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1. Introduction. Formulation of the problem

Problems of mechanics often turn out to be initial-boundary (mixed) problems. In particular, many
mixed problems arise in hydrodynamics when solving problems of hydroelasticity [1]. In [8, 10] mixed
problems for second-order linear differential equations of parabolic and hyperbolic types were studied. The
main provisions of the theory of non-stationary filtration in fractured-pore formations are formulated in
the work of G. I. Barenblatt, Yu. P. Zheltov and I.N. Kochina [4] (see also [5]). The theory and applications
of fractional calculus have been developed by many authors (see, for example, [7, 9, 11, 12, 14]).

In our work we consider a mixed problem for a nonlinear differential equation with Hilfer operator of
fractional integro-differentiation. Thus, in the domain Ω ≡ (0, T )× (0, 1) we consider the equation

(1.1)

(
Dα,γ −Dα,γ ∂2

∂ x2
− ∂2

∂ x2

)
U(t, x) = f

t, x, T∫
0

1∫
0

G(s, y)U(s, y)dyds


with mixed conditions

(1.2) lim
t→+0

J1−γ
0t U(t, x) = φ(x),

(1.3) U(t, 0) = 0,
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(1.4) Ux(t, 1) = Ux(t, x0), 0 ≤ t ≤ T, 0 < x0 < 1,

where Dα,γ = Dα,β
0t = J

β(1−α)
0t

d
dtJ

(1−β)(1−α)
0t = Jγ−α0t

d
dtJ

1−γ
0t is Hilfer fractional operator, 0 ≤ β ≤ 1, γ =

α+ β − αβ, φ(x) ∈ C6[0, 1], 0 < α ≤ γ ≤ 1,

diφ(x)

dxi
|x=0 = 0,

djφ(x)

dxj
|x=1 =

djφ(x)

dxj
|x=x0

, i = 0, 2, 4, 6, j = 1, 3, 5,

dif(t, x, ·)
dxi

|x=0 = 0,
djf(t, x, ·)

dxj
|x=1 =

djf(t, x, ·)
dxj

|x=x0
, i = 0, 2, 4, 6, j = 1, 3, 5,

f(t, x, u) ∈ C0,6,0
t,x,u(Ω̄ × R), 0 < G(t, x) ∈ C(Ω̄), Jα0tψ(t) =

1
Γ(α)

t∫
0

ψ(s) ds
(t−s)1−α is Riemann-Liouville integral

operator, Ω̄ ≡ [0, T ]× [0, 1], 0 < T <∞.
Problem. It is required to find a function U(t, x), that satisfies the nonlinear differential equation (1.1),
the initial value condition (1.2), the boundary value conditions (1.3), (1.4) and belongs to the class of
smoothness

(1.5) t1−γDα,γU ∈ C(Ω), Dα,γUxx ∈ C(Ω), Uxx ∈ C(Ω).

We note that the study of the existence and uniqueness of a solution to a mixed problem is reduced to
the study of the existence and uniqueness of a nonlinear ordinary integral equation in the space C[0, T ]
and countable systems of nonlinear ordinary integral equations in the Banach space B2[0, T ] (see, Section
4).

This problem is studied in the case of linear equation in the work [13].

2. Eigenvalues and eigenfunctions of spectral problem

First, we consider homogeneous differential equation

(2.1) Dα,γU(t, x)−Dα,γUxx(t, x)− Uxx(t, x) = 0.

We will look for a non-trivial particular solution of this problem in the form U(t, x) = u(t) · ϑ(x).
Substituting this product into equation (2.1), we obtain

Dα,γu(t)

Dα,γu(t) + u(t)
=
ϑ′′(x)

ϑ(x)
.

Hence, equating second fraction into −λ we obtain the ordinary differential equation of second order

(2.2) ϑ′′(x) + λϑ(x) = 0.

According to the conditions (1.3) and (1.4), we have boundary value conditions

(2.3) ϑ(0) = 0, ϑ′(1) = ϑ′(x0), 0 < x0 < 1.

For λ < 0, problem (2.2), (2.3) has only a trivial solution, so consider the case λ ≥ 0. Solving the
spectral problem (2.2), (2.3), we derive eigenvalues

(2.4) λ0 = 0, λ1,n =

(
2nπ

1 + x0

)2

, λ2,n =

(
2nπ

1− x0

)2

, n ∈ N

and eigenfunctions

(2.5) ϑ0(x) = x, ϑi,n(x) = sin
√
λi,nx, i = 1, 2, n ∈ N.

The spectral problem (2.2), (2.3) was studied in detail in [2]. For ease of readability of the article, we
present some results obtained in these works. Let us denote

∆n,m =
n−m

n+m
, m, n ∈ N, n > m.
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Lemma 2.1. The system of functions (2.5) has associated functions only for those eigenvalues
λ1,n, λ2,m, n,m ∈ N of problem (2.2), (2.3) for which relation x0 = ∆n,m holds. For each such
pair (n,m), there is only one associated function.

Lemma 2.2. Let x0 be a rational number from the interval (0, 1) such that x0 = p
q , p < q, p and q

be coprime natural numbers. Then there exists a countable values of n and m such that for two series
of eigenvalues from (2.4), we have λ1,n = λ2,m, in addition n and m have the form m = s(q − p) and
n = s(q + p). Here s ∈ N, when q − p is odd, and 2s ∈ N, when q − p is even.

Corollary 2.3. Let x0 be a rational number from the interval (0, 1) such that x0 = p
q , p < q, p and q

be coprime natural numbers. Then m = s ∈ N and therefore for two sets of eigenvalues
{
λ1,n

}∞
n=1

and{
λ2,m

}∞
m=1

from (2.4), the inclusion
{
λ2,m

}∞
m=1

⊂
{
λ1,n

}∞
n=1

takes place, i.e., the set of eigenvalues{
λ2,m

}∞
m=1

is contained in the set
{
λ1,n

}∞
n=1

.

Along with problem (2.2), (2.3), we also consider adjoint problem. It is not difficult to determine that
the following problem will be adjoint to problem (2.2), (2.3):

(2.6) ω′′(x) + λω(x) = 0, λ ≥ 0, x ∈ (0, x0) ∪ (x0, 1),

(2.7) ω(0) = 0, ω′(1) = 0,

(2.8) ω′(x0 + 0) = ω′(x0 − 0), ω(x0 + 0)− ω(x0 − 0) = ω(1).

Consider the case when x0 is an irrational number from (0, 1). We obtain in this case two series of
eigenvalues of the form (2.4), which correspond to eigenfunctions of the form (2.5), and all these functions
are different and not orthogonal. Problem (2.6)-(2.8) also has eigenvalues of the form (2.4). Solving this
problem, it is not difficult to see that the eigenfunctions have the form

ω0(x) =

{
0, x ∈ [0, x0),

2
1−x2

0
, x ∈ (x0, 1],

ω1,n(x) =


4 sin

√
λ1,nx

1+x0
, x ∈ [0, x0),

2 cos
√
λ1,n(1−x)

(1+x0) sin
√
λ1,n

, x ∈ (x0, 1],

ω2,n(x) =

 0, x ∈ [0, x0),
4 cos

√
λ2,nx

(1−x0) sin
√
λ2,nx

, x ∈ (x0, 1].

Lemma 2.4. Let the number x0 be irrational. Then there is a sequence of {nm}, for which
∥ωi,nm

(x)∥L2(0,1)
→ ∞, i = 1, 2.

Corollary 2.5. Let x0 be any irrational number from the interval (0, 1). Then the system of root functions
of problem (2.6)-(2.8) does not form Riesz basis in L2[0, 1].

More detailed information on Riesz bases can be found in [6]. We consider our mixed problem (1.1)-
(1.5) when the following condition is fulfilled.
Condition A. Let x0 be a rational number from the interval (0, 1) such that x0 = p

q , p < q, q − p = 1,

p and q be positive integers.
If condition A is satisfying, then solving problem (2.2), (2.3), instead (2.4) we obtain

(2.9) λ0 = 0, λ1,n =

(
2qnπ

p+ q

)2

, λ2,m = (2qmπ)2, n,m ∈ N, n ̸= m(p+ q).

These eigenvalues correspond to eigenfunctions in (2.5). For each value of λ2,m, there also exist
associated functions of the form

(2.10) ϑ̃2,m(x) = x cos
√
λ2,mx.
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Problem (2.6)–(2.8) also has eigenvalues of the form (2.9). Solving this problem, it is not difficult to
see that the eigenfunctions have the form

(2.11) {ω0(x); ω1,n(x); ω2,m(x)} , n,m ∈ N, n ̸= m(p+ q).

where

ω0(x) =

{
0, x ∈ [0, x0),

2
1−x2

0
, x ∈ (x0, 1],

ω1,n(x) =


4 sin

√
λ1,nx

1+x0
, x ∈ [0, x0),

2 cos
√
λ1,n(1−x)

(1+x0) sin
√
λ1,n

, x ∈ (x0, 1],

ω2,m(x) =

{
0, x ∈ [0, x0),
4 cos

√
λ2,mx

1−x0
, x ∈ (x0, 1].

There also exist associated functions of the form

(2.12) ω̃2,m(x) =


4 sin

√
λ2,mx

1+x0
, x ∈ [0, x0),

4(1−x) sin
√
λ2,mx

1−x2
0

, x ∈ (x0, 1].

We note that systems of eigenfunctions (2.5), (2.10) and (2.11), (2.12) are biorthonormal in the space
L2[0, 1], that is

(ϑ0(x), ω0(x)) = 1, (ϑ1,n(x), ω1,k(x)) =

{
1, n = k,
0, n ̸= k,

(ϑ2,m(x), ω̃2,k(x)) =

{
1, m = k,
0, m ̸= k,

(
ϑ̃2,m(x), ω2,k(x)

)
=

{
1, m = k,
0, m ̸= k,

(ϑ0(x), ω1,n(x)) = (ϑ0(x), ω2,m(x)) = (ϑ0(x), ω̃2,m(x)) = 0,

(ϑ1,n(x), ω0(x)) = (ϑ1,n(x), ω2,m(x)) = (ϑ1,n(x), ω̃2,m(x)) = 0,

(ϑ2,m(x), ω0(x)) = (ϑ2,m(x), ω1,n(x)) = (ϑ2,m(x), ω2,k(x)) = 0,(
ϑ̃2,m(x), ω0(x)

)
=
(
ϑ̃2,m(x), ω̃2,k(x)

)
= 0,

where by (·, ·) is denoted the inner product in L2[0, 1].
We note that if the condition A is satisfying, then the systems of root functions of problems (2.2),

(2.3) and (2.6)-(2.8) form a Riesz basis in the space L2[0, 1] (see, [2, 3]). Therefore, taking into account
the formulas (2.5), (2.10) and (2.11), (2.12), we look for a solution

(2.13) U(t, x) = U0(t, x) + U1(t, x) + U2(t, x) + Ũ2(t, x)

to the problem (1.1)-(1.5) in the following form of Fourier series:

(2.14) U(t, x) = u0(t)ϑ0(x) +
∞∗∑
n=1

u1,n(t)ϑ1,n(x) +
∞∑
m=1

(
u2,m(t)ϑ2,m(x) + ũ2,m(t) ϑ̃2,m(x)

)
,

where

u0(t) =

1∫
0

U0(t, y)ω0(y)dy, u1,n(t) =

1∫
0

U1(t, y)ω1,n(y)dy,

u2,m(t) =

1∫
0

U2(t, y)ω̃2,m(y)dy, ũ2,m(t) =

1∫
0

Ũ2(t, y)ω2,m(y)dy.

Here ”*” means that the sum is taken over n ∈ N, different from k(q + p), k ∈ N.
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3. Reducing the solution of problem to a countable systems of integral equations

Let the condition A be satisfied and a function U(t, x) be a solution to the mixed problem (1.1)-(1.5).
Then, applying representation (2.14) into equation (1.1) and taking (2.5) and (2.13) into account, we
obtain

Dα,γ

{
xu0(t) +

∞∗∑
n=1

u1,n(t)ϑ1,n(x) +
∞∑
m=1

(
u2,m(t)ϑ2,m(x) + ũ2,m(t) ϑ̃2,m(x)

)
+

+
∞∗∑
n=1

λ1,nu1,n(t)ϑ1,n(x) +
∞∑
m=1

[
λ2,mu2,m(t)ϑ2,m(x) + ũ2,m(t)

(
2
√
λ2,mϑ2,m(x) + λ2,mϑ̃2,m(x)

)]}
+

+
∞∗∑
n=1

λ1,nu1,n(t)ϑ1,n(x) +
∞∑
m=1

[
λ2,mu2,m(t)ϑ2,m(x) + ũ2,m(t)

(
2
√
λ2,m ϑ2,m(x) + λ2,mϑ̃2,m(x)

)]
=

= x f0(t, u) +
∞∗∑
n=1

f1,n(t, u)ϑ1,n(x) +
∞∑
m=1

(
f2,m(t, u)ϑ2,m(x) + f̃2,m(t, u) ϑ̃2,m(x)

)
,

where

f0(t, u) =

1∫
0

f0

t, y, T∫
0

1∫
0

G(s, z) z u0(s)dzds

ω0(y)dy,

f1,n(t, u) =

1∫
0

f1

t, y, T∫
0

1∫
0

G(s, z)

∞∗∑
i=1

u1,i(s)ϑ1,i(z)dzds

ω1,n(y)dy,

f2,m(t, u) =

1∫
0

f2

t, y, T∫
0

1∫
0

G(s, z)

∞∑
j=1

u2,j(s)ϑ2,j(z) dzds

 ω̃2,m(y)dy,

f̃2,m(t, u) =

1∫
0

f̃2

t, y, T∫
0

1∫
0

G(s, z)

∞∑
j=1

ũ2,j(s) ϑ̃2,j(z) dzds

ω2,m(y)dy.

Hence, taking (2.11) and (2.12) into account, we obtain four fractional differential equations

(3.1) Dα,γu0(t) = f0(t, u),

(3.2) Dα,γu1,n(t) + µ1,nu1,n(t) =
1

1 + λ1,n
f1,n(t, u),

(3.3) Dα,γu2,m(t) + µ2,mu2,m(t) = −
2
√
λ2,m

1 + λ2,m
(Dα,γ ũ2,m(t) + ũ2,m(t)) +

1

1 + λ2,m
f2,m(t, u),

(3.4) Dα,γ ũ2,m(t) + µ2,mũ2,m(t) =
1

1 + λ2,m
f̃2,m(t, u),

µ1,n =
λ1,n

1 + λ1,n
, µ2,m =

λ2,m
1 + λ2,m

,

λ1,n and λ2,m (n,m ∈ N, n ̸= m(p + q)) are defined from (2.9). The equation (3.1) is scalar fractional
differential equation. The equations (3.2)-(3.4) are countable systems (CS) of fractional differential
equations. We note here that CS of fractional differential equations (3.3) consists two unknown functions
u2,m(t) and ũ2,m(t). So, we will solve it only after solving the CS (3.4). To solve the equations (3.1)-(3.4)
we define initial value conditions [20, 21].
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Taking into account the formulas (2.5), (2.10) and (2.11), (2.12), we consider the function φ(x) as a
function in the case of (2.13):

φ(x) = φ0(x) + φ1(x) + φ2(x) + φ̃2(x).

So, from the condition (1.2) we determine the initial value conditions

(3.5) lim
t→+0

J1−γ
0t u0(t) = lim

t→+0
J1−γ
0t

1∫
0

U0(t, y)ω0(y)dy =

1∫
0

φ0(y)ω0(y)dy = φ0,

(3.6) lim
t→+0

J1−γ
0t u1,n(t) = lim

t→+0
J1−γ
0t

1∫
0

U1(t, y)ω1,n(y)dy =

1∫
0

φ1(y)ω1,n(y)dy = φ1,n,

(3.7) lim
t→+0

J1−γ
0t u2,m(t) = lim

t→+0
J1−γ
0t

1∫
0

U2(t, y)ω̃2,m(y)dy =

1∫
0

φ2(y)ω̃2,m(y)dy = φ2,m,

(3.8) lim
t→+0

J1−γ
0t ũ2,m(t) = lim

t→+0
J1−γ
0t

1∫
0

Ũ2(t, y)ω2,m(y)dy =

1∫
0

φ̃2(x)ω2,m(y)dy = φ̃2,m.

Thus, we have reduced the solvability issues of the mixed problem (1.1)-(1.4) to the study of the unique
solvability of the fractional equation (3.1) and countable systems of fractional equations (3.2)-(3.4) with
the corresponding initial conditions (3.5)-(3.8). Since our equations are nonlinear, we apply the method
of successive approximations in combination with the method of contracting mappings. First, we reduce
these initial problems to a nonlinear integral equation and to countable systems of nonlinear integral
equations [19]. Further, we formulate the corresponding theorems.

The solving methods for a fractional differential equations (3.1) and CS of fractional differential equa-
tions (3.2)-(3.4) are the same. So, we show the scheme of solving only for the equations (3.1) and (3.2).
First, we solve the equation (3.1). In this order we rewrite (3.1) in the form

(3.9) Dα,γu0(t) = f0(t, u),

Applying the Riemann-Liouville integral operator Jα0t to both sides of the equation (3.9), we have

(3.10) u0(t) =
C0

Γ(γ)
tγ−1 +

1

Γ(γ)

t∫
0

(t− s)α−1f0(s, u) ds,

where C0 is arbitrary constant.
Using initial value condition (3.5), we represent (3.10) as the solution of the equation (3.9)

(3.11) u0(t) =
φ0

Γ(γ)
tγ−1 +

1

Γ(γ)

t∫
0

(t− s)α−1f0(s, u) ds.

The equation (3.11) is a nonlinear Volterra type integral equation with singularity at the point t = 0. So,
we multiply it to the function t1−γ :

t1−γu0(t) = I0
(
t;u0

)
≡ φ0

Γ(γ)
+

(3.12) +

t∫
0

K0(t, s)

1∫
0

f0

s, y, T∫
0

1∫
0

G(θ, z) z u0(θ)dzdθ

ω0(y)dy ds,
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where

K0(t, s) =
t1−γ(t− s)α−1

Γ(γ)
.

Smoothness conditions S0. Let φ0(x) ∈ C[0, 1], f0(t, x, ·) ∈ C(Ω× R) be fulfilled.
We use the norm ∥u(t)∥C = max0≤t≤T |u(t)| in the space C[0, T ] of continuous functions.

Theorem 3.1. Let the smoothness conditions S0 be fulfilled and:

1).
T∫
0

1∫
0

G(θ,z)
θ 1−γ zdzdθ ≤ G0 <∞, 0 < G0 = const;

2).
∥∥f0(t, x, xu00(t))∥∥C ≤ δ0, 0 < δ0 = const;

3). ∥f0(t, x, u1)− f0(t, x, u2)∥C ≤ l0(x) ∥u1 − u2 ∥C , 0 < l0(x) ∈ L2[0, 1];

4). ρ0 = l̃0G0
2δ0

1−x2
0

T 1+α−γ

αΓ(γ) < 1, l̃0 =
1∫
0

l0(x)dx.

Then nonlinear Volterra integral equation of second kind (3.12) has a unique solution in the class of
continuous functions on the segment [0, T ].

The solution u0(t) ∈ C[0, T ] of the nonlinear integral equation (3.12) can be found by the following
iteration process [

t1−γuτ+1
0 (t) = I0(t;u

τ
0), τ = 0, 1, 2, ...

t1−γu00(t) =
φ0

Γ(γ) .

Remark 3.2. The last inequality in the theorem is equivalent to the inequality:

T <

[(
1− x20

)
αΓ(γ)

2δ0 l̃0G0

]γ−α−1

.

Moreover, there are opportunities to choose the constants x0, δ0, l̃0, G0 here.

Proof. We consider the following operator [18]

I0
(
t;u0

)
: C([0, T ];R) → C([0, T ];R),

defined by the right-hand side of integral equation (3.12). Using the principle of contracting mappings,
we show that the operator I0

(
t;u0

)
, defined by equality (3.12), has a unique fixed point.

Indeed, for this iteration process we have estimates∥∥ t1−γu00(t)∥∥C ≤ |φ0 |
Γ(γ)

<∞,∥∥ t1−γ [u10(t)− u00(t)
] ∥∥

C
≤

≤ max
0≤t≤T

t∫
0

K0(t, s)

1∫
0

∣∣∣∣∣∣ f0
s, y, T∫

0

1∫
0

G(θ, z) z u00(θ)dzdθ

∣∣∣∣∣∣ · |ω0(y) | dy ds ≤

≤ 2T 1+α−γ

1− x20

∥ f0(t, x, u) ∥C
αΓ (γ)

≤ 2δ0
1− x20

T 1+α−γ

αΓ(γ)
<∞,

∥∥ t1−γ [uτ+1
0 (t)− uτ0(t)

] ∥∥
C
≤

≤ max
0≤t≤T

t∫
0

K0(t, s)

1∫
0

l0(y)ω0(y)

T∫
0

1∫
0

G(θ, z)z
∣∣uτ0(θ)− uτ−1

0 (θ)
∣∣ dzdθ dy ds ≤

≤ G0

max
0≤θ≤T

∣∣θ1−γ [uτ0(θ)− uτ−1
0 (θ)

]∣∣
Γ(γ)

max
0≤t≤T

t∫
0

t1−γ(t− s)α−1

1∫
0

l0(y) |ω0(y)| dyds ≤
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≤
∥∥ t 1−γ [uτ0(t)− uτ−1

0 (t)
] ∥∥

C

2

1− x20

l̃0G0

Γ (γ)
max
0≤t≤T

t∫
0

t1−γ(t− s)α−1 ds ≤

≤ ρ0 ·
∥∥ t1−γ [uτ0(t)− uτ−1

0 (t)
] ∥∥

C
,

where

ρ0 = l̃0G0
2

1− x20

T 1+α−γ

αΓ(γ)
< 1, l̃0 =

1∫
0

l0(y)dy.

From these estimates implies that the right-hand side of the fractional differential equation (3.12) as an
operator I0

(
t;u0

)
is contracting. Therefore, there is a unique fixed point. Hence, we deduce that there

is unique solution u0(t) ∈ C[0, T ] of the equation (3.12). Theorem 3.1 is proved. □

From the representation (3.12) one can find that

t1−γU0(t, x) = x t1−γu0(t) = x
φ0

Γ(γ)
+

(3.13) +

t∫
0

xK0(t, s)

1∫
0

f0

s, y, T∫
0

1∫
0

G(θ, z)U0(θ, z)dzdθ

ω0(y)dy ds.

Corollary 3.3. The function t1−γU0(t, x) ∈ C
(
Ω
)
in (3.13) is the unique solution of the problem (1.1)–

(1.4) corresponding for eigenvalue λ0 = 0 and eigenfunction ϑ0(x) = x.

Indeed,

| t1−γU0(t, x) | ≤ |x | · ∥ t1−γu0(t) ∥C <∞.

Now we solve the fractional order CS of ordinary differential equations (3.2) with initial value condition
(3.6). In this purpose we rewrite the CS (3.2) as

(3.14) Dα,γu1,n(t) = −µ1,nu1,n(t) + g1,n(t),

where

(3.15) g1,n(t) =
1

1 + λ1,n
f1,n(t, u).

Applying the Riemann-Liouville integral operator Jα0t to both sides of this equation and taking into
account the linearity of this operator and the formula [15]:

Jγ0tD
γ
0tu1,n(t) = u1,n(t)−

1

Γ(γ)
J1−γ
0t u1,n(t)|t=0t

γ−1,

we have

u1,n(t) =
C1n

Γ(γ)
tγ−1 + Jα0tg1,n(t)− µ1,nJ

α
0tu1,n(t), C1,n = const.

Then, using the initial value condition (3.6), we represent the solution of the system (3.14) in the form

u1,n(t) = φ1,n

 tγ−1

Γ(γ)
− µ1,n

Γ(γ)

t∫
0

(t− s)α−1Eα,α (−µ1,n(t− s)α) sγ−1 ds

+

(3.16) +Jα0tg1,n(t)− µ1,n

t∫
0

(t− s)α−1Eα,α (−µ1,n(t− s)α) Jα0tg1,n(s) ds.
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In representation (3.16) we take into account the following relations

tγ−1

Γ(γ)
− µ1,n

Γ(γ)

t∫
0

(t− s)α−1Eα,α (−µ1,n(t− s)α) sγ−1ds = tγ−1Eα,γ (−µ1,nt
α) ,

t∫
0

(t− s)α−1Eα,α (−µ1,n(t− s)α) Jα0tg1,n(s)ds =

=
1

Γ(α)

t∫
0

(t− s)α−1Eα,α (−µ1,n(t− s)α) ds

s∫
0

(s− θ)α−1g1,n(θ) dθ =

=
1

Γ(α)

t∫
0

(t− s)α−1ds

t∫
s

(t− s)α−1(s− θ)α−1Eα,α (−µ1,n(t− θ)α) dθ =

=

t∫
0

g1,n(s)(t− s)2α−1Eα,2α (−µ1,n(t− s)α) ds.

Hence, we obtain

(3.17) u1,n(t) = φ1,nt
γ−1Eα,γ (−µ1,nt

α) +

t∫
0

(t− s)α−1Eα,α (−µ1,n(t− s)α) g1,n(s)ds,

where

Eα,γ(z) =
∞∑
m=0

zm

Γ(αm+ γ)
, z, α, γ ∈ C, Re (α) > 0

is Mittag-Leffler function.
In obtaining the equation (3.17) we took into account that the following representations are true:

Eα,γ(z) =
1

Γ(γ)
+ z Eα,γ+α(z), α > 0, γ > 0,

1

Γ(α)

z∫
0

(z − t)α−1Eα,γ (k t
α) tγ−1dt = zγ+α−1Eα,γ+α (k z

α) , α > 0, γ > 0.

By virtue of (3.15), the equation (3.17) we rewrite as

u1,n(t) = φ1,nt
γ−1Eα,γ (−µ1,nt

α)+

(3.18) +
1

1 + λ1,n

t∫
0

(t− s)α−1Eα,α (−µ1,n(t− s)α) f1,n(s, u)ds.

Instead of the equation (3.18) we consider the following CS of nonlinear integral equations (CSNIE)

(3.19) t1−γu1,n(t) = φ1,nEα,γ (−µ1,nt
α) +

1

1 + λ1,n

t∫
0

K1,n(t, s) f1,n(s, u)ds,

where
K1,n(t, s) = t1−γ(t− s)α−1Eα,α (−µ1,n(t− s)α) ,

µ1,n =
λ1,n

1 + λ1,n
, λ1,n =

(
2qnπ

p+ q

)2

, n = 1 , 2 , ...
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By similarly way, for the differential equation (3.4) with initial value condition (3.8) we obtain the
following CSNIE

(3.20) t1−γ ũ2,m(t) = φ̃2,mEα,γ (−µ2,mt
α) +

1

1 + λ2,m

t∫
0

K2,m(t, s)f̃2,m(s, u)ds,

where

K2,m(t, s) = t1−γ(t− s)α−1Eα,α (−µ2,m(t− s)α) ,

µ2,m =
λ2,m

1 + λ2,m
, λ2,m = (2qmπ)2, m = 1 , 2 , ...

Before to solve the countable system of differential equation (3.3) with initial value condition (3.7), we
study the solvability of the CSNIE (3.19) and (3.20).

4. Unique solvability of CSNIE

In the set
{
ψ⃗(t) =

(
ψi(t)

)
: ψi(t) ∈ C[0, T ], i = 1, 2, ...

}
operations of addition of two elements and

multiplication of an element by a scalar are defined coordinate-wise. This set is a linear vector space.

We consider those elements of this vector space that satisfy the condition
∑∞
i=1

(
max
t∈[0,T ]

|ψi(t) |
)2

<∞.

This set we denote by B2[0, T ] and is provided with a norm [16]∥∥∥ ψ⃗(t)∥∥∥
B2[0,T ]

=

√√√√ ∞∑
i=1

(
max
t∈[0,T ]

|ψi(t) |
)2

<∞.

We use also coordinate Hilbert space ℓ2 of number sequences
{
ζi

}∞

i=1
with a norm

∥∥∥ ζ⃗ ∥∥∥
ℓ2

=

√√√√ ∞∑
i=1

| ζi |2 <∞

and the space L 2[0, 1] of square summable functions on an interval [0, 1] with a norm

∥ η(x) ∥L2[0,1]
=

√√√√√ 1∫
0

| η(y) |2 dy <∞.

Smoothness condition S1. Let in the domain [0, 1] the functions φ1(x) ∈ C3[0, 1] and f1(t, x, ·) ∈
C0,1
t,x (Ω × R) have the piecewise continuous derivatives with respect to x up to the fourth and second

order, respectively. Then, we integrate by parts the integrals

φ1,n =

1∫
0

φ1(y)ω1,n(y)dy, f1,n(t, u) =

1∫
0

f1(t, y, ·)ω1,n(y)dy

fourth and second times on the variable x, respectively, and obtain the results

(4.1) |φ1,n | ≤
(
p+ q

2qπ

)4

∣∣∣φ(IV )
1,n

∣∣∣
n4

, | f1,n(t, u) | ≤
(
p+ q

2qπ

)2
∣∣ f ′′1,n(t, u) ∣∣

n2
,

where

φ
(IV )
1,n =

1∫
0

∂4φ1(y)

∂ y4
ω1,n(y)dy, f ′′1,n(t) =

1∫
0

∂2f1(t, y, ·)
∂ y2

ω1,n(y)dy.

Romanian Journal of Mathematics and Computer Science Issue 2, Vol. 14 (2024)

50



Theorem 4.1. Let the condition A and smoothness condition S1 be fulfilled and

1).
T∫
0

∥∥∥ G(s,x)
s1−γ

∥∥∥
L2[0,1]

ds ≤ G1 <∞, 0 < G1 = const;

2). max
0≤t≤T

∥f1(t, x, u)∥L2[0,1]
≤ δ1, 0 < δ1 = const;

3). | f1(t, x, u1)− f1(t, x, u2) | ≤ l1(x) |u1 − u2 | , 0 < l1(x) ∈ L2[0, 1];

4). ρ1 =M1,4G1 < 1, M1,4 =M1,2

√
∞∗∑
n=1

1
n4 ∥ l1(x) ∥L2[0,1]

.

Then CSNIE (3.19) has a unique solution in the space B2[0, T ].

Proof. Using the principle of contracting mappings, we show that the operator, defined on the right-hand
side of equation (3.19), has a unique fixed point.

The solution u⃗1(t) ∈ B2[0, T ] of the nonlinear integral equation (3.19) can be found by the following
iteration process

(4.2)


t1−γu01,n(t) = φ1,nEα,γ (−µ1,nt

α) ,

t1−γuτ+1
1,n (t) = t1−γu01,n(t) +

1
1+λ1,n

t∫
0

K1,n(t, s) f1,n
(
s, uτ1,n

)
ds, τ = 0, 1, 2, 3, . . . ,

where

f1,n(t, u
τ
1,n) =

1∫
0

f1

t, y, T∫
0

1∫
0

G(s, z)
∞∗∑
i=1

uτ1,i(s)ϑ1,i(z)dzds

ω1,n(y)dy.

It is known that for all α ∈ (0, 1), γ ∈ R and arg z = π there takes place the following estimate for
Mittag-Leffler function [17]

|Eα,γ(z) | ≤
M0

1 + |z|
,

where 0 < M0 = const does not depend from z. In particularly, for all 0 < α ≤ γ ≤ 1, 0 < µi,n < 1, i =
1, 2, we have the estimate

|Eα,γ (−µi,ntα) | ≤M0.

We estimate the zero approximation. By virtue of formulas in (4.1) and the fact that µ1,n =
λ1,n

1+λ1,n
<

1, λ1,n =
(

2qnπ
p+q

)2
, applying the Cauchy-Shwartz inequality and Bessel inequality, from approximations

(4.2) we have

∥∥ t1−γ u⃗01(t)∥∥B2[0,T ]
≤

√√√√∞∗∑
n=1

max
0≤t≤T

∣∣ t1−γu01,n(t) ∣∣2 ≤
∞∗∑
n=1

max
0≤t≤T

|φ1,nEα,γ (−µ1,nt
α) | ≤

≤M0

∞∗∑
n=1

|φ1,n | ≤M0

(
p+ q

2qπ

)4 ∞∗∑
n=1

1

n4

∣∣∣φ(IV )
1,n

∣∣∣ ≤
(4.3) ≤M1,1

∥∥∥ φ⃗(IV )
1

∥∥∥
ℓ2

≤M1,1

∥∥∥∥ ∂4φ1(x)

∂ x4

∥∥∥∥
L2[0,1]

<∞,

where

M1,1 =M0

(
p+ q

2qπ

)4
√√√√∞∗∑
n=1

1

n8
.
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Due to the conditions of the Theorem 4.1, estimate (4.3) and applying the Cauchy-Shwartz inequality
and Bessel’s inequality, for the first difference t1−γ

[
u11,n(t)− u01,n(t)

]
we obtain

∥∥ t1−γ [u⃗11(t)− u⃗01(t)
] ∥∥

B2[0,T ]
≤

∞∗∑
n=1

1

λ1,n
max
0≤t≤T

t∫
0

K1,n(t, s)
∣∣ f1,n(t, u01,n) ∣∣ ds ≤

≤
∞∗∑
n=1

1

λ1,n
max
0≤t≤T

t1−γ
t∫

0

(t− s)α−1 |Eα, α (−µ1,n(t− s)α) | ds×

×

∣∣∣∣∣∣
1∫

0

f1

t, y, T∫
0

1∫
0

G(s, z)
∞∗∑
i=1

u01,i(s)ϑ1,i(z)dzds

ω1,n(y)dy

∣∣∣∣∣∣ ≤
≤M1,2

∞∗∑
n=1

1

n2
max
0≤t≤T

∣∣∣∣∣∣
1∫

0

f1

t, y, T∫
0

1∫
0

G(s, z)
∞∗∑
i=1

u01,i(s)ϑ1,i(z)dzds

ω1,n(y)dy

∣∣∣∣∣∣ ≤
≤M1,2

√√√√∞∗∑
n=1

1

n4

∥∥∥∥∥∥
1∫

0

f1

t, y, T∫
0

1∫
0

G(s, z)

∞∗∑
i=1

u01,i(s)ϑ1,i(z)dzds

ω1(y)dy

∥∥∥∥∥∥
B2[0,T ]

≤

≤M1,2

√√√√∞∗∑
n=1

1

n4
max
0≤t≤T

∥∥∥∥∥∥ f1
t, y, T∫

0

1∫
0

G(s, z)U0
1 (s, z) dzds

∥∥∥∥∥∥
L2[0,1]

≤

(4.4) ≤M1,2

√√√√∞∗∑
n=1

1

n4
δ1 <∞,

where

M1,2 =M0
T 1+α−γ

α

(
p+ q

2qπ

)2

.

Now we consider the arbitrary difference t1−γ
[
uτ+1
1,n (t)− uτ1,n(t)

]
. By the same way as above, we obtain

∥∥ t1−γ [u⃗τ+1
1 (t)− u⃗τ1(t)

] ∥∥
B2[0,T ]

≤
∞∗∑
n=1

1

λ1,n
max
0≤t≤T

t∫
0

K1,n(t, s)
∣∣ f1,n(t, uτ1,n)− f1,n(t, u

τ−1
1,n )

∣∣ ds ≤
≤

∞∗∑
n=1

1

λ1,n
max
0≤t≤T

t1−γ
t∫

0

(t− s)α−1 |Eα,α (−µ1,n(t− s)α) | ds×

×

∣∣∣∣∣∣
1∫

0

l1(y)

T∫
0

1∫
0

G(t, z)
∞∗∑
i=1

∣∣uτ1,i(t)− uτ−1
1,i (t)

∣∣ ϑ1,i(z)dzdt ω1,n(y)dy

∣∣∣∣∣∣ ≤
≤M1,2

∞∗∑
n=1

1

n2

∣∣∣∣∣∣
1∫

0

l1(y)ω1,n(y)dy

∣∣∣∣∣∣
∣∣∣∣∣∣
T∫

0

1∫
0

G(t, z)
∞∗∑
i=1

∣∣uτ1,i(t)− uτ−1
1,i (t)

∣∣ ϑ1,i(z)dzdt
∣∣∣∣∣∣ ≤

≤M1,3

T∫
0

∣∣∣∣∣∣
∞∗∑
i=1

t1−γ
∣∣uτ1,i(t)− uτ−1

1,i (t)
∣∣ 1∫

0

G(t, z)

t1−γ
ϑ1,i(z)dz

∣∣∣∣∣∣ dt ≤
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≤M1,3

∥∥ t1−γ [u⃗τ1(t)− u⃗τ−1
1 (t)

] ∥∥
B2(T )

T∫
0

∥∥∥∥∥∥
1∫

0

G(t, z)

t1−γ
ϑ1(z)dz

∥∥∥∥∥∥
B2[0,T ]

dt ≤

(4.5) ≤ ρ1 ·
∥∥ t1−γ [u⃗τ1(t)− u⃗τ−1

1 (t)
] ∥∥

B2[0,T ]
,

where

ρ1 =M1,3G1, M1,3 =M1,2

√√√√∞∗∑
n=1

1

n4
∥ l1(x) ∥L2[0,1]

.

From estimates (4.3)-(4.5) it follows that the operator on the right-hand side of (3.19) is contracting and
there is a fixed point [15]. So, existence and uniqueness of the solution t1−γ u⃗1(t) ∈ B2[0, T ] to CSNIE
(3.19) are proved. □

Smoothness condition S̃2. Let in the domain [0, 1] the functions φ̃2(x) ∈ C3[0, 1] and f̃2(t, x, ·) ∈
C0,1
t,x (Ω × R) have the piecewise continuous derivatives with respect to x up to the fourth and second

order, respectively. Then, we integrate by parts

φ̃2,m =

1∫
0

φ̃2(y)ω2,m(y)dy, f̃2,m(t, u) =

1∫
0

f̃2(t, y, ·)ω2,m(y) dy

fourth and second times on the variable x, respectively, and obtain

| φ̃2,m | ≤
(
p+ q

2qπ

)4

∣∣∣ φ̃(IV )
2,m

∣∣∣
m4

,
∣∣∣ f̃2,m(t, u)

∣∣∣ ≤ (p+ q

2qπ

)2

∣∣∣ f̃ ′′2,m(t, u)
∣∣∣

m2
,

where

φ̃
(IV )
2,m =

1∫
0

∂4 φ̃2(y)

∂ y4
ω2,m(y) dy, f̃ ′′2,m(t) =

1∫
0

∂2f̃2(t, y, ·)
∂ y2

ω2,m(y) dy.

Theorem 4.2. Let the condition A and smoothness condition S̃2 be fulfilled and

1).
T∫
0

∥∥∥ G(t,x)
t1−γ

∥∥∥
L2[0,1]

dt ≤ G̃2 <∞, 0 < G̃2 = const;

2). max
0≤t≤T

∥∥∥f̃2(t, x, u)∥∥∥
L2[0,1]

≤ δ̃2, 0 < δ̃2 = const;

3).
∣∣∣ f̃2(t, x, u1)− f̃2(t, x, u2)

∣∣∣ ≤ l̃2(x) |u1 − u2 | , 0 < l̃2(x) ∈ L2[0, 1];

4). ρ̃2 =M2,3G̃2 < 1, M2,3 =M2,2

√∑∞
m=1

1
m4

∥∥∥ l̃2(x)∥∥∥
L2[0,1]

, M2,2, M2,3 = const.

Then CSNIE (3.20) has a unique solution in the space B2[0, T ].

The existence and uniqueness Theorem 4.2 for CS of nonlinear integral equations (3.20) is proved by
similar way as in the case of Theorem 4.1.

The differential equation (3.3) consists two unknown functions. Therefore, the solution of the CSNIE

(3.20) we denote by F̃2,m(t) and substitute it into equation (3.3)

(4.6) Dα,γu2,m(t) + µ2,mu2,m(t) =
1

1 + λ2,m
f2,m(t, u)−

2
√
λ2,m

1 + λ2,m

(
Dα,γF̃2,m(t) + F̃2,m(t)

)
.

The equation (4.6) consists only one unknown function. So, we solve it with initial value condition (3.7).
This problem is equivalent to the following Volterra integral equation

t1−γu2,m(t) = φ2,mEα,γ (−µ2,mt
α)−

2
√
λ2,m

1 + λ2,m

t∫
0

K2,m(t, s)
(
Dα,γF̃2,m(s) + F̃2,m(s)

)
ds+
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(4.7) +
1

1 + λ2,m

t∫
0

K2,m(t, s) f2,m(s, u)ds,

where
K2,m(t, s) = t1−γ(t− s)α−1Eα,α (−µ2,m(t− s)α) ,

µ2,m =
λ2,m

1 + λ2,m
, λ2,m = (2qmπ)

2
, m = 1, 2, ...

Smoothness condition S2. Let in the domain [0, 1] the functions φ2(x) ∈ C3[0, 1], f2(t, x, ·) ∈ C0,1
t,x (Ω×

R) have the peace-wise continuous derivatives with respect to x up to the fourth order and second order,
respectively. Then, by integrations by parts

φ2,m =

1∫
0

φ2(y) ω̃2,m(y)dy, f2,m(t, u) =

1∫
0

f2(t, y, ·) ω̃2,m(y)dy

we obtain that there hold estimates

|φ2,m | ≤
(

1

2qπ

)4

∣∣∣φ(IV )
2,m

∣∣∣
m4

+ 4

(
1

2qπ

)5

∣∣∣ φ̃(IV )
2,m

∣∣∣
m5

,

| f2,m(t, u) | ≤
(

1

2qπ

)2
∣∣ f ′′2,m(t, u)

∣∣
m2

+ 4

(
1

2qπ

)3

∣∣∣ f̃ ′′2,m(t, u)
∣∣∣

m3
,

where

φ
(IV )
2,m =

1∫
0

∂4φ2(y)

∂ y4
ω̃2,m(y) dy, f ′′2,m(t, u) =

1∫
0

∂2f2(t, y, ·)
∂ y2

ω̃2,m(y) dy.

Theorem 4.3. Let the condition A and smoothness condition S2 be fulfilled and

1).
T∫
0

∥∥∥ G(s,x)
s1−γ

∥∥∥
L2[0,1]

ds ≤ G2 <∞, 0 < G2 = const;

2). max
0≤t≤T

∥f2(t, x, u)∥L2[0,1]
≤ δ2, 0 < δ2 = const;

3). | f2(t, x, u1)− f2(t, x, u2) | ≤ l2(x) |u1 − u2 | , 0 < l2(x) ∈ L2[0, 1];

4). ρ3 =M3,5G2 < 1, M3,5 =M3,3

√∑∞
m=1

1
m4 ∥ l2(x) ∥L2[0,1]

.

Then CSNIE (4.7) has a unique solution in the space B2[0, T ].

Proof. We use the method of successive approximations:
t1−γu02,m(t) = φ2,mEα,γ (−µ2,mt

α)− 2
√
λ2,m

1+λ2,m

t∫
0

K2,m(t, s)
(
Dα,γF̃2,m(s) + F̃2,m(s)

)
ds,

t1−γuτ+1
2,m (t) = t1−γu02,m(t) + 1

1+λ2,m

t∫
0

K2,m(t, s)f2,m
(
t, uτ2,m

)
ds, τ = 0, 1, 2, 3, . . . ,

where

f2,m
(
t, uτ2,m

)
=

1∫
0

f2

t, y, T∫
0

1∫
0

G(s, z)
∞∑
j=1

uτ2,j(s)ϑ2,j(z)dzds

 ω̃2,m(y)dy.

By virtue of smoothness conditions S2 and the fact that µ1,n =
λ1,n

1+λ1,n
< 1, λ1,n =

(
2qnπ
p+q

)2
, applying

the Cauchy-Shwartz inequality and Bessel inequality, we have∥∥ t1−γ u⃗02(t)∥∥B2[0,T ]
≤M3,1

[∥∥∥∥ ∂4 φ2(x)

∂ x4

∥∥∥∥
L2[0,1]

+

∥∥∥∥ ∂4 φ̃2(x)

∂ x4

∥∥∥∥
L2[0,1]

]
+
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(4.8) +M3,2

[∥∥∥Dα,γ
[
t1−γ ⃗̃F2(t)

] ∥∥∥
B2[0,T ]

+
∥∥∥ t1−γ ⃗̃F2(t)

∥∥∥
B2[0,T ]

]
<∞,

where

M3,1 =M0 max


(

1

2qπ

)4
√√√√ ∞∑
m=1

1

m8
; 4

(
1

2qπ

)5
√√√√ ∞∑
m=1

1

m10

 ,

M3,2 =
1

2
M0

T 1+α−γ

α

(
1

qπ

)2
√√√√ ∞∑
m=1

1

m2
.

Due to the conditions of the Theorem 4.3 and applying the Cauchy-Shwartz inequality and Bessel’s
inequality, for the first difference t1−γ

[
u12,m(t)− u02,m(t)

]
we obtain

∥∥ t1−γ [u⃗12(t)− u⃗02(t)
] ∥∥

B2[0,T ]
≤

∞∑
m=1

1

λ2,m
max
0≤t≤T

t∫
0

K2,m(t, s)
∣∣ f2,m(t, u02,m)

∣∣ ds ≤
≤M3,3

∞∑
m=1

1

m2
max
0≤t≤T

∣∣∣∣∣∣
1∫

0

f2

t, y, T∫
0

1∫
0

G(s, z)

∞∑
j=1

u02,m(s)ϑ2,j(z)dzds

ω2,m(y)dy

∣∣∣∣∣∣ ≤

(4.9) ≤M3,3

√√√√ ∞∑
m=1

1

m4

∥∥∥∥∥∥
1∫

0

f2

t, y, T∫
0

1∫
0

G(s, z)U0
2 (s, z)dzds

ω2,m(y)dy

∥∥∥∥∥∥
B2[0,T ]

≤M3,4 <∞,

where

M3,4 =M3,3δ2

√√√√ ∞∑
m=1

1

m4
, M3,3 =M0

T 1+α−γ

α

(
1

2qπ

)2

.

Now, considering the arbitrary difference t1−γ
[
uτ+1
2,n (t)− uτ2,n(t)

]
, we obtain

∥∥ t1−γ [u⃗τ+1
2 (t)− u⃗τ2(t)

] ∥∥
B2[0,T ]

≤
∞∑
m=1

1

λ2,m
max
0≤t≤T

t∫
0

K2,m(t, s)
∣∣ f2,m(t, uτ2,m)− f2,m

(
t, uτ−1

2,m

) ∣∣ ds ≤
≤M3,3

∞∑
m=1

1

m2

∣∣∣∣∣∣
1∫

0

l2(y)ω2,m(y)dy

∣∣∣∣∣∣ ·
∣∣∣∣∣∣
T∫

0

1∫
0

G(s, z)
∞∑
j=1

∣∣uτ2,j(s)− uτ−1
2,j (s)

∣∣ ϑ2,j(z)dzds
∣∣∣∣∣∣ ≤

≤M3,5

∥∥ t1−γ [u⃗τ2(t)− u⃗τ−1
2 (t)

] ∥∥
B2[0,T ]

T∫
0

∥∥∥∥∥∥
1∫

0

G(s, z)

s1−γ
ω2(z)dz

∥∥∥∥∥∥
B2[0,T ]

ds ≤

(4.10) ≤ ρ3 ·
∥∥ t1−γ [u⃗τ2(t)− u⃗τ−1

2 (t)
] ∥∥

B2[0,T ]
,

where

ρ3 =M3,5G2, M3,5 =M3,3

√√√√ ∞∑
m=1

1

m4
∥ l2(x) ∥L2[0,1]

.

From estimates (4.8)-(4.10) and last condition of the theorem it follows the existence and uniqueness of
the solution t1−γ u⃗2(t) ∈ B2[0, T ] to CSNIE (4.7). □
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5. Mixed problem

Since the solution of the mixed problem (1.1)-(1.4) we look at (2.13), then for the function (2.14) from
(3.13), (3.19), (3.20) and (4.7) we have

t1−γU(t, x) =
φ0

Γ(γ)
ϑ0(x) +

t∫
0

K0(t, s)

1∫
0

f0

s, y, T∫
0

1∫
0

G(θ, z)U0(θ, z)dzdθ

ω0(y)dy ds+

+
∞∗∑
n=1

ϑ1,n(x)
[
φ1,nEα,γ (−µ1,nt

α)+

+
1

1 + λ1,n

t∫
0

K1,n(t, s)

1∫
0

f1

s, y, T∫
0

1∫
0

G(θ, z)U1(θ, z)dzdθ

ω1(y)dy ds

+

+
∞∑
m=1

ϑ2,m(x)

φ2,mEα,γ (−µ2,mt
α)−

2
√
λ2,m

1 + λ2,m

t∫
0

K2,m(t, s)
(
Dα,γF̃2,m(s) + F̃2,m(s)

)
ds+

+
1

1 + λ2,m

t∫
0

K2,m(t, s)

1∫
0

f2

s, y, T∫
0

1∫
0

G(θ, z)U2(θ, z)dzdθ

 ω̃2(y)dy ds

+

+
∞∑
m=1

ϑ̃2,m(x)
[
φ̃2,mEα,γ (−µ2,mt

α)+

(5.1) +
1

1 + λ2,m

t∫
0

K̃2,m(t, s)

1∫
0

f̃2

s, y, T∫
0

1∫
0

G(θ, z)U2(θ, z)dzdθ

ω2(y)dy ds

 .
Theorem 5.1. Let the conditions of Theorems 3.1-4.3 be satisfied. Then function (5.1) will be a unique
solution to the mixed problem (1.1)-(1.4) and this solution belongs to the class (1.5).

Proof. The existence and uniqueness of the solution of the mixed problem (1.1)-(1.4) follows from the
validity of Theorems 3.1-4.3. This solution has the form of a Fourier series (5.1). Indeed, from the

Theorems 3.1-4.3 we have t1−γu0(t) ∈ C2[0, T ] and t
1−γ u⃗1(t), t

1−γ u⃗2(t), t
1−γ ⃗̃u2(t) ∈ B2[0, T ]. To prove

the convergence of the function (5.1), we use the calculations in the proofs of the Theorems 3.1-4.3:∣∣ t1−γU(t, x)
∣∣ ≤ |φ0 |

Γ(γ)
+

2δ0
1− x20

T 1+α−γ

αΓ(γ)
+

+M1,1

∥∥∥∥ ∂4 φ1(x)

∂ x4

∥∥∥∥
L2[0,1]

+M3,1

∥∥∥∥ ∂4 φ2(x)

∂ x4

∥∥∥∥
L2[0,1]

+ (M2,1 +M3,1)

∥∥∥∥ ∂4 φ̃2(x)

∂ x4

∥∥∥∥
L2[0,1]

+

+M3,2

[∥∥∥Dα,γ
[
t1−γ ⃗̃F2(t)

] ∥∥∥
B2[0,T ]

+
∥∥∥ t1−γ ⃗̃F2(t)

∥∥∥
B2[0,T ]

]
+

(5.2) +δ1M1,2

√√√√∞∗∑
n=1

1

n4
+ δ2M3,3

√√√√ ∞∑
m=1

1

m4
+ δ̃2M2,2

√√√√ ∞∑
m=1

1

m4
<∞.

We will prove the belongness of the function (5.2) to the class (1.5). In this order we also consider the
functions

t1−γDα,γU(t, x), t1−γUxx(t, x), t
1−γDα,γUxx(t, x).
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The proofs of convergence of these functions are similarly to the estimate (5.2). So, we show the conver-
gence only one of them. It is not difficult to see that

∣∣ t1−γUxx(t, x) ∣∣ <∞. Indeed, for the series

t1−γUxx(t, x) = −
∞∗∑
n=1

λ1,nϑ1,n(x)
[
φ1,nEα,γ (−µ1,nt

α)+

+
1

1 + λ1,n

t∫
0

K1,n(t, s)

1∫
0

f1

s, y, T∫
0

1∫
0

G(θ, z)U1(θ, z)dzdθ

ω1(y)dy ds

−

−
∞∑
m=1

λ2,mϑ2,m(x)

φ2,mEα,γ (−µ2,mt
α)−

2
√
λ2,m

1 + λ2,m

t∫
0

K2,m(t, s)
(
Dα,γF̃2,m(s) + F̃2,m(s)

)
ds+

+
1

1 + λ2,m

t∫
0

K2,m(t, s)

1∫
0

f2

s, y, T∫
0

1∫
0

G(θ, z)U2(θ, z)dzdθ

 ω̃2(y)dy ds

−

−
∞∑
m=1

(
2
√
λ2,mϑ2,m(x) + λ2,mϑ̃2,m(x)

) [
φ̃2,mEα,γ (−µ2,mt

α)+

(5.3) +
1

1 + λ2,m

t∫
0

K̃2,m(t, s)

1∫
0

f̃2

s, y, T∫
0

1∫
0

G(θ, z)U2(θ, z)dzdθ

ω2(y)dy ds

 ,
we have∣∣ t1−γUxx(t, x) ∣∣ ≤M0

∞∗∑
n=1

|λ1,nφ1,n |+M0

∞∑
m=1

|λ2,mφ2,m |+M0

∞∑
m=1

(
2
√
λ2,m + λ2,m

)
| φ̃2,m |+

+
∞∗∑
n=1

λ1,n
1 + λ1,n

max
0≤t≤T

∣∣∣∣∣∣
1∫

0

f1

s, y, T∫
0

1∫
0

G(θ, z)U1(θ, z)dzdθ

ω1(y)dy ds

∣∣∣∣∣∣
t∫

0

K1,n(t, s) ds+

+

∞∑
m=1

λ2,m
1 + λ2,m

max
0≤t≤T

∣∣∣∣∣∣
1∫

0

f2

s, y, T∫
0

1∫
0

G(θ, z)U2(θ, z)dzdθ

 ω̃2(y)dy ds

∣∣∣∣∣∣
t∫

0

K2,m(t, s)ds+

+
∞∑
m=1

2λ2,m
1 + λ2,m

t∫
0

K2,m(t, s)sγ−1
∣∣∣Dα,γ

(√
λ2,ms

1−γF̃2,m(s)
)
+
√
λ2,ms

1−γF̃2,m(s)
∣∣∣ ds+

+
∞∑
m=1

2
√
λ2,m + λ2,m

1 + λ2,m
max
0≤t≤T

∣∣∣∣∣∣
1∫

0

f̃2

s, y, T∫
0

1∫
0

G(θ, z)U2(θ, z)dzdθ

 ω̃2(y)dy ds

∣∣∣∣∣∣
t∫

0

K2,m(t, s)ds.

Hence, by virtue of smoothness conditions, we obtain the following estimate

∣∣ t1−γUxx(t, x) ∣∣ ≤M0

∞∗∑
n=1

1

λ1,n

∣∣∣∣∣∣
1∫

0

∂4φ1(y)

∂ y4
ω1,n(y) dy

∣∣∣∣∣∣+
+M0

∞∑
m=1

 1

λ2,m

∣∣∣∣∣∣
1∫

0

∂4φ2(y)

∂ y4
ω2,m(y) dy

∣∣∣∣∣∣+ 4

λ2,m
√
λ2,m

∣∣∣∣∣∣
1∫

0

∂4 φ̃2(y)

∂ y4
ω2,m(y) dy

∣∣∣∣∣∣
+

+M0

∞∑
m=1

(
2√

λ2,mλ2,m
+

1

λ2,m

)∣∣∣∣∣∣
1∫

0

∂4 φ̃2(y)

∂ y4
ω2,m(y) dy

∣∣∣∣∣∣+
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+M0
T 1+α−γ

α

∞∗∑
n=1

max
0≤t≤T

1

λ1,n

∣∣∣∣∣∣
1∫

0

∂2f1(t, y, ·)
∂ y2

ω1,n(y) dy

∣∣∣∣∣∣+
+M0

T 1+α−γ

α

∞∑
m=1

max
0≤t≤T

1

λ2,m

∣∣∣∣∣∣
1∫

0

∂2f2(t, y, ·)
∂ y2

ω̃2,m(y) dy

∣∣∣∣∣∣+
+M0

T 1+α−γ

α

∞∑
m=1

max
0≤t≤T

4

λ2,m
√
λ2,m

∣∣∣∣∣∣
1∫

0

∂2f̃2(t, y, ·)
∂ y2

ω2,m(y) dy

∣∣∣∣∣∣+
+2M0

Γ(γ) Γ(α)

Γ(γ + α)
Tα

∞∑
m=1

max
0≤t≤T

∣∣∣Dα,γ
(√

λ2,mt
γ−1F̃2,m(t)

)
+
√
λ2,mt

γ−1F̃2,m(t)
∣∣∣+

(5.4) +3M0
T 1+α−γ

α

∞∑
m=1

max
0≤t≤T

1

λ2,m

∣∣∣∣∣∣
1∫

0

∂2f̃2(t, y, ·)
∂ y2

ω2,m(y) dy

∣∣∣∣∣∣ .
By virtue of the results of the Theorem 3.1-4.3 and applying Cauchy-Shwartz inequality and Bessel’s
inequality, from (5.4) we obtain

∣∣ t1−γUxx(t, x) ∣∣ ≤M0

∥∥∥∥ ∂4 φ1(x)

∂ x4

∥∥∥∥
L2[0,1]

√√√√∞∗∑
n=1

λ−2
1,n+

+M0

∥∥∥∥ ∂4 φ2(x)

∂ x4

∥∥∥∥
L2[0,1]

√√√√ ∞∑
m=1

λ−2
2,m +

∥∥∥∥ ∂4 φ̃2(x)

∂ x4

∥∥∥∥
L2[0,1]

√√√√ ∞∑
m=1

λ−3
2,m

+

+M0

∥∥∥∥ ∂4 φ̃2(x)

∂ x4

∥∥∥∥
L2[0,1]

2

√√√√ ∞∑
m=1

λ−3
2,m +

√√√√ ∞∑
m=1

λ−2
2,m

+

+M0
T 1+α−γ

α
max
0≤t≤T

∥∥∥∥ ∂4 f1(t, x, ·)∂ x4

∥∥∥∥
L2[0,1]

√√√√∞∗∑
n=1

λ−2
2,n+

+M0
T 1+α−γ

α
max
0≤t≤T

∥∥∥∥ ∂4 f2(t, x, ·)∂ x4

∥∥∥∥
L2[0,1]

√√√√ ∞∑
m=1

λ−2
2,m+

+4M0
T 1+α−γ

α
max
0≤t≤T

∥∥∥∥∥ ∂4 f̃2(t, x, ·)∂ x4

∥∥∥∥∥
L2[0,1]

√√√√ ∞∑
m=1

λ−3
2,m+

+2M0
Γ(γ) Γ(α)

Γ(γ + α)
Tα

∞∑
m=1

max
0≤t≤T

∣∣∣Dα,γ
(√

λ2,mt
γ−1F̃2,m(t)

)
+
√
λ2,mt

γ−1F̃2,m(t)
∣∣∣+

+3M0
T 1+α−γ

α
max
0≤t≤T

∥∥∥∥∥ ∂4 f̃2(t, x, ·)∂ x4

∥∥∥∥∥
L2[0,1]

√√√√ ∞∑
m=1

λ−2
2,m.

So, the series (5.3) is convergence. This completes the proof of the theorem. □
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Example 5.2. At the end of the paper, we consider an example. In the domain Ω ≡ (0, T ) × (0, 1) we
consider the equation(

D
1
3 ,

1
2 −D

1
3 ,

1
2
∂2

∂ x2
− ∂2

∂ x2

)
U(t, x) = t

[
x(x− 1)

(
x− 1

2

)]6 T∫
0

1∫
0

syU(s, y)dyds

with mixed conditions

lim
t→+0

J
1
2
0t U(t, x) = 5

[
x(x− 1)

(
x− 1

2

)]6
,

U(t, 0) = 0, Ux(t, 1) = Ux

(
t,
1

2

)
, 0 ≤ t ≤ T.

The conditions

diφ(x)

dxi
|x=0 = 0,

djφ(x)

dxj
|x=1 =

djφ(x)

dxj

∣∣∣x= 1
2
, i = 0, 2, 4, 6, j = 1, 3, 5,

dif(t, x, ·)
dxi

|x=0 = 0,
djf(t, x, ·)

dxj
|x=1 =

djf(t, x, ·)
dxj

∣∣∣x= 1
2
, i = 0, 2, 4, 6, j = 1, 3, 5

are fulfilled.
We will check the conditions of the Theorem 3.1:

1).
T∫
0

1∫
0

tx
t1−γ xdxdt =

T∫
0

1∫
0

√
tx2dxdt = 2T

3
2

9 ≤ 1
4T

3
2 = G0 <∞;

2).

∥∥∥∥∥t [x(x− 1)
(
x− 1

2

)]6 T∫
0

1∫
0

sy2u00(s)dyds

∥∥∥∥∥
C

≤ 5T 2

3
√
π
= δ0;

3). l̃0 = T
1∫
0

(
x3 + 1

)
dx = 5

4T .

For condition

ρ = l̃0G0
2δ0

1− x20

T 1+α−γ

αΓ(γ)
< 1

to be met, there must be

T <
(π
4

) 3
16

.

The fulfillment of the conditions of other Theorems 4.1-4.3 is verified similarly.
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