} [yl e|C—1H(A = AI)B-1||°
Then, there is y € X\{0} such that | B(A = AI)~'Cyl| > remrzppe=ry- Setting « = B(A ~

AM)~1Cy, hence y = C~1(A — M) B~'x. Consequently
|C~YHA - X)B 1|
el|C—Y (A - X)B-1’

]| >
Hence,
ICH A = ADB™ 2| < | C7HA = A B™H[||]l.
Conversely, suppose that there is € X\{0} such that
(2.1) |C~HA = XI)B 2| < el|C™ (A= AD)B7Y||z|.
If A\ @ 0(A) and © = B(A — M)~!Cy, then ||z| < |[B(A — XI)~'C||||ly||. From (2.1), we have
2]l < el B(A = A~ C[|C(A = M) B~ Y[||||. Then
1
|B(A=ADIC|ICTHA = ADBT| > -
Consequently, A € A.(A4, B,C)\c(A). O
Theorem 2.5. Let K be a non-Archimedean complete field. Let A, B,C € My (K) such that
0€p(A)Np(B)Np(C), AC = CA, k=|A7Y||A| and e > 0. We have
(i) If A € A(A7Y, B,C)\{0}, then § € A.(A, B,C)\{0}.
(ii) If + € Ack(A, B,C)\{0}, then X € Ay2(A™Y, B,C)\{0}.
Proof.
(i) If A € Ac(A~L, B, C)\{0}, then
1
— <o AT = ADBTY[BAT = AT = H)\A_lc_l(§ - A)B—lu x

H)\‘IB<§ —4) 4l

A Ae (L - 4)B )
A

N

I -1
1B(x-4) <l
Hence, + € A (A, B,C)\{0}.
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(ii) If + € Ack(A, B, C)\{0}, hence

gik <A ATDBBA - AT = v tAcT (- A7) BT

-1

IAB ()\I - A—l) cA7Y

AT AlC™H (A = A7H BT %
-1

HB()\I - A*I) .

IN

Then ) .
L —1  A-1\yp-1 41
s <l -aT)B HHB(/\I A ) .

Consequently, A € A2(A™1, B, C)\{0}. O

Theorem 2.6. Let K be a non-Archimedean complete field. Let A, B,C € M,(K) such that
0€ p(B)Np(C), A €K and e > 0. If there is D € M,,(K) such that | D|| < €||C~*(A—AXI)B7||
and A € 6(A+ CDB). Then, A € A(A, B,C).

Proof. Suppose that there exists D € M,,(K) such that ||D|| < ¢]|C71(A — M)B7L||. Let A\ ¢
A:(A, B,C), thus A € p(A) and ||[C~1(A - AXI)B7Y|||B(A - XI)~iC|| < et
Consider F' defined on M,,(K) by

F = i(A - )\I)10< — DB(A - )\I)10> nC*l.

n=0

-1
From Lemma 1.4, we get F = (A — /\I)_lC(C + CDB(A - )\I)‘IC> . Then A+ CDB — \I
is invertible which is a contradiction (with A € (A + CDB)). Thus X € A.(4, B,C). O

Remark 2.7. If X is non-Archimedean finite dimensional Banach space over K, Theorem 2.6
remains valid.

We put D.(X) = {D € L(X) : |D|| < ¢||C~1(A - XI)B~Y|}.

Theorem 2.8. Let X be a non-Archimedean finite dimensional Banach space over a spherically
complete field K such that || X | C |K|, let A, B,C € L(X) such that 0 € p(B) N p(C) and £ > 0.
Then
AL(A,B,C)= | J o(A+CDB).
DeD:(X)

Proof. From Theorem 2.6, we get U 0(A+CDB) C A, (A, B,C). Conversely, assume that
DeD.(X)

A€ A(A,B,C). If A € 0(A), we may put D = 0. If A € A (A,B,C) and A\ € o(A). By
Lemma 2.4 and || X|| C |[K|, there is # € X such that ||| = 1 and ||[C~}(A4 — AX)B~ 'z <
e|lC~YHA - N[BT

By Theorem 1.6, there is ¢ € X* such that ¢(z) = 1 and ||¢| = ||=||~! = 1. Consider D on X
defined by for all y € X, Dy = —p(y)C~ (A~ AXI)B~'z. Then |D|| < ¢||C~1 (A~ XI)B~!||. For
€ X\{0}, (A-AX)B~lz+CDx =0. Set z = B~'z € X\ {0}, we have (A+ CDB —\I)z =0,
hence A+ CDB — M is not injective, then A + CDB — Al is not invertible. Consequently,

xe |J o(4a+cDB).
DeD.(X)
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O

Proposition 2.9. Let A, B,C € M,(K),e > 0 such that 0 € p(B) N p(C) and ||C~*(A —
M)B7Y| # 0. We have

(i) A€ A(A, B,C) if and only if X € o.jc-1(a—xnyp-—1| (4, B, C).

(ii)) A € 0-(A, B,C) if and only if A € A (A, B,C).

I\C'fl(AfAI)Ble
Proof. (i) Let A € A.(A, B,C), then A € o(A) and |[C~1(A - M)B7L|||B(A - XI)~1C| >
e~!. Hence A € o(A) and ||B(A — \X)7IC| > BT Consequently, A\ €
0jc-1(a-a1)B-1||(A). The converse is similar.
(i) Let A € 0.(A, B,C), then X € 0(A) and ||B(A — AI)~'C|| > 7. Thus
IC™ (A - D)B7Y|
. .

1
SlCT(A—AT

A€ o(A)and |[CTHA-XB Y BA-A)"'C| >

Then, A € A (A, B,C). The converse is similar.

e
Ic=tAa-anB=1]

O

Theorem 2.10. Let A,B,C,U € M, (K) such that 0 € p(B) N p(C) N p(U), UC = CU and
BU =UB. If V=U1YAU and k = |[U~|||U||, then for all ¢ > 0, we have

A (A, B,C) C AV, B,C) C A (A, B,C).
Proof. Let X € Ak%(A, B,C), hence X € a(A)( = o(V)) and
2
’% <|C"YA - ADB7Y|||B(A— )| = ||c—1U(V - )\I) U~1B7Y| x

HBU(V - )\I>_1U_1CH

< (wiw=n) e (v - ar)B) x
||B(V - AI>_1C||
< kc? (V - AI)B*HHB(V - )\I)_ICH.

Or, k2 > 0, then A € A.(V, B, C). Hence, Ak%(A,B,C) CA(V,B,0).
Let A € A(V,B,C). Then

1
~ <l (v =anBTIBYV —AD~'C| = JoTU (A - )\I) UB™Y| x

|BUL (A - )\I)_IUCH

IN

(11101 o~ (A= A1) B x
||B(A - AI) el

~1
< kQHB(A—AI)CHHC‘l(A—/\I) B
Hence, A\ € Aj2.(A, B,C). Consequently A.(V,B,C) C A2 (A, B,C). O
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As a generalization of pseudospectra of a matrix pencil introduced in the paper [9], we intro-
duce the following definition.

Definition 2.11. Let A, B,C, M € M, (K) and ¢ > 0, the (B, C)-structured pseudospectrum of
a matriz pencil (A, M) is defined by

1
0e(A,M,B,C) =0(A,M)U {)\ €eK:||B(A-AM)"'C|| > E} .
The (B, C)-structured pseudoresolvent of a matriz pencil (A, M) is given by
1
p(A, M)N {)\ €K:||B(A-XM)"'C| < 6} .

By convention ||[B(A — AM)~1C|| = oo if and only if A € o(4, M).
By Definition 2.11, we get the following remark.

Remark 2.12.

(i) If C = B = I, then 0.(A,M,I,I) = 0-.(A, M) is the pseudospectrum of the matrix pencil
(A, M).

(ii) Onme can see that for any € > 0,0.(A, M, B,C) C o.,(A, M) in which k& = ||BJ|||C]|.
Theorem 2.13. Let A,B,C,M € M, (K). Then,

(i) For all e1,e2 > 0 such that €1 < g9, 0, (A, M,B,C) C 0.,(A, M, B,C).
(i) o(A, M) = () oe(A,M,B,C).

e>0

Proof.
(i) If X € 0., (A, M, B,C), then ||[B(A — AM)~'C|| > e7* > &5 ' Hence \ € o.,(A, M, B, C).
(ii) Since for all € > 0, 0(A, M) C 0.(A,M,B,C), then o(A, M) C ﬂaE(A,M,B,C). Con-

e>0
versely, if A € m (A, M, B,C), then for each ¢ > 0, A € 0.(A,M,B,C), it A\ & o(A, M),
e>0
hence A € {A € K: |B(A - AM)~1C| > &1}, for e — 0T, we obtain ||B(A — AM)~!C| = oo.
Consequently \ € o(A, M). O

Since the Hahn-Banach theorem does not hold in a general field only if it is spherically
complete, see [10], we obtain:

Theorem 2.14. Let X be a non-Archimedean finite dimensional Banach space over a spherically
complete field K such that || X|| C |K|, let A,B,C,M € L(X) such that 0 € p(B) N p(C) and
e > 0. Then

0.(A,M,B,C) = U o(A+CDB, M).
DeL(X):||D|l<e

Proof. Firstly, we show that U 0c(A+CDB,M) Co.(A,M,B,C).
Del(X):||D|<e

Let \ € U (A4 CDB,M). If D = 0, hence
DeL(X):||D||<e

o(A, M) Co.(A,M,B,C).

7
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If D # 0. We argue by contradiction, if A € p(A4, M) and ||B(A—AM)~1C|| < e~L. Then for each
D € L£(X) such that ||D|| < ¢, we have |DB(A — AM)~'C|| < 1. Thus, DB(A — AM)~'C +1
is invertible. From Proposition 1.8, for any D € L£(X) such that ||D| < e, —1 € o(DB(A —
AM)~L0) if and only if —1 € o(CDB(A — AM)~!). Thus

A+ CDB — MM = (I + CDB(A — AM)™ 1) (A — AM).
Hence (A+ CDB — AM)~! € £(X) which is a contradiction. Then

U o(A+CDB,M) C 0.(A, M, B,C).
DeL(X):||D||<e

For the converse inclusion, if A € o(A, M), then |B(A — AM)~'C|| > e~!. Hence
1
|B(A—\M)"'C|| > -

Then
|B(A—AM)"1Cz| 1
sup -
2eX\{0} Eal €
Consequently, there exists z € X\{0} such that

(2.2) |B(A—AM)"'Cz|| > H‘Z”

Set y = B(A — AM)~'Cx, then C~}(A — AM)B~!y = z. From (2.2), we have

(2.3) IC M — A)B Lyl < ]y,

Since || X|| € |K], there is ¢ € K\{0} such that ||y| = |c|, set z = ¢!y, thus ||z| = 1. By (2.3),
[(CTYAM — A)B™Y)z|| <e.

By Theorem 1.6, there is ¢ € X* such that ¢(z) =1 and ||¢|| = ||z||~* = 1. Set for each z € X,
Dz = ¢(x)(C~Y(AM — A)B~1)2. Then for all z € X,

IDz]| = [p(@)|[(C~H(A-AM)B™ )|
< elllzlli(C= (A= AM)B~ 1)z
< ellz|.

Hence D € L(X) and ||D|| < e. Moreover for z # 0, Dz + (C71(A — AM)B~1)z = 0. Set
v =B~z € X\{0}. One can see that for v # 0, (CDB + A — AM)v = 0. Thus
\e U oc(A+CDB, M).
DeL(X):||D||<e
Consequently,
0.(A,M,B,C) = U o(A+CDB, M).
DeL(X):||D||<e

O

Theorem 2.15. Let X be a non-Archimedean finite dimensional Banach space over a spherically

complete field K such that || X|| C |K|, let A, B,C € My (K) such that 0 € p(B)Np(C) and e > 0.
Then,

0.(A,M,B,C)=c(A,M)U{NeK:Tz e X,|z|]|=1, |C"HA - AM)B 2| <}

8
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Proof. If X € 0.(A, M, B,C)\o(A, M), then |B(A— AM)~1C|| > e~ . Thus
|B(A—AM)"1Cz| 1
sup > —.
2eX\{0} [|z]] £

Hence there exists z € X\{0} such that

(2.4) |B(A—AM)"'Cx| > H":”

Set y = B(A — AM)~'Cx € X\{0}, then C~*(A — AM)B~'y = x. By (2.4), we get
(2.5) ICTHA = AM)B™ || < ellyl.
Since || X|| C |K|, there exists ¢ € K\{0} such that ||y|| = |¢|, put z = ¢!y, hence ||z|| = 1.
By (2.5), we have
|CTHA - AM)B 2| <e.
Let A € K such that there exists z € X with ||z|| = 1 and
[C~HA - AM)B 2| <e.

From Theorem 1.6, there exists ¢ € X* such that ¢(z) = 1 and |¢|| = ||z[|~' = 1. Set for each
y € X, Dy = ¢(y)(C Y (AM — A)B~!)z. Hence for any y € X,

1Dyl = le@)IICTH(A - AM)B™)z|
< Jelllylll(C™(A = AM)B™)z|
< elyl.-

Thus D € L£(X) and ||D|| < e. Moreover for z # 0, Dz + (C7*(A — AM)B~1)z = 0. Set
v= B!z € X\{0}. One can see that for v # 0, (CDB + A — AM)v = 0. Thus

xe | oA4+CDB M)
DeL(X):||Dl<e

By Theorem 2.14, X € 0.(A, M, B,C). O
We have the following example.

Example 2.16. Suppose that K = Q,.

(i) If
11 20 -1 0 1 0
A= () = (20 = (Y mac= () ) eanan
Then, for all A € Q,, det(A — AM) = (A — 1)(2A — 1), hence (A4, M) = {4, 1}. Moreover

—1 1
B(A- M)\ = T2 T2 |
0 x

Hence

1 1 1
B(A - M) ¢l = .
|54 =)= max{\u—w(l—A)r’rl—w’A—u}

Consequently, for each € > 0,

0.(A, M, B,C) = o(A, M) = {; 1} U {)\ €Q,: |BA-AM)"'C|| > i} |

9



ROMANIAN JOURNAL OF MATHEMATICS AND COMPUTER SCIENCE Issue x, Vol. xx (20xx)

(if) If

A:<} 8) cmdM:(g ?),B:<8 é) andC:((l) 8>€M2(Qp).

Then o(A, M) = {0, 1} and

1

IB(A=AM)~'C|| = e =1

Thus, the structured pseudospectrum of the matrix pencil (A, M) is

o.(A, M, B,C) = {0;} U {A €Q,: A1—2))] < 5}.

(iii) If

A:(é ;) ,M:(é g),B:<(1) 8) andC’:<8 é)eMg(@p).

Then o(A, M) = {1} and

1
A=1

1B(A = M)~'C| =

Thus, the structured pseudospectrum of the matrix pencil (A, M) is

0.(A,M,B,C) = {1} U {)\ €Q:A—1]< 5}.

As a generalization of condition pseudospectra of operators in complex Banach spaces [3], we
finish with the following remark.

Remark 2.17. If X is an Archimedean Banach space over C and 0 < € < 1, the notion of the
structured condition pseudospectrum introduced above and the results about it remain valid.

[1]

[10]

[11]
[12]

[13]

REFERENCES

A. Ammar, A. Bouchekoua and A. Jeribi, Pseudospectra in a non-Archimedean Banach space and essential
pseudospectra in E.,, Filomat 33(12) (2019), 3961-3976.

A. Ammar, A. Bouchekoua and N. Lazrag, The condition e-pseudospectra on non-Archimedean Banach space,
Bol. de la Soc. Mat. Mex. 28(2) (2022), 1-24.

A. Ammar, A. Jeribi and K. Mahfoudhi, A characterization of the condition pseudospectrum on Banach
space, Funct. Anal. Approx. Comput. 10(2) (2018), 13-21.

E. B. Davies, Linear Operators and Their Spectra, Cambridge University Press, New York, 2007.

T. Diagana and F. Ramaroson, Non-archimedean Operators Theory, Springer, 2016.

B. Diarra, Ultrametric Calkin algebras, Advances in Ultrametric Analysis, Contemp. Math. 704 (2018),
111-125

J. Ettayb, Pseudo-spectrum of non-Archimedean matriz pencils, Bulletin of the Transilvania University of
Brasov Series III: Mathematics and Computer Science 4(66) (2024), 73-86.

J. Ettayb, A-Commuting of bounded linear operators on ultrametric Banach spaces and determinant spectrum
of ultrametric matrices, Topological Algebra and its Applications 11 (2023), 20230103.

J. Ettayb, Characterization of the structured pseudospectrum in non-Archimedean Banach spaces, Journal of
the Iranian Mathematical Society 5(2) (2024), 79-93.

A. W. Ingleton, The Hahn-Banach theorem for non-Archimedean valued fields, Proc. Cambridge Philos. Soc.
48 (1952), 41-45.

A. Jeribi, Linear operators and their essential pseudospectra, Apple Academic Press, 2018.

C. R. Johnson, Numerical determination of the field of values of a general complex matriz, STAM J. Numer.
Anal. 15 (1978), 595-602.

T. Kailath, Linear Systems, Prentice-Hall, Englewood Cliffs, NJ, 1980.

10



ROMANIAN JOURNAL OF MATHEMATICS AND COMPUTER SCIENCE Issue x, Vol. xx (20xx)

[14] H . J . Landau, The notion of approzimate eigenvalues applied to an integral equation of laser theory, Quart.
Appl. Math. 35(1) (1977), 165-172.

[15] A. C. M. van Rooij, Non-Archimedean Functional Analysis, Monographs and Textbooks in Pure and Applied
Math. 51. Marcel Dekker, Inc., New York, 1978.

[16] F. Tisseur and N. J. Higham, Structured pseudospectra for polynomial eigenvalue problems, with applications,
SIAM J. Matrix Anal. Appl. 23 (2001), 187-208.

[17] S. C. Reddy, Pseudospectra of Operators and Discretization Matrices and an Application to Stability of the
Method of Lines, ProQuest LLC, Ann Arbor, MI, 1991.

[18] L. N. Trefethen and M. Embree, Spectra and Pseudospectra. The Behavior of non Normal Matrices and
Operators, Princeton University Press, Princeton, 2005.

[19] J. M. Varah, The computation of bounds for the invariant subspaces of a general matriz operator, Technical
Report CS 66, Computer Science Department, Stanford University, 1967.

HammaM AL FaAtawaki C. HiGH ScHOOL, HAD SOUALEM, MOROCCO.
Email address: jawad.ettayb@gmail.com

11



