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ABSTRACT. In harmonic analysis, studies of inequalities of sublinear operators in various
function spaces have a very important place. Morrey type spaces with variable exponents
and the demonstration of the boundedness of such operators on these spaces have an
important place in harmonic analysis and have become an interesting field. Our aim
in this paper is to prove the boundedness of higher order commutators of sublinear
operators on grand variable Herz-Morrey spaces by applying some properties of variable
exponent.
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1. INTRODUCTION

In recent years, function spaces with variable exponents have gained increasing attention in research
due to their applications in a variety of fields for instance see [1]. Over time, there has been significant
theoretical work on variable Lebesgue, Orclicz, Sobolev and Lorentz spaces. This work has helped to
establish the properties and characteristics of these spaces, and has contributed to our understanding
of their potential applications. Some important references in this area include articles published by
researchers such as [2, 3, 4, 5, 6]. In harmonic analysis, Herz space are notable for their norm which
incorporates both local and global information. In [7] the first generalization of variable exponents Herz
spaces was presented. The most general conclusions were found in [8], allowing for the exponent « to
vary.

More recently, in [9] variable parameters were used to define continual Herz spaces. Additionally,
the boundedness of sublinear operators on these continual Herz spaces was demonstrated. Additionally,
boundedness of other operators the Marcinkiewicz integral and Riesz potential operator can be confirmed
in [10, 11]. Morrey spaces are a type of function space that were originally developed by Charles Morrey
in 1938 as a tool for studying regularity properties of solutions to certain types of partial differential
equations, particularly those arising in the calculus of variations. Morrey spaces provide a more refined
notion of local regularity than Lebesgue spaces, which can be useful in many different areas of math-
ematics, including harmonic analysis and PDE theory, ref [12]. In their paper [13], Meskhi introduced
the concept of grand Morrey spaces, denoted by LP®* which are a generalization of Morrey spaces.
Then author went on to show how to obtain the boundedness of a class of integral operators, including
the Hardy-Littlewood maximal function, Calderén-Zygmund singular integrals, and potentials, on these
spaces. Boundedness results for some integral operators were then studied in subsequent works such as
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[14]. Moreover the grand variable Herz-Morrey spaces is the generalization of original grand variable
Herz spaces and it was introduced in [15, 16, 17].

The study of higher-order commutators of fractional integral operator can provide important insights
into the behavior of these operators in function spaces. Grand weighted Herz spaces and grand weighted
Herz-Morrey spaces was introduced by Sultan et al. in [18, 19] respectively. For more references see
[20, 21, 22].

In fact in this article are aiming to prove the boundedness of these commutators of sublinear operators
in grand variable Herz-Morrey spaces. There are different sections of this paper. We have different
sections in this research paper to organize and present the information clearly. Apart from introduction,
the preliminaries section is important to establish the necessary background knowledge and definitions
that will be used throughout the paper. In the last section we will focus on boundedness of commutators
of sublinear operators on grand variable Herz-Morrey spaces.

2. PRELIMINARIES

Consider a measurable set A in R and a measurable function p(-) : A — [1,00). Then

(a) Now Lebesgue space with variable exponent LP()(A) is defined by

p(x)
Lp(‘)(A) = {f is measurable : / (lf(;”) dx < oo where \ is a constcmt} )
A

Norm in LP()(A) can be defined as,

p(z)
|f||Lﬂ-><A>—inf{k>0:/A<|f(;)|) del}.

(b) The space L*)(A) can be defined as

loc

Lp(')(.A) = {f . f € LPY(H) for all compact subsets H C .A} .

loc

We use these notations in this paper:

(i) Suppose that f € LL (A) now the Hardy-Littlewood maximal operator M can be given as

loc
Mp@) =swp [ @i (e A),
B(z,r)

where B(z,r):={y € A: |z —y| <r}.
(ii) Let p(-) be a measurable function then the set B(A) is consists of those measurable functions
satisfying the following properties:

(2.1) p_ :=ess inf p(x) > 1, pi:=esssup p(x) < oco.
z€A z€A
(iii) Let p € B(A) then B8 = Bl°8(A) is the class of functions satisfying (2.1) and log-condition
given by,
C(p)

1
2.2 — < - 7 — < = .
(2.2) Ip(z) —p(y)| < iz —g| |z —y| < 5 Y cA

(iv) For an unbounded set A in R™, B, (A) is the subset of B(A) and values are in [1, 00) satisfying
following condition

(2.3) Ip(z) — pool| < M7
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where poo € (1,00). B oo (A) is the subset of B(A) satisfying the following condition

C 1
2.4 — < — < =

in the case of homogeneous Herz spaces.

(v) For an unbounded set A in R"™, then B, (A) and B oo (A) are the subsets of B(A).

(vi) Consider an unbounded set A in R™, then B!98(A) is the set of exponent p € B, (A) satisfying
condition (2.1). Bo(A) is the subsets of exponents of L>°(A) and its values are in [1, ]
satisfying both conditions (2.2) and (2.3),

(vii) p(-) € A then B(A) is the collection of p(-) where M is bounded on LP()(A).

(viii) By = B(0,2!) = {21 € R" : |z1| < 2!} for all L € Z. F, = B; \ Bi—1, XF, = Xt-

(ix) Fir = B(0,7)\ B(0,t) ={x:t <|z| <T}.

C is a positive constant, its value can be changes from line to line.

Lemma 2.1. [9] Let D > 1 and p € By (R™). Then

1 n n
(2.5) t—sp“’) < IXR.wp llp(y < tos?®, for0<s <1
0
and
1 n n
(2.6) 787 S NIXR.p llp() < toos?e, fors > 1,
o0

respectively, where £y > 1 and ¢,, > 1 and depending on D but independent of s.

Lemma 2.2. [3]/ Hoélder’s inequality] Consider a measurable subset A such that A C R™ and 1 <
p—(A) < py(A) < oco. Then

1 fgllreray < ClFlloo ayll e
: : 1 1 1
holds, where f € LP()(A), g € LIC)(A) and 7@ = 5y + iy for every z € A.

Definition 2.3 (BMO space). Let u is a locally integrable function then a BMO function is consists of
those functions whose mean oscillation given by ﬁ J lu(z) — up|dz is bounded. A Mathematically,

1
lull Brro = sup —- / lu(z) — up|dz < co.
B |Bl J

Lemma 2.4. [23] For a positive integer k, let b € BMO(R"™) and choose w,l € Z with [ < w,

1
2.7 =10l B0 < sup —  [I(b—bp)" .
( ) C” HBMO _B:b}l)ll ||XBHp()||( B) XBHP()
(2.8) <Cbl B0,
(2.9) 16 = b,)"xB, ) < Clw—=1)*IbllBuollxB.llpe)-
Lemma 2.5. [23] Consider a ball B in R and p(-) € B(R"); then we have
(2.10) 1Bl Ixs e lIxally () < C.

3. GRAND VARIABLE HERZ-MORREY SPACES

Definition 3.1. Let a(:) € L>®(R"™), p € [1,00), ¢ : R" — [1,00), 8§ > 0, 0 < A < co. We define the
homogeneous grand variable Herz-Morrey spaces by the norm:

a(-),p),0 /rpn . n
MESOD? (R = {f € LR NAOD) 1l yyicacrmro ny < oo} ,
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where

ko p(1+e)
1
1 g0 gy = sup sup 27 W( D125 0 fx |]Z(q(+)?en)> '

>0 k,€Z e

For A\ = 0, grand variable Herz-Morrey spaces becomes grand variable Herz spaces.

Non-homogeneous grand variable Herz-Morrey spaces can be defined in the similar way. For more
details we refer to [5, 6, 15, 18, 19]

4. BOUNDEDNESS OF HIGHER ORDER COMMUTATORS OF SUBLINEAR OPERATORS

4.1. Higher order commutators of sublinear operators. Let b be a locally integrable function,
and m € N; the higher order commutators of sublinear operators T} are defined by

(4.1 Tif@) = [ PO 0

|z —y["
We will prove the boundedness of higher order commutators of sublinear operators on grand variable
Herz-Morrey spaces.

Theorem 4.1. Let 1 < p<00,0< <00, be BMOR"), o,q € Po,oo(R™), such that « is satisfying

;J < Qo < q,L and q(O) < a(0) < q,”o). Then the commutator of sublinear operators 7;" is bounded
al(-),p),0
on MEJUIPM (Rr),

Proof. Let f € MK;"(q'g_’f)’g(R”L and f(z) => 0 f@)xe(z) => 0 fi(z), we have

€>0 ko€Z

w=—00

ko p(Ate)
e - wao(- m 14+e€
1T, (f)||MK;’fq’zj§”>9(Rn) = sup sup 2 F0* (e‘g ST 2w Oy, T f||§§.> ))

ko . p(14+€)\ p(I+e)
<sup sup 27FN [ f N ( D129 X T ()l ))

>0 ko€Z w o

ko p(1+€)\ p(+e)
<sup sup 27500 (S (Z 12O T () o >>

>0 koEZ W oo \ e o

1
p(1+e)

ko o p(1+e)
+sup sup 27FA [ N7 (Z 125X T3 (f x2) ||q()>

€>0 ko€Z w=—00 \t=w+1
=:F + Es.

For E;, we use the facts that, if x € F,,, y € F; and ¢t < w, then |z — y| ~ |z| ~ 2. By virtue of
Holder’s inequality and size condition

ITe™ (fxe) (@)X (x |<C/ | fe(y . _)—b( y)|™

yl"

dy.xw()

< g / () b() — b(y) [ dyx(z)
F

<c2™r Ib(x)—bBtlm/\ft(y)lder/lft(y)llb(y)—bBtlmdy Xuw(T)
Fy Fy



Romanian Journal of Mathematics and Computer Science Issue 2, Vol. 14 (2024)

< C27""[|fellgy (16(x) = bm [ Ixellgr ) + 110 = bB,) " Xellgr () X ().

To find the estimate of above expressions apply Lemma (2.4), and the fact that ||x¢|lq.) < [xB,[lq), We
have

T (fxe) (@)X (@) lg()
< 27| fillgy (10 = bB,)™ Xwllgy Xt ll g
+ 100 = bB,) "Xt llgr () Ixellg(y)
< C27" fellgy ((w = &)™ Bl BarolIx B llay Ixell )
+ 1B rrollxs. o) Ixwllqe)
< 27" (w — )" bl Brro l fellay X B o) 1X B g -

Next we use the following inequality:

(t—w)n

(4.2) 2 el (o e o) < C27 9238 270 < 027"

For splitting E; we use Minkowski’s inequality to obtain

1 w p(1+€)\ p+o
By <supsup 2700 [ ) (Z ||2wa(')wa§”(th)|q(~>>

e>0 ko€Z

wW=—00 t=—o0

>0 ko€Z =00

ko w p(1+€)\ p(+e)
+sup sup 27507 | " ( > ||2wo‘(')wazZ”(fxt)||q(->>

=F11 + Eqo.
Applying above results to Eq1,

e>0 ko€Z

-1 w (14+e)\ p(+0
Eq <sup sup 27F0* [ ¢ Z ( Z |2m<'>Xng”(th)||q(.)>

w=—00 \t=—o0

1
p(1+e€)

—1 w P p(1+e)
< C'sup sup 27 koA | ¢ gua(0)p(i+e) 2 7O (w—1t)"||b||B Ixillge
up sup > > 27 - " BlBwol Fall

wW=—00 t=—o00

1
p(1+e)

p(1+e€)
< Coupsup 2+t [0 37 guaoning (Z 2 7" w—t>m||b||zMo||fxt||q<.)>

€>0 ko€Z wW=—00 t=—o00

Let b : 0) a(0), again by applying Hélder’s inequality, 277(1*¢) < 277 and Fubini’s theorem for

series to ﬁnd the estimate we get,

1
p(1+e€)

1 w p(1+e€)
< Compsup 2t [ 3 (z 2900 — (7 [ Earo el 2 w>)

>0 ko€Z W oo \te—oo

-1 w (1+e)\ 2(+0
< C||bl|B o sup sup 2R | €f 2¢O x|l (w — £)™2bE—w)
16l B0 Sup sup o> 1 xellqe) (w —1)

w=—00 \t=-—00

-1 w
< bl Sub su 2—ko>\ |:€9 2a(O)p(l+e)t p(1+e) w—t mp(l4e€)/2
< Clblaosup sup (3 LallZ w — )

w=—00 \t=—00
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p(1te)
w

, , (p(l+:))/ I,(%Jrs)
) )/2 (S ymip(0)/290(p(10) (1-)2 ]

t=—o0

-1

=Clb||™ sup sup 2—k0)\|: 2a(O)p (1+e)t fX P(1+E ¢ mp(l4e€)/2
10 500 sup > Y Il w0

w=—00 t=—00

1
p(1+e)

~ 2bp(1+e)(tw)/2:|

—1
=C|b||B sup sup 9~ koA |:69 2‘1(')P(1+6)t fx p(.1+6)
1bl5ar0 e>0 ko€Z Z I th()

t=—o0
—! :D(ll-%—é)
% Z(w _ t)mp(l+€)/22bp(1+e)(t—w)/2:|
k=l
p(1+e€)
<C||b||7£MO sup sup 9—koA Z 2a(0)p(1+e)t||fx ”p (1+e€) Z _ mp/22bp(t w) /2
e>0 ko€Z = —o0

-1 p(1+e€)
<C||blBrro sup sup 27 HoX (69 Z 2a(0)p<1+e)t||fxt||§E.1)+6)>
e>0 ko€Z = oo

p(1+e)
=C[bl| 0 sup sup 275> Z A Vo
e>0 koEZ

t=—o0

SC'M”?]\/]O”fHM['(O“(‘)’P)’e(Rn)-
Aa(e)
Now for E12 we will again use Minkowski’s inequality, consequently we have

ko / —1 (1+0)\ 71FO
Eyp <sup sup 2700 | /)" ( > ||2wa(‘)Xng"(th)||q(-)>
w=0

e>0 ko€Z t— o0

ko w p(1+€)\ pA+e
+sup sup 27N | !y (Z ||2w“(')wa£”(fxt)|q(‘>>
w=0 \t=0

>0 koEZ
=A1 + As.

As it can be easily seen that the estimate for Ay can be checked similarly to F;;. For that estimate we
will simply replace ¢’(0) with ¢., and using the fact b := 2> — o > 0. For Ay we have

(4.3) 27" Ixz, llao) X8, llg () < C279"25 270 < €275 270,

asaoo—q,i<0wehave
%

e>0 ko€EZ = — o0

ko 1 p(l4+€)\ p(I+e
Ay <Csup sup 276X [ $ guar(ice ( > ||Xng"(f><t)||q(~>>
e

ko
<C'sup sup 2~ koA [ea Z guaeop(l+e)
e>0 koEZ w=0
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—1 Pt L o
x ( Z 2w"2q°°2q’(°’(w—t)me”gMo”thHq(')) }

t=—o00

o0
<C|B]Err0 sup sup 2 [ DL
e>0 ko€Z w=0

—! Pt o
_in p(1+e
X < > 270 ||fxt||q<.)(w—t)m> ]

t=—00

1
-1 p(1+e)

p(1+e€)
_tn
<C|[bl|H 0 sup sup 2770 | ¢ ( > 2q’<°>|fxt||q<-><w—t>m>
e>0 ko€Z

t=—o00

-1 p(1+4e€) p<11+s>
<C|b|Brso sup sup 27 | € ( 3 2a<0>f||fxt||q<.)2%>““”t(wt>m> :
e>0 ko€Z

t=—o00

_n_

By using the fact 5 — a(0) > 0 and Hélder’s inequality we have

-1
Ay <C|bl[Ers0 sup sup 275 [ee 3 2O py P
>0 ko€Z a

t=—o0

1

—1 in , (;)(11+65))), D)
x [ 30 2@ e@0eat0y, _ ymetoy ]

t=—o00
1
ko p(A+e)
_ 1+
<C|[bl[Baro sup sup 275X (¢ (37 ga@mra) Pt
e>0 ko€Z = o0
m
SC”bHBI\/IO”fHMK;*’(q‘?ff)’e(Rn)'

Now we will find the estimate for Fy. Let k € Z and [ > w + 1 and a.e. x € Ry. to split Fy we will
use the Minkowski’s inequality and using similar method of F; we have

>0 ko€EZ

ko . p(1+e) ﬁ
FEs <sup sup 2 koA [0 Z Z ||2wa(i)XwT1:n(th)Hq(~)
€>0 ko€Z w=—00 \t=w+1
B . p(l+e)\ 7TFD
<sup sup 27702 [ N[> (12O, T (Fxe) o)
e>0 ko€Z w=—00 \t=w+1
ko oo p(1l+e€) ﬁ
+sup sup 240 e@( > ||2W<'>wamxt>|q<<>>

k=0 \t=w+1

:=Fs1 + Eas.

For Eos lemma (2.2) yields

(w—t)n

(4.4) 27" xBu llge) IXB g7 () £ C27 2000 200 < C2 0 .
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We get

p(14+€)\ pA+e
Epy < C'sup sup 27%0* [ ¢ Z ( Z Qwa(')Xngn(thﬂq(J)

e>0 ko€Z t=w+t1

p(1+6)\ 709
< Cllel Faso sup sup 27> 92( > (w t>m2“°°ffxt||q(.>2d<wf>> ,
€> 0€E

t=w+1

where - + ao = d > 0. Again applying the Holder’s theorem and 27P(1+€) < 27P to obtain

ko o0
Eg <C|b]Brmo Sup Sup 27 oA [ ¢ Z ( Z Qta‘x’p(HE)||th||ZE.1)+€)2dp(1+€)(wWQ)

k=0 \t=w+2
p(4e) 1 pATS
o (p(1+e€)’
y ( 3 2d<p<1+e))’<w—t>/2(w_t)m(p(1+e>>'>
t=w+2

ko 0o p(1+e)
<C|blEmo bup bup 9~ koA ( o Z Z gtacep( 1+e)HfX ||p(1+6)2dp(1+e)(w t)/2>
k=0 t=w+2

1
p(1+e€)

ko
<Ol Byosup sup 27K | 50 37 HT 23er | g O (02
>0 ko€Z k=0t=w+2 j=—o00

ko %) p(1+e)
—kox [ 6 dp(1 —t)/2
<C||bl|Epo sup sup 2770 (e Z Z 2dp(1+a)(w=t)/ ) ||fHMK;x<42:§)>,e(Rn)
€>0 ko€Z k=0 t—w+2 e

m
SC”bHBMO”fHMK;(q'z?f)ﬁ(Rn)'

For F5; by using Minkowski’s inequality

. oo (14€)\ p(i+e
g <sup sup 27500 [ & ) (Z ||2W<'>wag"<fxt>||q<->>

e>0 koEZ t=w+1

wW=—00

1
p(1+e€)

1 1 p(1+e€)
a2 (¢ 3 (5 i)

€>0 ko€Z Mo

w=—00

1
p(14¢€)\ pO+e)

>0 ko€Z w

+ sup sup 2~ Fo* Z <Z ||2wa Xwa (Fxe)llqc- )
Z:Bl -|— BQ.

We can easily find the estimate for B; by similar way to Eas. We will simply replace go, with ¢(0) and
the inequality 75 + a(0) > 0. For By we have

wn, wn —tn

(4.5) 27wl el < C2m28 2% < C2a 2,
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p(1+€)\ p(+e)
By < sup sup 9—koX Z 2wa(0 p(1+e€) <Z HX“’Tb th)”q( ))
e>0 ko€Z

wW=—00
-1

<C||b||5ps0 sup sup 270 (ee > qwelOr(ite
e>0 ko€Z

wW=—00

oo p(1+0)\ 7079
(z 27 2 |l 10 m)

-1
<C||blBaro sup sup 270X (69 Z 2w gty T OO+ () t)m>
>0 ko€Z We — 00
- p(1+e)\ FOTD
—tn
X (ZQW ||th||q(~)>
t=0

o p(1+€)\ pA+e

—tn

<C|b]|Brro sup sup 2770 ( > 2 thIq(~>>
e>0 ko€Z =0

o p(14+€)\ p(Fe)
<Ol Brsosup sup 270N [0 (ST 20t | (g2 (T He)
e>0 ko€Z =0

1
p(1+€)\ p(+eo

<C[blFasosup sup 2740 | 53 Ellz )
€

koez t=0 j=—o0

Now by applying Holders inequality and using the fact that ﬁ + a(oo) > 0 we have

50 p(14+€)\ p(+e)
_ _ n
By <ClblBaro sup sup 27 | ¢ (ZQ ““‘”Mm)) W larieg e ny
! |

t=0
< m Y )
<ClBBr0l sy o
Combining the estimates for E1 and Fs yields
17" Fllgses 000 @y < CIOIBNO N yriocr0 gy

which ends the proof. (I

5. CONCLUSION

In this paper we used the idea of grand variable Herz-Morrey spaces to establish the boundedness of
higher order commutators of sublinear operators in these spaces.
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