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1. INTRODUCTION

Let n be a positive integer. We denote [n] = {1,2,...,n}. A partition of n is a non-increasing
sequence of positive integers whose sum equals n. We define p(n) as the number of partitions
of n and, for convenience, we define p(0) = 1.

A plane partition w of n is an array (”z’j)i,je[n} of nonnegative integers such that

|| = Z nij =n and n;j > nyy for all 4, 5,7, 5" € [n] such that ¢ < i’ and j < j.
i,j€[n]
If njj > nj(j4+1) whenever n;; # 0, then we shall call such a partition strict. If n;; = nj; for all ¢

and 7, then the partition is called symmetric.
For example, there are 6 plane partitions of n = 3, namely:

300 210 200 111
000 00O 100 00O,

10
0 0,
000 00O 00O 00O 0O0O

—_ = =
S O O
o O O

Note that four of them are strict partitions and two of them are symmetric. In 1910s, MacMa-
hon [14] discovered the well-known generating function of pp(n) given by

oo n o0 1
nzz;]pp(n)q = };[l A—g
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In particular, the above equality states that the number of plane partitions of n is equal to
the number of partitions of n with parts in the multiset {11,2;, 29,31, 32,33, -}, where each
number j occurs exactly j times. See also [13] for further details.

More generally, let a := (a1, - , a,) be a sequence of positive integers. The restricted partition
function associated to a is the number of integer solutions (z1,--- ,x,) of > °° 4 a;z; = n with

Let r,c and n be some positive integers. Let pp,..(n) be the number of plane partitions of n
with at most r rows and ¢ columns and set pp,. .(0) = 1. Note that pp, ,,(n) = p(n) for all n > 0.
Also, in the example above, it is easy to see, for instance, that pp,5(3) = 4. Let pp;(n) be the
number of strict plane partitions of n with at most r rows and, pp;°(n), the number of strict
plane partitions of n with at most r rows with odd entries and set ppf(n) = 0 and pp;°(n) = 0.
Note that pp°(n) is equal to the number of symmetric plane partitions of n with at most r row.
Also, in the example above, we have pp5(3) = 4 and pp3°(3) = 2.

As it was noted in [12, Page 158], we can easily see that ppi°(n) counts also the number of
symmetric plane partitions with at most r rows. The proof of this remark is a generalization of
the well known argument which shows that the number of partitions with odd terms of n is the
number of self-conjugate partitions of n.

As a continuation of [9], we study the functions pp, .(n), pp;(n) and pp;°(n). The paper is
structured as follows. In Section 2, we recall the definition and some basic properties of the
restricted partition function pa(n), where a = (a1,...,a,) is a sequence of positive integers.
Also, we recall several results which would be used later on.

In Section 3, we show the connections between the functions pp, .(n), pp;(n), pp;°(n) and
the restriction partition function; see Propositions 3.1, 3.4, 3.5. In particular, in Proposition 3.6
we present the expressions of pp, .(n), pp;(n) and pp;°(n) as quasi-polynomials with periodic
coefficients d. ¢, (n), d;. ,,(n) and d;9,, (n) respectively. Seeing the functions pp,. .(n), pp;(n) and
pp:°(n) as the restricted partition functions associated to the sequences

ap .= (1 22 e ) e ) (e — DY)
a® = (111 212 3P 4Bl ,T[L%QM, (r+ 1)[L%1J], .., (2r—=2)) and
az = (111,300 4l 510 6l (2 — 1)U (20 L2]) (2r 4 )] (e — 2y,

where ¢ denotes k copies of ¢, allows us to prove new results about them.

In Section 4, we give formulas for d c.m(n), d; ,,(n) and d;9,, (n); see Theorem 4.2. Also, we
prove new formulas for pp, .(n), pp;(n) and pp;°(n); see Theorem 4.3. Also, we show that if
certain determinants are nonzero, we can express these functions in terms of Bernoulli numbers
and values of Bernoulli polynomials; see Proposition 4.4.

In Section 5, we define PP, .(n), PP} (n) and PP;°(n), the polynomial parts of pp,..(n), pp;(n)
and ppi°(n), respectively. In Theorem 5.3 and Theorem 5.4 we prove formulas for PP, .(n),
PPj(n) and PP;°(n). Also, similarly to the restricted partition function, we write pp, .(n),
pp;(n) and pp;°(n) as a sum of “waves”, denoted Wj(n,r,c), W7(n,r) and W7°(n,r) and, in
Theorem 5.5, we provide some formulas for them.

In Section 6, we study some arithmetic properties of pp, .(n), pp;(n) and pp;°(n). In Propo-
sition 6.2 we prove some congruences for these functions.

In Theorem 6.3, using a result from [11], we prove the following lower bounds:
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#nEN pp ) £Omod m)} 1

N—oo N ~re(r+c)’
lim #{n < N : ppi(n) Z 0(mod m)} S 2

N> N “r(r2+1)’
o # SN pp(n) £ 0(mod m)} 1

N—o0 N = 3’

where m > 1 is an arbitrary integer.

2. RESTRICTED PARTITION FUNCTION

Let a := (a1,a2,...,a,) be a sequence of positive integers, r > 1. The restricted partition
function associated to a is pa : N = N, pa(n) is the number of integer solutions (z1,...,z,) of
>oi i aizi = n with ; > 0. Note that the generating function of pa(n) is

= 1
2.1 "= <1.
( ) nz_opa(n)q (l—Zal)"'(l—Zar)’ ’Z‘
Let D be the common multiple of a1, as,...,a,. We recall the following well known result:

Proposition 2.1. (Bell [3])
pa(n) is a quasi-polynomial of degree r — 1, with the period D, i.e.
pa(n) = dar—1(n)n" "+ + da1(n)n + dapo(n),
where dg ym(n+ D) = dam(n) for 0 <m <r—1andn >0, and da,—1(n) is not identically zero.

Sylvester [16, 17, 18] decomposed the restricted partition in a sum of “waves”,
(2.2) pa(n) =Y Wj(n,a),
j=1
where the sum is taken over all distinct divisors j of the components of a and showed that for
each such j, W;(n,a) is the coefficient of t~! in

—vn _nt

S e
_ A Yar ,—qaqt _ vap AN
0<v<j, gotvgy—t L T P7 € ) (L py e

where p; = e7 and ged(0,0) =1 by convention. Note that W;(n,a)’s are quasi-polynomials of
period j. Also, Wi(n,a) is called the polynomial part of pa(n) and it is denoted by Pa(n).
The unsigned Stirling numbers are defined by

(2.3) (njil)‘(nﬂ)('}'_(q;r_l)‘<7~_11>!qﬂ”r—1+”'+{;}"+m>'

We recall several results which would be used later on:

Theorem 2.2. ([5, Theorem 2.8(1)] and [6]) For 0 < m <r —1 and n > 0 we have

r—1

1 T - k - - . —
da,m(n) = | Z g (—1)k m D k(aljl‘i‘"'-f—a,«jr)k m
0<ji< 21,0, < 2 -1 k=m
a1j1++arjr-=n( mod D)
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Theorem 2.3. ([5, Corollary 2.10]) We have

r—1

pa(n) = o _1 i > 1_[1 (n — al‘h — Grdr +£> :

0 <2 =105, < 7~ 14

a1j1+-+arjr=n( mod D)

Proposition 2.4. ([8, Proposition 4.2]) For any positive integer j with jla; for some 1 < i <,
we have that:

Wiln.a) = 5o = Z Zpﬁ Z [k+1] (-nyfm <mk— 1>

m=1 (=1 k=m—1

Z ka(aljl_’_ +arjr)k m+1 m— 1

. D . D
US]ISH*LszS]rSE*l
a1j1+-+arjr-=£( mod j)

Theorem 2.5. ([5, Corollary 3.6])
For the polynomial part Pa(n) of the quasi-polynomial pa(n) we have

r—1

1 n—ayji — - — apjy
Pa(n):m Z H< 1J1 - J _‘_£>'

0<j1< B 1.0, < 2 -1 4=1

The Bernoulli numbers By’s are defined by the identity

t ¢t
et—l_ E'BZ

By=1,By=—-%,Bo=%,By=—4 and B, =0is nis odd and n > 1.

o=

Theorem 2.6. ([5, Corollary 3.11] or [2, page 2])
The polynomial part of pa(n) is

r—1
e DY s HD DS 1t B
ar---ar £ (r—1—u)! T SLERRE !

Proposition 2.7. ([8, Corollary 2.4]) For n > 0 it holds that

(r=1Dlpa(n) =0 mod (j+k+1)(j+k+2)--(j+r—1),
where k = L%J - {”*‘"1 +r,0=a1+--+a, and [”“’] —r<j< L%J
Theorem 2.8. ([11, Theorem 5.2]) Let m > 1 be a positive integer. We have that

. #{n <N : pa(n) #Z0(mod m)} 1
]\}E)noo N Z Z;:l a; '
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3. PRELIMINARIES

Now that we have defined plane partitions in Introduction, it is natural to attempt to enumer-
ate them. Initially, it is convenient to restrict our consideration to a bounded size. We define
B(r,c,t) to be the set of all plane partitions with at most r rows and ¢ columns and largest part
at most ¢, that is n; < t. According to [15, (7.109)] we have

1— ZH—J-HC 1

(3.1 D '”“HHHl_ZWM 50 ol < L

TE€B(r,c,t) i=1j=1k=1

Let pp,.(n) be the number of plane partitions of n with at most  rows and ¢ columns. Let
PP, (0) = 0. We have that

_ T |7
(32) E:()ppr,c(n)zn - tlif& Z z T .
n=

TEB(r,ct)
On the other hand, for |z| < 1 we have
1 — gititk—1 OO 1 — gititk-1 1 — i+ 1 — i+l 1
3.3) lim [[—2 = - i .
=00 1 — piti+k—2 1 — ziti+k—2 1 — zit+i—1 1 — it 1 — ziti—1
k=1 =
From (3.1), (3.2) and (3.3) it follows that
r c 1 r+c—1 1
n _ —
(3.4) >oeoem) =[] ;= = 11 TGl
n=0 i=1j=1 (=1

where
are(l) =#{(,5) € {1,...,r} x{1,...,¢} : i+j—1=1{(}.
Note that a;..(f) = the coefficient of ¢ in the polynomial
Ore(t) = (1 +t+ -+t Y+t +---+1°).
For convenience, we assume r < c¢. Henceforth, it is easy to see that
L, P<r—1
are(l) =<7, r</t<c,
r+c—4L, c+1<i<r+c—1
Therefore, from (3.4) it follows that

(3.5) Z !
PPy (1 T A2 — 222 (L —2n) - (L= 20 (L — 2oty (1 — getr—1)”
We cons1der the sequence
(3.6)
a = (E[O"“’C(Z)])ISZSTJFC_l = (1[1], 2[2], . ,’I“M, (r+ 1)[74}7 e ,c[r], (c+ 1)[7"_1], ey (r4+e— 1)[1])7

where ¢/ denotes k copies of .
Proposition 3.1. With the above notation, we have that
PPy (1) = Pa, (1) for alln > 0.
Proof. The result follows from (3.5), (3.6) and (2.1). O
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We recall the following result:

Theorem 3.2. ([4, Theorem 1]) The generating function for strict plane partitions whose parts
lie in a set S of positive integers is

1 1
Hl_zi H 1 — ziti—1"

i€S i<jeS

Let pp(n) be the number of strict plane partitions with at most r rows of n and pp:°(n), the
number of strict plane partitions with at most r rows with odd entries. For convenience, we set
pp;(0) = 0 and pp;°(0) = 0.

We recall that ppi°(n) counts also the number of symmetric plane partitions with at most r
rOws.

Corollary 3.3. With the above notations, for |z| < 1 we have that:

r

> 1 1
0 e =Il=5 II 7w
n—

i=1 1<i<j<r
0o r 1 1
SO n __
@ > oo === Il e
n=0 i=1 1<i<j<r

Proof. (1) It is enough to note that ppy(n) = the number of strict plane partitions with parts
in {1,2,...,7} and then apply Theorem 3.2.

(2) Similarly, the result follows from Theorem 3.2 and the fact that pp;(n) = the number of
strict plane partitions with parts in {1,3,...,2r — 1} O

According to Corollary 3.3(1), we have that

o0 2r—2 1
S n __
(37) prr(n)z - H (1 - Zg)ai([) )
n=0 =1
1, £<
where o () = #{(i,j) : 1<i<j<randi+j—1=/(}+ {0’ 0 ; "oTtis easy too see that
, r
+2 1</(<
as(l) = L 23J ’ =5=T . Hence, we consider the sequence
LTJ , T < 4 S 2r — 2

r+2 r—1

(3.8) af = (PO _p, o= (1 202 312 4Bl ] e I 2r — )1,
Proposition 3.4. With the above notation, we have that

PPy (n) = Pas(n) for all n > 0.
Proof. The result follows from (3.7), (3.8) and (2.1). O

According to Corollary 3.3(2), we have that

o) 4r—4 1
(3.9) Eppfo(”)zn = H m,
n=0 (=1 o
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1, fodd and £ < 2r —1
f even and ¢ < 2r
1, feven and 2r < £ < 4r —4
0, otherwise
@i = (Ao O,y =11 300 410 500 6011 (2 — 1))
@D, (2r + )l 4 — )y,

L
where a°(0) = 5], . Hence, we consider the sequence

<
|

—

INECN

(3.10)

Proposition 3.5. With the above notation, we have that
pp;’(n) = Pas(n) for all n > 0.
Proof. The result follows from (3.9), (3.10) and (2.1). O
Let Dy be the least common multiple of 1,2,..., k.

Proposition 3.6. With the above notations, we have that:
(1) pp,..(n) is a quasi-polynomial of degree rc — 1, with the period Dyy.—1, i.e.

ppr,c(n) = dfyc,TC—l(n)nrc_l +--+ dr,c,l(n)n + d'r‘,c,O (TL)

(2) ppi(n) is a quasi-polynomial of degree (T'gl , with the period Do,_o, i.e.

r+1

pp;(n) = dfq,(ry)_l(n)n( 2) g dy1(n)n +d;o(n).

(3) pp:°(n) is a quasi-polynomial of degree (r;“l , with the period Do._1, i.e.

r+1

PR (n) = ey (2D 7 4 A () + A ().

Proof. (1) Note that a, . is a sequence of length rc. We denote dy. ¢ := da, .m for all 0 <m <
rc — 1. The result follows from Proposition 3.1 and (2.1).

(2) Similarly, the result follows from Proposition 3.4 and (2.1).

(3) Similarly, the result follows from Proposition 3.5 and (2.1). O

4. NEW FORMULAS FOR pp,..(n), pp;(n) AND pp;°(n)
We fix two integers N, s > 1 and consider the numbers

(4.1)  fsne=#{(i1,...,05) : i1+ +is=0 0<i <N -1}, where 0 < < s(N —1).
It is clear that f, n¢ is the coefficient of tf of the polynomial
(4.2) fon(®) =0 +t+--+tVhs,
Using the binomial expansion, we have

(1 _+Nys(1 s — - B 2<8> iN <j+3—1>j
(43) fan(®) = (1 =t")*(1 1) ;( 0 ) ]Zo ;o)
From (4.1), (4.2) and (4.3) we get:
Lemma 4.1. With the above notations, we have that

e 5 ()0

i,5>0, iN+j=¢
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We introduce the following notations:

A={(l1,.. . lrie1) : 0<H<D—-1,0<l<D-2,...,0< . <D—r,

o<ty <r(-2-—1).. . 0<e<r(2_1),
(44) T+1 c

D
O§£C+1§(r—1) <C+1_1>7"'70§£7"+C—1§

D
c+r—1

1},
where D = D, .1 and
(4.5) A, ={l1,... lrie1) EA by +20+ -+ (r+c— 1)1 =n(mod D)}.
We also let:
B={(t1,....002) : 0<,<D-1,0<l,<D-20<l3<D-2,...,

r+ 2 D r—1 D
<t < - <l < = 1),
(4.6) O—E’"—{ 2 J(r 1)’0—6“_{ 2 J(T )

D
0< /g2 < (21"—2 - 1)}7
where D = Do,_o and
(4.7) B, ={(l1,...,02r—2) €EB {1 + 20+ -+ (2r — 2)l3,_9 = n(mod D)}.
Finally, we define:

_ D
C:{(£17£37€43"'a€27'7£27"+2a'"7647“74) : OSEI §D—1, 0§£3 < § _17"'7

D
0</lg1 < 9

-1 D
5,01y < z 2—1 , 0 <ty 10 < i -1,
2 2r 2 2r + 2

D
-1
4r — 4 b

D D D
— < < ——1 <l < ——1 g < — —2
1 170_54_4 ,0_6_6 70_8_4 ,

0y <
where D = Do,_1 and

Cn :{(615‘63’[47 v 7€2r7£2r+2a ce a‘€4r74) S 6 :

(4.9)
b1+ 303+ -+ 2rly. + (27’ + 2)(27«+2 + -+ (47“ — 4)647“,4 = n(mod D)}

Theorem 4.2. (1) Let D := Dyyc—1. Forn >0 and 0 < m < rc—1 we have that

TSRS DIND | (RN DI S 0| sl

Jt
(Crseeslrpe1)EAR T=2 34 5, >0, iy (2 —1)+j =L,

oz, e

_ Jt
E=T 41,5020, 00 (2 —1)+ji=L:

.r-ﬁQ 5 (_1>it<r+?—t)(jt+7“+'c—t—1>

47 Jt
t=ct1 4, 5, >0, it ( % —1)+ji=4s
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Til [ re ](_1)k—m(k>p—k(£1 b2yt d (r e — Do g)tm

k+1 m
k=m
(2) Let D := Dy,_5. Forn >0 and 0 <m < (Tgl

) — 1 we have that
1 T
di,m(n) = ((T+1) B 1)' ( Z H Z

t+2 t+2
! it t
2 Oyelor—2)EBR 1=2 4, 5, >0, iy (2 —1)+5,=¢, ‘7

3 1D SRSt (T (i
t=r+14, j,>0, 74t(% 1)+je=4l "
(rgl)_l (r+1) k
> [ki 1] (—1)k—m <m) DRy 4 200 + -+ (29 — 2)lo, o)™,

k=m
(8) Let D := Dg,_1. Forn>0 and 0 <m < (T;rl) — 1 we have that

di?’”("):(C"“)l—l)'( S 10 3 <—1>ft(§t)<jt+é—1)

! Jt
2 1,03, Lar—4)€ECH t=44, 5, >0, iy (D —1)+ji=la

T g (e

t=r+1ly, 4,>0, Zt(D —1)+je=Lo¢

7‘;1) 1

7"+1
k — -m
Y [k+3] 1)k m<m>D RO 43054 -4 2rlop + (2r +2)lopyo+ - -+ (dr — 4)lgr_g)F ™.

k=m
Proof. (1) From Proposition 3.1 and Theorem 2.2 it follows that

rc—1

1 k
dT‘szi E E - D_k. 1 29 219
” (re —1)! [k%—l] (m> U+ 22 + 23 +

(g1, JTC)GA k=m

Hry o ey o Creeron ) o Creeren o (r+c—1)jre)"™,

where A,, = {(ji1, j2, -, Jre) 1 0<j1 <D-1,0<jo <21, 0§j3§§—1,...,0§j(r)+1 <
2

S O<j(r+1)<271 ,0< 5, QC;T,DHg%q,...,og‘jr(%;rm <f_1,..0<

Jre < 52— — 1 with ji + 2j + 2jj3 + - Ty b Tyt b e

CJr@e—r+ny + -+ (r+c¢—1)jre = n(mod D)}.

2
We denote gl:j17£2:j2+j37" ET_j( )+1+ +j(7"'2*1)5"'7£C:jr(2cf2T*1)+1+"'+

Jre—rt1)s .-y brte—1 = Jre- From (4.1) and (4.5) it follows that
2
1 T re k
drem =7—— Z H s(t),N(t),£ Z |: :|(_1)k—m< )
2 Gy _ | t
(410) (TC 1) (fl,...,&«+c_1)€A t=1 k=m k + 1 m

R 42+ (e Dlpye )™,
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£, 1<t<r—1
where s(t) = ¢ r, r<t<ec and N(t) = 7—1 Since
c+r—t, c+1<t<c+r-—1

r+c—1 r4c—1
H fs £),N (1), Hft,j—lft Hfrf—lft H fr+c t 2100
t=c+1

from (4.10) and Lemma 4.1 we get the required results.
(2) From (3.8), Proposition 3.4 and Theorem 2.2 it follows that

jlz"'zj(’ré—l))eén k=m

(J1+2j2+ 243+ -+ (2r — 2)j(r;1))k_m,

where ]:D)n = {(jl,jg,...,j(r;l)) : 0 <L j1 < D—l, 0< jg < %—1, 0 < j3 < %—
ogﬂiwg§£§—1wnhﬁ+2h+2%+~-+@r—mﬂﬁgznmmdpn.
We denote 41 = ji, lo = jo + j3, b3 = ja + J5,..., 099 = j(r+1). From (4.1) and (47) it
2
follows that
2r—2 ("3)-1

) p— ("3") (K
(4.11) amvw_«@ﬂ_,nu > I fomvea D hjﬁy—ﬂk (m>

) elv'“:EQT‘—Q)EBn t=1 k=m

_k(gl + 20+ 203+ -+ (2r — 2)£2T72)k—m7

LQJJ, r<t<2r—2 t
Now, the conclusion follows from (4.11) and Lemma 4.1.
(3) From (3.10), Proposition 3.5 and Theorem 2.2 it follows that

H2 1<t<
wheres(t):{tfg’ =t=r and N(t) = 2 —1.

dn) =Y Uif%[cgw}eaﬁFm(k)D-k
| (( 2 ) a 1)! (jlr~~:j(r+1))€én ke=m il "
C(1 B+ s (A = 4)gpy) T

where C, = {(j1,ja, . - Ldeiy) 0SS <D -1, 0< < D_1,0<ip<2-1,..,

0< j(r+l) <3 D — 1 with j1 +3j2 + 443+ -+ (4r — 4)j Jrny = n(mod D)}. From (4.1) and
2

(4.9) it follows that

Ly e 8 [Feen(?
P P — fuonioe [ y—n-m( )
(4.12) (( ;1) —1)! (o )G 1 = k+1 m

D_k(gl 4+ 3lg + - + 2rls, + (27‘ + 2)€2r+2 4+t (47“ _ 4)&”74)k—m7
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1, foddand t <2r—1
t t dt<?2
where s(t) = L], ¢ even anc t = = and N(t) = % —1.
r—[ﬂ, feven and 2r <t < 4r —4
0, otherwise
Now, the conclusion follows from (4.12) and Lemma 4.1. O

Theorem 4.3. (1) Let D := Dy4c—1. For n >0 we have that

PPyc(n) = (,rcl_l). > ﬁ 2 = (i) <jt +ji ! 1)

(Cryeenslrpe—1)€EAR =2 4y 5y >0, i (D —1)+ji=t;

ooy e

Jt
t= T’Lt ]t>0 Zz( 1)+] th

.r—ﬁQ Z (1) (7" +;—t> (jt +r+jj—t— 1)

t=ctliy 5020, ir (2 —1)+5i=ts

ey n—0—2lp—---—(r+c—1)l e
H D +s|.

s=1
(2) Let D := Ds,_5. For n >0 we have that

wmﬁamﬁ”% > I 2 Hﬁ@ﬁ@+?_v

2 Aor—2)€EBn t=2 4, 4,>0, lt(% 1)+je=4s

e e s Gaam

t=r+1 1,7t >0, Zt( 1)+]t Ly Jt

r+1 -1
(2) n—€1—2€2—---—(2r—2)€2T_2

: H D +s).

s=1
(8) Let D := Dg,_1. For n >0 we have that

pp;°(n) = m( >, ﬁ 2. (=D (i) (jt . 1)

Jt
2 L1030 lar— 4)€Cnt 4’Lt ,7¢>0, lt( )-‘r]t—ézt

T g, e

t=r+14; j;>0, Zt(*—l)-f-]t 2n

r+1
k
E |:/E: i i:| (—1)k7m <m> Dik(fl + 303+ 4 2rlo + (2r +2)lop o+ - -+ (4r — 4)547,_4)]677”

«ﬁ c_&ﬂ@_D<M%WM+Q.
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Proof. (1) From Proposition 3.1 and Theorem 2.3 it follows that

) — ! T (== 22—
PPrc\Tt/ = (re —1)! Z H D

(jlv---vjrc)EAn t=1

77“‘7.(;)4—1 - Tj(r-gl) - er(2cf2rfll+1 - er(263r+1) —=(r+e—1)je ot
_D )

where A,, was defined in the proof of Theorem 4.2(1).

Denoting ¢1 = j1, bo = jo + j3,..., 4, = j(;)Jrl + -+ j(r;l), ol = jT(ZC,Q,.,U_H 4+ e+
Jr@e—rt1) s« - s brte—1 = Jre, We get the required result, using a similar arguing as in the proof of

2

aforementioned Theorem 4.2.

(2) The proof is similar, using Proposition 3.4 and Theorem 2.3.

(3) The proof is similar, using Proposition 3.5 and Theorem 2.3. O

The Bernoulli polynomials are defined by

By(z) = zn: <Z> By_a*.

k=0
For a = (ay,...,ax), the Bernoulli-Barnes numbers (see [1]) are
j . ,
Bily= 3. <um>B o Byt g
it ti=

Let R, D > 1 be two integers. We consider the RD x RD determinant:

Big) ... B .. By . BsQ)
11 1 R 1 R
Bap) .. B() . Brulp) . Ben()
(4.13) A(D,R):=| °? _ 2 _ Rt . Rl
Brp($)  Brp(l)  Brpir-i1($)  Brpir-1(1)
RD RD RD+R—-1 RD+R—-1
Bm+£—1(%)

To be more precise, the element on the row m and column v + D¢ in A(D, R) is
where 1 <m < RD,1<v<Dand 0</{<R-1.

m—+£—1

Proposition 4.4. (1) Let D := Dyyc—1. If A(D,rc) # 0 then pp, .(n) can be expressed
in terms of B; (%), where 1 <v < D and 1 < j < reD +rec—1, and Bj(a,.) with
re<j<reD+rc—1.

(2) Let D := Da,_o. If A(D, (T;rl)) # 0 then pp(n) can be expressed in terms of B; (%),
where 1 < v < D and 1 < j < ("T)D + ("3') — 1, and Bj(a3) with ("§') < j <
(5D + () -1

(3) Let D := Do,_1. If A(D, ("51)) # 0 then ppi°(n) can be expressed in terms of Bj; (%
where 1 < v < D and 1 < j < (T;FI)D + (r;rl) — 1, and Bj(a®) with (Tgl) <j
(D + () -1

~—
~-

IN
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Proof. (1) According to [7, (1.8)], we have that

rc—1 D
Bnimi1 (35) _ (=1)n!
4.14 dy g (n) DM ZELAD) B — Son-
(4.14) mZ:Ovz; rieam( n+m+1 (n+re)! resn(@re) = don
Taking n =0,1,...,reD —1in (4.14) and seing d, . »’s as unknowns, we obtain a linear system

of type rcD x reD, whose determinant is A(D, rc). Therefore, if A(D,rc) # 0, then d, ¢ m(n)’s
are the solutions of the aforementioned system. Hence, since

ppr,c(n) =drcm (n)nm_l +oeeet dr,C,l(”)n +dyco (n),

we get the required result.
(2,3) The proofs are similar to the proof of (1). O

5. THE POLYNOMIAL PART AND SYLVESTER WAVES OF Dpp, .(n), pp;(n) AND pp;°(n)
We recall the following basic facts on quasi-polynomials [15, Proposition 4.4.1]:

Proposition 5.1. The following conditions on a function f : N — C and integer D > 0 are
equivalent:

(i) f(n) is a quasi-polynomial of period D.

(ii) Y 0 f(n)z" = L((ZZ)), where L(z), M(z) € C[z], every zero A of M(z) satisfies \P =1

(provided (( )) has been reduced to lowest terms), and deg L(z) < deg M (z).
(tit) For allm > 0, f(n) = Y yp_y FA(n)A™", where each Fy\(n) is a polynomial function.
Moreover, deg F(n) < m(X\) — 1, where m(\) = multiplicity of X as a root of M(z).

We define the polynomial part of f(n) to be the polynomial function F(n) = Fj(n), with the
notation of Proposition 5.1. The polynomial part F'(n) of a quasi-polynomial f(n) gives a rough
approximation of f(n), which is useful for studying the asymptotic behaviour of f(n), when
n> 0. If a= (ai,...,a,) is a sequence of positive integers and p,(n) is the restricted partition
function associated to a, we denote Pa(n), the polynomial part of pa(n). Several formulas of
P,(n) were given in [2], [5] and [10].

Definition 5.2. With the above notations, we define:

(1) The polynomial part of pp,..(n) is the function PP, .(n) := Pa, . (n), n > 0.
(2) The polynomial part of pp;(n) is the function PPy (n) := Pas(n), n > 0.
(8) The polynomial part of pp,..(n) is the function PP;°(n) := Pase(n), n > 0.

Theorem 5.3. (1) Let D := Dy4c—1. For n >0 we have that

PPr,c(m:D(ml_l)! > H1 2 (_1)%@) <jt+ﬂi_1>

(Ciyeslrge—1)EAT=2 4,5 >0, iy (2 —1)+ji=Ls

o2, o)

=1 41,5e20, i (2 =) +ji=te
-2 .
_rﬁ Z (_1>it<r+c—t)(]t+r+c—t—1>
; .
t=ct+1 4, 4, >0, it(%—l)-i-]'t:ft K Jt
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rc—1 (n_gl _ 252 .= (’r‘—l—c— 1)&"—&-0—1 )
T )
s=1 b

(2) Let D := Dg,_5. For n >0 we have that

s, B E e

: =19 . A A Jt
(61,.‘.,f2r72)€B =2 it,J¢ >0, Zt(?—l)-f—]t:ft

Tz (e

Z Jt
t=r414,5:>0, it (2 —1)+je =t

("31)-1
. H n—€1—2€2—~--—(27’—2)£27~_2+8
D .

s=1
(8) Let D := Dg,_1. For n >0 we have that

t

e =D SN | D SR | (-

: =ied . ) . Jt
(01,03, Lar—0)EC =415 >0, i (2 —1)+ji=las

2r—4

11 >, (—1)it<27;2t_t> (jt+2f;*—1>

i , Jt
t=rL iy 5i>0, i (2 —1)+ji=La:

('r+1)71
SHIEY ¢
[k i 1] (—1)k—m< >D"“(€1 +3l3+ -+ 20l + (20 +2)lop o4+ (A1 —A)lgp_g) ™
k=m m
r+1 -1
3) <n—€1 — 30y — - — (47 — A) 4 >
: H +s].
s=1 D

Proof. (1) The proof is similar to the proof of Theorem 4.3, using Proposition 3.1, Theorem 2.5
and (4.4).

(2) The proof is similar to the proof of Theorem 4.3, using Proposition 3.4, Theorem 2.5 and
(4.6).

(3) The proof is similar to the proof of Theorem 4.3, using Proposition 3.5, Theorem 2.5 and
(4.8). O

Theorem 5.4. (1) The polynomial part of pp,. .(n) is

1
PP =
re(n) -2 (r=1)1r-(r+1) ) -(c+ 1)1t - (r+c—1)
re—1
. Z i Z M111222213 L. (T +co— 1)’ircnrcfl—u.
u=0 (T‘C — 1= u)| i1+ Fipe=u il
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(2) The polynomial part of pp:(n) is

1 (7 Ly
PP:.(TL) = T r— T
12232 P e pl=) o er o) o (U —1-w)!
Bi1 B r+1 i
3 ) qiagingin... (9 — 9)' () () 1u,
it +l( +1):u Zl! e Z(rgl)!
2
(3) The polynomial part of pp:°(n) is
PP;°(n) = ! T 1
1.3.4.5.6.7.82...(2r_1).(QT)LaJ(2r+2)LTJ o (4r —4)
(3)-1 B, -+ B ,
_1 u 11 Lir4+1 . . . i/ r
. Z 1“+1( ) Z ' . ( 2 ') 1013%24% ... (4’!" _ 4) ( ‘gl)n( J{l)flfu‘
u=0 (( 2 ) —1- u)! i1+~~+i(r+1)=u “ Z(Terl)'
2

Proof. (1) It follows from (3.6), Proposition 3.1 and Theorem 2.6.
(2) It follows from (3.8), Proposition 3.4 and Theorem 2.6.
(3) It follows from (3.10), Proposition 3.5 and Theorem 2.6. O

As in (2.2), we can write

PPy (1) = Z W;(n,r,c), where Wj(n,r,c) = Wj(n,a,.),

j=1
ppy(n) = Z st(nvr)v where st(n,r) = Wj(nvai)v
Jj=>1
pp;°(n) = Z W=°(n,r), where W7°(n,r) = Wj(n,a;°).
Jj=1

Also, for 1 < ¢ < j, we consider the sets:

Apj={(l1,....04c1) EA : l1+20+  + (r+c— 1)y 1 =¥¢(mod j)}.
Byj={(l1,... . lor2) EB 1 {1 +20+ -+ (2r — 2)ly— = {(mod j)}.
Crj={(l1, 03, la, . oy, boria, o Lap—a) €C 0 by + 303+ +

+ 2rlgy + (21 4+ 2)loppo + - - 4 (47 — 4) 04—y = £(mod j)}.
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Theorem 5.5. With the above notations, we have that:
(1) Let D := Dy4c—1. For n >0 we have that

rc—1

Wij(n,r,c) = Dlrc—1)! Z Ze%;h Z [ re }(_1)km+1 <mk‘ 1)Dk

m=1 /=1 lk;—i_1

: H e

Jt
(617--~7£7'+071)€A£,j = it,jtzo, Zt %7 —f

o)
; .

E=T 0,020, i (2 —1) 4=t ! It

r+c—2

T 3 (_1)it<r+;—t>(jt+r+c—t—1>

it Jt
t=c+1 1,7t >0, Zt( 1)+]t Ly

(O + 24+ (r+c— Dl mpm—L
(2) Let D := Dg,_5. For n >0 we have that

(5D g, )
s B 1 2mti ( 3 ) —m k -
Wj(n,r)D((T;rl)_l)!ZZe J [kzil}(_l)k +1<m )D k

-1
m=1 (=1 k=m—1

ﬁ (_1)it <t+2> <] L+ t+2 1)
Z Z 1
(‘elw-yle—Q)eBZ,j =2 it,jtZO, it(%—l)-i-jt:& t Jt

2r—4

e e ()0

1t Jt
t=rtliy 520, i0(2—1) 5=t

'(fl + 200 + -+ (27’ — 2)€2T_2)k7mnm71.
(8) Let D := Dg,_1. For n >0 we have that

NN

. r+1 -1
T ome ( 2 ) (7"+1) k
W) = oo 2 soe 3 [ 2t o
J ’ +1 _
D(("S) -1 = = i LA m—1
r t - t
oy s o))
(L1034, Lor Lo i, Lar—a)ECy j t=4§; 5,>0, it(ggfl)Jrjt:égt "t Jt
2r—4

2 2r—t
Ty ()
{
t=r+14, >0, Zt(*—l)-f-]t 2n K Jt
(014303 + -+ 21l + (27 + 2)lopio + - + (47 — A)lyp_g)F "m0
Proof. (1) The result follows from Proposition 3.1 and Proposition 2.4
(2) The result follows from Proposition 3.4 and Proposition 2.4.
(3) The result follows from Proposition 3.5 and Proposition 2.4
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6. SOME CONGRUENCES FOR DD,..(n), pp;(n) AND pp;°(n)

Using the notations from (3.6), (3.8) and (3.10), we define:
r+c—1 2r—2 4r—4

Opei= Z by (0), oy = Z Lo (0), 070 = Z Lo ()
(=1 (=1 (=1

Lemma 6.1. We have that:
(1) Ope = rc(g—l—c) ’
(2) o3 = gt
; .
(3) 030 =r3.
Proof. (1) According to (3.4) we have that

oo =33 i 1) = 3~ et (“;1)):(;(;) —|—7’<c—;1> _rdrre)

=1 j=1 =1

(2) According to Corollary 3.3(1) and (3.7) we have that

J_ZH 3 z+j—1):(r+1) iz (i+5—1)=

1<i<j<r =1 j=1+1

=(T¥1>+§<f<r-z () -()-
:<r—;l>+r<r;—1> r(r+ Z(zr+1)+ <g>+;<r—;—1>:r(722—1—1)

(3) First, note that, from the proof of (2) it follows that

r(r? r(r r2(r —
S 1) = ( 2+1)_ (2+1): (2 N

1<i<j<r

Therefore, according to Corollary 3.3(2) and (3.9), it follows that

r

o= "(2i-1)+2 > (i+j-1)=r’4ri(r-1)=

i=1 1<i<j<r
which concludes the proof. O
Proposition 6.2. (1) Forn >0 it holds that
(re=1)!pp,o(n) =0 mod (j+k+1)(j+k+2)---(j+rc—1),
where D = Dyyc_1, k= L%J - P"*_Z;[()H_C)—‘ +rc and {%X—Fc)—‘ —re<j< L%J
(2) Forn >0 it holds that

((—2“> 1> -pp;(n) =0 mod (j+k+1)(j+k+2)...(j+(T‘;1> _1)’

where D = Do, k= || — [M-‘ 4 (r—gl) and
n-+r(r? r n
’V%D—’_l)-‘ ("M <i<|B).
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(8) For n > 0 it holds that

<(r—2ﬂ> —1>!-ppi(n)zo mod (j+k+1)(j+k+2)...(j+(7""2“> 1,

where D = Dyry, k= | ] = |57 | + ('§") and |25 | = (') <j < |-

Proof. (1) It follows from (3.6), Proposition 3.1, Lemma 6.1(1) and Proposition 2.7.
(2) It follows from (3.8), Proposition 3.4, Lemma 6.1(2) and Proposition 2.7.
(3) It follows from (3.10), Proposition 3.5, Lemma 6.1(3) and Proposition 2.7. O

Theorem 6.3. If m > 1 is a positive integer, then
#{n< N : ppe(n) #0(modm)} 2

(1) N N “re(r+e)
. #{n <N : pp;(n) # 0(mod m)} 2

@) ]\}gnoo N = r(r2+1)

) g FOSN 5 o0 0o ) 1

Proof. (1) The result follows from Theorem 2.8 and Lemma 6.1(1).
(2) The result follows from Theorem 2.8 and Lemma 6.1(2).
(3) The result follows from Theorem 2.8 and Lemma 6.1(3). O

Acknowledgement. We would like to express our gratitude to the anonymous referee for
providing insightful comments and remarks which lead to improvements in the paper at various
places.

REFERENCES

[1] E. W. Barnes, On the theory of the multiple gamma function, Trans. Camb. Philos. Soc. 19 (1904), 374-425.
[2] M. Beck, I. M. Gessel, T. Komatsu, The polynomial part of a restricted partition function related to the
Frobenius problem, Electron. J. Combin. 8(1) (2001), N 7 (5 pages).
3] E. T. Bell, Interpolated denumerants and Lambert series, Amer. J. Math. 65 (1943), 382-386.
4] E. A. Bender, D. E. Knuth, Enumeration of Plane Partitions, J. Combinatorial Theory Ser. A 13 (1972),
40-54.
M. Cimpoeas, F. Nicolae, On the restricted partition function, Ramanujan J. 47(3) (2018), 565-588.
[6] M. Cimpoeas, F. Nicolae, Corrigendum to “On the restricted partition function”, Ramanujan J. 49(3) (2019),
699-700.
[7] M. Cimpoeas, On the restricted partition function via determinants with Bernoulli polynomials, Mediterr. J.
Math. 17(2) (2020), Paper No. 51, 19 pp.
[8] M. Cimpoeas, Remarks on the restricted partition function, Math. Rep. (Bucur.) 23(73)(4) (2021), 425-436.
[9] M. Cimpoeag, A. Teodor, A note on the number of plane partitions and r-component multipartitions of n,
Math. Commun. 29 (2024), 105-115.
[10] K. Dilcher, C. Vignat, An ezplicit form of the polynomial part of a restricted partition function, Res. Number
Theory 3(1) (2017), Paper No. 1, 12 pp.
[11] K. Gajdzica, A note on the restricted partition function pa(n,k), Discrete Math. 345(9) (2022), Paper No.
112943, 16 pp.
[12] B. Gordon, Notes on plane partitions V, J. Combinatorial Theory Ser. B 11 (1971), 157-168.

=

]
[13] B. Gordon, L. Houten, Notes on plane partitions I,II, J. Combinatorial Theory 4 (1968), 72-99.
[14] P. A. MacMahon, Combinatory Analysis, Cambridge University Press (1916).
[15] R. P. Stanley, Enumerative Combinatorics, Vol. 2, Cambridge University Press 1999.
[16] J. J. Sylvester, On a discovery on the partition of numbers, Quart. J. Pure Appl. Math. 1 (1857), 81-85.

38



ROMANIAN JOURNAL OF MATHEMATICS AND COMPUTER SCIENCE Issue 1, Vol. 15 (2025)

[17] J. J. Sylvester, On a discovery on the partition of numbers — continued, Quart. J. Pure Appl. Math. 1 (1857),

141-152.
[18] J. J. Sylvester, On subinvariants, i.e. semi-invariants to binary quantics of an unlimited order with an
excursus on rational fractions and partitions, Amer. J. Math. 5(1) (1882), 79-136.

FAcuLTY OF APPLIED SCIENCES, NATIONAL UNIVERSITY OF SCIENCE AND TECHNOLOGY POLITEHNICA
BUCHAREST, BUCHAREST, ROMANIA AND SIMION STOILOW INSTITUTE OF MATHEMATICS, BUCHAREST, ROMA-
NIA

Email address: mircea.cimpoeas@imar.ro

FAacuLTy OF APPLIED SCIENCES, NATIONAL UNIVERSITY OF SCIENCE AND TECHNOLOGY POLITEHNICA
BUCHAREST, BUCHAREST, ROMANIA
Email address: alexandra.teodor@upb.ro

39



