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1. INTRODUCTION

Let DV denote the unit polydisk in CV, N > 1, and H(DY) the set of all analytic functions on DV. In
the case of the unit disk in the complex plane we simply write . An analytic self-map ¢ of DV induces
through composition a linear composition operator

Cy: HDN) — HDY), frs foo.

In the classical setting of the Hardy space H? these operators link operator theory with complex analysis.
Moreover they provide a large class of operators which gives many examples on basic operator theoretical
questions. Therefore there exists a wide literature on the topic of composition operators. On the top of
the list of literature we would like to mention the excellent monographs of Cowen and MacCluer [8] and
of Shapiro [15] and refer the reader to even these monographs for more and deeper information.

Now, let v : DV — (0,00) be a continuous and bounded function. Such a map is called a weight. We
will study composition operators that act on the weighted Banach spaces of holomorphic functions given
by

120" = {1 € HOY) 1 = sup o(:)|f )] < o0

Endowed with the weighted sup-norm |.||, these are Banach spaces. Again in the setting of the open
unit disk we use a special notation for such spaces and write H>°. They arise naturally in a number of
problems related to functional analysis, Fourier analysis, partial differential equations and convolution
equations. Later, they became of interest themselves, see [3] and the references therein for further and
deeper information.

Let X be a Banach space and L(X) be the space of all continuous linear operators from X into itself
endowed with the operator norm topology. The Cesaro means of an operator T € L(X) are given by

1o
T["]ZEZT , neN

m=1
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Now, an operator T' € L(X) is called
(a) uniformly mean ergodic if and only if (7},)), is a convergent sequence in L(X).
(b) power bounded if and only if there is a constant C' > 0 such that sup,,cy [|T"]] < C.

(¢) similar to a contraction if there is an invertible operator S on X such that
T=S"10C0S. A contraction C on X is strict if ||C|| < 1.

For more background information on ergodic theory we refer the reader to the monograph [12]. Inter-
esting articles related to the topic are [2] and [5].

In [6] Bonet and Ricker studied when multiplication operators acting on spaces of type HJ° are power
bounded resp. uniformly mean ergodic. Reading this article motivated us to investigate the same ques-
tions for composition operators. In [18] we characterized power bounded composition operators acting
on spaces of type H>° by studying the fixed point behaviour of the symbol ¢. Moroever, we analyzed
when such operators are uniformly mean ergodic. In this article it is our aim to extend our studies to
the setting of several variables. Doing this there occur several new and quite different phenomena.

2. PRELIMINARIES
2.1. Geometry of the unit disk and the unit polydisk. Let p € D and «;, denote the Modbius
transformation that interchanges p with 0, i.e.

ap(z) = 7P for every z € D.

1-pz
As a corollary to the Schwarz lemma, every automorphism « of I is of the form
a(z) = Eay(2) for every z € D, where £ € 9D and p € D.

The following facts are well-known:

(1) o' = a_y.

1-|2)3) (1—|p|?
(2) 1- Jay(e)? = U0,
An important classical result which plays a main role in this article is the Denjoy-Wolff-Theorem. The
n-th iterate of an analytic self-map ¢ of D is denoted by ¢™.

Theorem 2.1 (Denjoy-Wolff Theorem). Let ¢ be an analytic self-map of D. If ¢ is not the identity and
not an automorphism with exactly one fized point, then there is a unique point p € D such that (¢™),
converges to p uniformly on the compact subsets of D.

Let us close this section with some facts about the unit polydisk. Let ¢ be an automorphism of the
unit polydisk. Then we can find conformal maps ¢1,...,¢n of D onto D as well as a permutation 7 of
{1, ..., N} such that

QS(Z) = ¢(Zla ) ZN) - (¢1(ZW(1))’ ) ¢N(Z7T(N)))

In other words, each automorphism of the unit polydisk is of the form

(§1ap, (22(1))s - EROpy (Zr(y))

for every z € DY with p; € D and §; € 9D for every 1 < i < N, where 7 is a permutation of {1,..., N}.
See e.g. [10] Theorem 6.1.25.

2.2. Weighted spaces and composition operators. The first difficulty is to generalize the concept of
a typical weight to the unit polydisk. It turned out that there are two main possibilities. But let us start
with general definitions and notations. A very important tool when dealing with weights and weighted
spaces is the so called associated weight, given by

(z) = L

DV,
sp{[f ()] f € Hee, [flo <1}~ ©
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The concept of associated weights was implicitly introduced by Anderson and Duncan in [1] and thor-
oughly studied by Bierstedt, Bonet and Taskinen in [3]. They showed that the associated weight © has
the following useful properties (see [3]):

(1) 9>v>0,

(2) v is continuous,

(3) for every z € DY there is f, € H®(DY) with ||f.||, < 1 such that

f=(2)] =

0(2)
Especially interesting are weights which satisfy v(z) = v(|z|) for every z € D. We say that weights
of this type are radial. Every radial weight which is non-increasing with respect to |z| and such that
lim;1 v(z) = 0 is called a typical weight.

In the setting of the open unit disk Bonet, Domanski, Lindstréom and Taskinen, [7], showed that
Cy : HY® — Hg° is bounded if and only if sup,p % < oo.

Moreover, in case that v is a typical weight they proved that the boundedness of Cy on H;° for
some automorphism ¢ with ¢(0) # 0 implies the boundedness of all composition operators on H°. In
[17] we showed that this remains true in the following two settings:

(1) Let v be of the form v : DY — (0,00), v(2) = v(z1, ..., 2x) = Hfi1 v;(z;) such that each v; is a
typical weight on the unit disk D, where z = (21, ..., zx) € DV,

(2) Consider a weight v of type v : DV — (0,00),v(2) = v(z1,...25) = ’U(Hij\il |z;]) such that
M in, <<y |21]>1 V(2) = 0, where z = (21, ..., 2n) € DV,

Example 2.2. (1) The weight v given by v : DV — (0, c0),
v(z) = v(z1,.2n) = (L= |2z1]) - (1 = |2n]) = Hfil(l — |2]) is an example of a weight that
belongs to the first of the classes introduced above.
(2) The weight v : DY — (0,00), v(2) =1 — |2;| - - - |2&| provides an example for the second class.

On the unit disk weights which satisfy condition (L1) (due to Lusky [13]) given by

(L1) it 2= 2"

——=>0
neN wv(l —277)

are of special interest for more than one reason. E.g. if a weight v satisfies condition (L1) then it is
essential, i.e. there is k > 0 such that

v(z) < 9(z) < kv(z) for every z € D.

This is an important property since it is quite hard to really compute the associated weight v. Moreover,
Bonet, Domainiski, Lindstrom and Taskinen showed that each composition operator acting on a space H°
induced by a typical weight which satisfies (L1) must be bounded. Now, the question is to introduce a
property like (L1) in our two classes of weights. We obtain:

e In the setting of Class 1 we consider weights v(z) = sz\; v;(z;) such that each v; enjoys (L1).
e In the setting of Class 2 we say that a weight v(z) = U(Hil\il z;) satisfies condition (L1y) if and
only if
_9—n—1 _9—n—1
(-2, (1)
neN  v((1—277),..,(1 —27n))
We close this section by showing that in the setting of Class 2 the condition (L1y) is equivalent with
condition

> 0.

~—

'U(Z N .
. —=< w iyDi) < T
(4 <r<1Il<C<ox v(p)_c Vz,peD ith lrgngxp(zl,pz)_r
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To do this we first assume that v satisfies the condition (Lly). By [9] p.42 we can conclude that
maxi<;<n (i, 7)) < r gives the inequality

N
1 —TI[2 < 8

= < .
1-TLiylpsl — 1=

1 1 I-TTY ) N o
5, then we get that 5 < m < 12. For z,p € D with
maxi<i<n p(pi, %) < 5 we select n such that 1 — 27" < vazl Ipi] <1—27""1 Hence 1 — vazl |zi] <
12(1 = [T, [pe]) < 27"+, and we have that [], |z:| > 1 — 27" and [V, [ps] <1—2"""1. Thus, if

U(ll)zlz:;:,ii:gii;l) > C for all k, then for r = % it follows that

Thus if maxi<;<nN P(pi,zi) S

v(z) < v(l—27nt4 1 — 27t
v(p) ~ v(l—2"m"1 1 -2

< C78.

Thus, (A) is satisfied.
v(2)
v(p)

Conversely, if < C for maxi<;<n p(2i,p;) <7, then

vl —t(1+7r)" 1=t +7)h
v(l—t,...,1—1)

1
> ol for all t € [0,1).

In2

By letting k be the smallest integer such that k > Wit We obtain
v(l =271 1 —27n 1) S v(l =271 +r)F . 1—-2""(147)7F) S 1
v(1—2-n, ., 1—27) = v(1 =27, 1—27") = CF
for all n. Hence, the claim follows.
Example 2.3. (1) Class 1: The weight v : DV — (0, 00),

v(z1, . 2n) = (1=1z1]) - (1= |zn]) = Hilil(l — |2;]) provides an example of a weight v of type
v(z) = Hi\le v;(2z;) with the property that each v;, 1 <14 < N, enjoys the Lusky condition (L1),
more precisely, for every n € N we have that

N

v(@=27h), (-2 h))  Fre-2nh) S a-2nh) n
v(1—2"71), .., (1—2"7) 1 vi(l—27m) [1 l-(1-277) ( > -0

. 2
=1

(2) Class 2: The weight v : D? — (0,00), v(21,22) = 1 — |21||22] has condition (L1s). For every
n € N we obtain that
v((1—2"""H,(1—-27""1) 1—(1—-27n"1)2
o((T—27m),(1-277) ~ 1-(1-27")2
1—(1-—2m4272m72) T4 27Inm2 9Tn(] 4 272

- 1— (1 — 9-n+1 +2—2n) - 9—n+1 +2—2n - 2—n(2+2—n) .

Now,
__9—n—1 __9—n—1
(L N ) ) N N
neN  v((1—277), (1 —-27"7)) 2
Hence the claim follows. Applying the Binomial theorem we can easily show that weights v :
DV — (0,00), v(z) =1 — |21]- - - |2n]| enjoy the condition (L1y).

As mentioned above the following result by Bonet, Domariski, Lindstrom and Taskinen [7] is quite
important for the progress of this paper.

Theorem 2.4 (Bonet, Domaiiski, Lindstrom, Taskinen [7]). Let v be a typical weight on the open unit
disk D. Then all operators Cy : Hy° — HJ° are bounded if and only if the weight v satisfies the Lusky
condition (L1).
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We close this section by showing that if the weight belongs to Class 1 or Class 2 all operators
Cy : H* (DY) — H* (DY)
are bounded if the analytic map ¢ : DY — DY is of type ¢(z) = (#1(21), ..., 6n(2n)) for every z =
(21,..., 2n) € DV,
(1) Class 1: If v is a weight of class 1 and ¢ : D¥ — DY an analytic map with ¢(z) =
(#1(21), ..., dn (2n) for every z = (21, ..., zx) € DV, then we obtain
N N
v(z) [Lizy vi(zi) vi(2i)
sup = sup —v———"—= || sup ———=.
zepn V(A(2))  cepw Hiil vi(bi(2:)) ]1 zeD Vi(Pi(2i))
Hence Cy : H* (DY) — H°(DV) may - in a sense - be considered as a combination of operators
Cy, : HX — Hg°. By Theorem 2.4 each of the operators Cy, must be bounded. Hence Cy is
bounded.
(2) Class 2: Let v be a weight of class 2 and ¢ : DY — DV an analytic map with ¢(z) =
(p1(21), ..., dn(2n) for every z = (2z1,...,2y) € DV. We reduce the problem to the one-
dimensional case in the following way. We put

1=

N N
U= sz € D and ¢ (u) := H oi(2;).
i=1 i=1
()

Hence sup,,cp 50,y < 00 by Theorem 2.4 since v satisfies (L1y).

3. POLYDISK

In this section we study composition operators acting on weighted spaces generated by two different
classes of weights.

3.1. Weights of type v(z) = vazl v;(z;). Throughout this subsection let v be a weight of type v(z) =
Hilil v;(z;) where each v; is a typical weight that satisfies (L1).

Lemma 3.1. Let ¢ with ¢(z) = (¢1(21), ..., on(2n)) be an analytic self-map of DV such that each ¢;
has a fized point a; € D. Then the composition operator Cy : H°(DN) — H (DY) is similar to a
contraction.

Proof. Let a; € D be a fixed point of ¢;, 1 < i < N. Now we consider maps 1 : DV — DV 4(z) =
(¥1(21); - ¥ (2)) with

Vi 1= Qi_q, O P; 0 (g, for every 1 <i < N,
and
a:DYN =DV a(z) = (aq, (21), ., Qay (28))-
By definition we see that

a”H(2) = (ag,! (21), s gy (2)) = (=0 (21), -y O—ay (21))

for every z € D¥. Moreover, ;(0) = 0 for every 1 <i < N. Thus, by the Schwarz Lemma we have that

[1;(w)| < |w] for every w € D and every 1 < ¢ < N. Hence vz?wiu(g)) < 1 for every w € D and every

1 <1 < N. Finally, we can conclude

v(2) v1(21) un(zn)
sup ———— = su <1
oo 0(0(2)  senw 1 (r(z)  on($(en)) T
Since Cy = Cy 0 Cy 0 Cy-1, we obtain the claim. O

Theorem 3.2. Let ¢ with ¢(z) = ($1(21),...,0n(2N)) be an analytic self-map but not a conformal
automorphism of DN . The operator Cy : HX*(DN) — H(DY) is power bounded if and only if it is
stmilar to a contraction.
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Proof. By Lemma 3.1 it is enough to show that each ¢; has a fixed point in D. We prove this indirectly
and assume that there is 1 < iy < N such that ¢;, has no fixed point in D. By the Denjoy-Wolftf Theorem
we know that in this case the sequence (|¢}! |), tends to 1 uniformly on the compact subsets of . Hence

o - WG w0 w0 ew(0)
1Cs1 = 1Corll = sup S = w@r ) w@r ) o(@%(0))

— 00,

if n — oco. This is a contradiction.

Conversely, by hypothesis, there exists an invertible operator S on HZ° (DY) such that Cy = S~1oCo 9,
where C' is a contraction on Hy°(DV), i.e. [|C]| < 1. Hence Cj = S~'oC" oS and thus [|C7[| < [|S~H/[|S|]
for every n € N. This means that Cy is power bounded. O

Example 3.3. We consider the composition operator Cys : H3°(D?) — H°(D?) induced by
#(21,22)) = (2, 25) and v(z1,22) = (1 — |21])(1 — |22]) for every z € D?. Thus, we obtain ¢"(z) =
(zl+1+é-»+2"*1

that

,z2) for every n € N and every 2z € D?. With that easy calculations (see e.g. [16]) show

S C M B 1
1C1 = 50 Sy ~ S T o (2]

Thus, C4 obviously is not power bounded.

— 2'",-

The following result is completely analogous to the one-dimensional case. For the sake of completeness
we give it here.

Proposition 3.4. Let v be a weight and ¢ with ¢(z) = (¢p1(21), ..., dn(2n)) be an analytic self-map of
DN, If Cy : HX(DN) — H(DY) is similar to a strict contraction, then Cy is uniformly mean ergodic.

Proof. We will show that ||(Cy)mll — 0 if n — oo. By hypothesis, we can find an invertible operator S
on H*(DY) and an operator C on H* (DY) with ||C|| < 1 such that Cy = S~*0C o S. Thus, we arrive
at the following estimate

I . 1o
1(Co)mll < — Yo llegl < - > ISl < ~[S7HIlISIIM = 0
m=1 m=1
if n — oo, where M =Y > _ ||C||™ = ﬁ < 0. O

The converse is not true, as the following trivial example shows.

Example 3.5. If we take v(z) = Hﬁvzl(l — |z|) and ¢(z) = id(z) = z for every z € DV we obtain
¢"(z) = z for every n € N. Obviously we have that [|Cy|| =1 and (Cy)py = 230 ) Oyt = Cy for every
n € N. Hence C is uniformly mean ergodic.

To deal with uniformly mean ergodicity we need the following result given in [16].

Theorem 3.6. Let v be a weight of type v(z) = Hfil vi(zi), where each v; is a typical weight on D
satisfying the Lusky condition (L1). Moreover, let ¢ and v be analytic self-maps of the unit polydisk DV .
Then the norm of the operator Cy — Cy : H3° — H° is equivalent with

v(z)  v(z) }
sup max , max p(¢;(2),Y:(2)).
g | S ST § B ) 02

Theorem 3.7. Let ¢ with ¢(z) = ($1(21),...,0n(2n)) be an analytic self-map but not a conformal
automorphism of DV . Let us assume that each ¢; has an attracting fized point a; in D, i.e. ¢(a;) # 0
for every 1 <i < N, then Cy : H*(DN) — H (DY) is uniformly mean ergodic.
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Proof. Let ¢ be a map as described above. W.l.o.g. we may assume that the maps ¢;, 1 < i < N, are
given by ¢;(w) = A\w for every w € D, where \; € C with |\;] < 1. For details we refer the reader to
the article [14]. However, the original proof of this fact goes back to Koenigs [11]. Now, ¢ (w) = Alw
for every w € D and every n € N as well as ||Cyn|| = ||Cy|| = 1 for every n € N. If Cy is the composition
operator defined by Cp : HX (DY) — H(DV), (Cof)(z) = £(0) for every z € DV we obtain by using
Theorem 3.6

n

1
<=3 Com = Col

m=1 m=1

1 n
(Cop — Coll = Hn S Gy o

lnsu maxviz)M max o
SOL (S i) s oo )0

1 n
<o S <O 3 oo
m= 126 m=1
since |A\;,| < 1. Hence, in this case, ((Cg)nj)nen tends to Cop in L(HZ°(DY)). Thus, Cy is uniformly
mean ergodic, and the claim follows. O

Theorem 3.8. Letv(z) = Hf\il(l—\zzb for every z € DN. Moreover, let ¢ with ¢(z) = (¢1(21), ..., dn(2n))
be an analytic self-map but not a conformal automorphism of DY such that each ¢; has a super-attracting
fized point a; € D, i.e. ¢i(a) =0 for every 1 <i < N. Then Cy : HZ(DN) — HZ (DY) is uniformly
mean ergodic.

Proof. Let ¢ be a map as described above. W.lLo.g. we may consider the model maps ¢;(z) = 27,
1 <i <N, for every z; € D, n; > 2. Again for details we refer the reader to [14]. Originally, this
was shown by Bottcher [4]). We will show that the sequence ((Cg)x))r tends to Cp with respect to the

operator norm ||.||, where Cj is given by (Cof)(2) = f(0) for every z € DV.

The function f; : [0,1) = R, fi(r;) = % is monotone decreasing since
1—r,*
-1+ (1- n’?)rvn? + k!
fir) = et <0 for every r; € [0,1).
i )2
(I—=r")
Moreover, we have that lim,, 1 1*7;1‘,@ = lim,, 1 i,tl = % and Y7, nlk = ﬁ Hence there have
1—rl nkrl i i

to be 0 < rg,; < 1 such that Y -, Hfil 1= "¢ = M < oo. Now, we choose such 0 < ro; < 1 and obtain
l—ro A
with an application of Theorem 3.6

k
1
H(C¢)[k] - COH < E Z ||C¢m — CO”

1 k N ]
S 1. Sup max ;m7 1 _ ZZ ax p (bm
km: |zi|<ro,i, 1<i<N {H | z‘ | } ) )
1 k N |z
_ sup H ;rrm 1— |Zz max p (b'rn ) 0)
k -1 \zfi\>m i 199\7 e 2|
1 N | BN . LN
n;n _ 0,2 +
=% 71_11\7”0,%» + mz[[ m_kH -+ Lyr 0
if K — oco. Thus, the claim follows. -
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Remark 3.9. If v is a weight of type v(z) = vazl v;(z;) for every z € DV, where each v; is a typical

weight with (L1) such that v:(r4) §s monotone decreasing with respect to r; and such that there is C; < 1

v(rl)

vilr) < C! for every n € N, then - with the same proof as above - we can show that an

o(r})
analytic self-map of DV such that each ¢; has a super-attracting fixed point a; € D induces a uniformly
mean ergodic composition operator Cy : H°(DV) — H°(DY). An example of this is e.g. the weight

N 1 N
v(z) =1I_, Toma=[=]) for every z € D

with lim,, 1

Next, let us turn our attention to automorphisms.

Proposition 3.10. For a = (a1, ...,an) let ¢, be an automorphism of the form
$a(2) = (i, (21); -, day (28))-
(a) For every a = (ay,...,ay) € DV the operator Cy, : H (DY) — H*(DYN) is power bounded.
(b) For every a = (a1, ...,ay) € DV the operator Cy, : H®(DN) — H (DY) is uniformly mean
ergodic.

Proof. (a) If we compute C}we see that

n ) Cs, if n€Niseven,
% | Cia if n € N is odd

where Ciq is defined by Ciqf(2) = f(2) for every z € DVV. Hence we obtain
sup 1G5 || < max {[|Ciall, [[Cg, |} = max {1, [|C, [|}

(b) We want to prove that

— 0if n — oo.

1
H(C¢a)[n] = 5 (Co, = Cia)
Using the proof of (a) we obtain

1 L(Cy, — Ciq) if n € N is odd
Co )] — 5 (Cyp, —Cia) = 207
(Cs.)in) — 5 (Cou — Cia) {OianNiseven

Hence

1 1 1
|(Coulin = 5 (Co. ~ G| < 511Ce, = Call < % max{[Cos I ICull) = o0

if n — oo. O

It remains an open question what happens in the case of automorphisms of the form

B(2) = (ap, (2x(1))s -+ A (Z()))

for every z € DV where 7 is a permutaion of {1, ..., N}. However, since -as stated above- each automor-
phism of the unit polydisk is of the form

(E10p, (2r(1)); -+ EN O (Zr(N)))

for every z € DV with 7 a permutation of {1,..., N}, p; € D and &; € 9D for every 1 < i < N we turn
our attention to rotaions.

Obviously, each rotation is a contraction and therefore powerbounded. Thus, it remains to investigate
when rotations are uniformly mean ergodic.

Proposition 3.11. Let k1,....kn € Ng and ¢(z) = (¢1(21), ..., dn (2n)) with ¢i(z;) = e’%lﬂzl for every
z1 €D and every 1 <1 < N. Then the operator Cy : HX®(DN) — H(DY) is uniformly mean ergodic.
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Proof. Let m be the lowest common multiple of k1, ..., kx, that is,
m = lem(ky, ..., kn).

We show that
2m

1 T
(Co)m) = 5— > Ch

— — 0if n — oo.
2mT:1

Computing (Cy)p,) we obtain

ImolCy — 5 32, O, ifn=2ml+ 1

2mn T 2mn
o2m 22mm_n2 (Cy + Cq%) - ﬁ 23:3 Cy, ifn=2ml+2
1 (s
(Colp — 5 D2 =
= e 2O - 2oL i = 2ml 4 m - 1
0, if n = 2ml.
Since all involved operators are bounded, this sequence tends to zero if n — co. O

Proposition 3.12. Let ©; = % € [0,2) be rational for every 1 <1< N and

3(2) = (¢1(2), ..., o (2N)) for every z € DN with ¢(2) = €*©™ 2 for every zy € D, 1 <1 < N. Then
Cy: HX(DN) — H(DYN) is uniformly mean ergodic.

Proof. Let m denote the lowest common multiple of ¢, ..., gx. Obviously, we need 2m steps to get back
to the operator Cy. Thus, proceeding as in the previous proposition we obtain the claim. (|

It is still an open question whether each rotation is uniformly mean ergodic.

3.2. Weights of type v(z) = U(vazl |z;]). Throughout this section let v be a weight of type v(z) =
v(Hfil |zi]) With limuyin, -,y |21 v(2) = 0 that satisfies condition (L1ny).

Lemma 3.13. Let ¢ with ¢(2) = (¢1(21), ..., on(2n)) be an analytic self-map of DV such that each ¢;
has a fized point a; € D. Then the composition operator Cy : H°(DN) — H (DY) is similar to a
contraction.

Proof. Let ¢ be an analytic self-map of DV such that each ¢; has a fixed point a; € . Now we consider
maps ¢ : DV — DV, 4(2) = (¢1(21), ..., 9w (2n)) given by

wi ::a,aio@oaa” 1§7’§N7

and o : DV — DV, a(2) = (aa, (21), - @y (283)). Since o = a_q, for every 1 <i < N, we obviously

have a™1(2) = (a_q,(21), -y @—ay (25)). Moreover, 1;(0) = 0, 1 <4 < N, and by the Schwarz Lemma

v (w

[thi(w)] < |w| for every w € D. Then otoiqwy < 1 for every w € D and hence

o(2) oL l=])

sup ———= = sup <1
ev V(¥(2))  sep™ o[, [1i(z:)])
Since Cyp = C, 0 Cy 0 C,-1, we obtain the claim. O

Theorem 3.14. Let ¢ with ¢(z) = (d1(z1),...,0n(2n)) be an analytic self-map but not a conformal
automorphism of DV .
(a) If Cy : HX (DY) — H° (DY) is power bounded, then there is 1 <i < N such that ¢; has a fized
point in D.
(b) If Cy : H(DN) — H°(DVN) is similar to a contraction, then it is power bounded.
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Proof. The proof of (b) is the same as in Theorem 3.2 above, hence we omit it here. It remains to
show (a). We prove (a) indirectly and assume to the contrary that no ¢; has a fixed point in D. By
the Denjoy-Wolff Theorem we know that in this case the sequence (|¢} |), tends to 1 uniformly on the
compact subsets of D for every 1 <7 < N. Hence

v(z) v(0)

1Cs 1 = 2R v (2)) = o(TTY, ¢7(0)) o

if n — oo. This is a contradiction. O

Proposition 3.15. Let v(z) =1 — Hszl |zi| for every z € DV and ¢ with
é(2) = (¢1(21), .., dn(2n)) an analytic self-map of the unit polydisk DY . If there is 1 < i < N such that
@i has a fized point in D, then Cy is power bounded.

Proof. Let ¢ be an analytic self-map of DV as described above such that ¢; has a fixed point a; inside

the disk . Now, we have to distinguish the following two cases:

Case 1: qa; is an attracting fixed point of ¢;. In this case the model maps are given by ¢;(w) = \;w for
every w € D, where \; € C with |\;] < 1. Now, we get for every n € N

(Z) 1- Hg—1 |2k
|Cyn | = Sup = sup n
¢ 0(6"(2))  zepn 1— 1, |ox(2)"]
Ssupl_nk1|2k|— !
zepv 1= (A} L= x|

Hence the corresponding operator Cy must be power bounded.

Case 2: a; is a super-attracting fixed point of ¢;. We have the model maps ¢;(w) = w' for every
w € D and obtain for every n € N.
N
1
) TR ]
0(¢"(2) T sepy 1 al™

To deal with this we consider the follovvmg function

[Con || =

= sup

1- HkN:1 Tk

In
1—r;

f:00,11N = mathbbR, f(ri,...,rn) =

and determine the extremal points. We get

_ H{cv=2 Tk
1_,’,"lin
: 0
I,z crp(1—rt™+(1-TT Tk)lnrlvnfl .
Vf('f"]_, ceey TN) = ALk (117,,,('n)2 =L . = :
. 0
_ ngzl Tk
=

which is equivalent with (rq, ... TN) = (0, ...,0). Moreover,

N
lim,, 1 1_11_17’“7;1” = lim,, _; % < % — 0 if n — oo. Hence the composition operator must be
power bounded. ' O
Example 3.16. (a) Let G =D?, v(2) = (1 — |z1])(1 — |22|) and ¢(2) = (251, 25). Then we obtain

o) o 1ol

I St ——) L] .
() ST et - %

10
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Obviously, the composition operator is not power bounded.

(b) Let G = D?, v(z) = 1 — |21]|22| and ¢(z) = (241, 25). With the same arguments as above we
can show, that the corresponding composition operator ist power bounded. Thus, we have found
an example of a power bounded composition operator that does not have a fixed point inside the
polydisk. Hence in the polydisk setting there occur other phenomena than in the disk setting.

Completely analogous to the setting in Class 1 we obtain the following proposition. Hence we omit
the proof.

Proposition 3.17. Let v be a weight of type v(z) = ’U(Hi]\il |z;|) and ¢ be an analytic self-map of DV.
If Cy : H*(DN) — H(DN) is similar to a strict contraction, then Cy is uniformly mean ergodic.

Again, the converse is not true. For a deeper study when such operators are uniformly mean ergodic
we need the following theorem.

Theorem 3.18. Let v be a weight of type v(z) = U(Hf\[:1 |zi]) such that limyn, _,_ |z »10(2) = 0 and
such that v satisfies the condition (L1y). Moreover, let ¢ and 1) be analytic self-maps of the unit polydisk
DN. Then the norm of the operator Cy — Cy : H®(DN) — H(DYN) is equivalent with

v(z) _v(z) }
sup max ; max p(¢;(z), i(2)).
€DV {v(¢(2)) v(¥(2)) J 1=isN

The proof given in [16] can be used to show the above theorem if we take into account that condition
(L1y) is equivalent to condition (A) which has been shown at the beginning of this article. Again,
completely analogous to Case 1 we obtain the following two theorems.

Theorem 3.19. Let v be a weight of type v(z) = U(Hil\il |2i|) for every z € DN such that v satisfies
(L1y) and ¢(2) = (¢1(21), ..., dn(2x)) be an analytic self-map but not a conformal automorphism of DV .
Let us assume that each ¢; has an attracting fized point a; in D, i.e. ¢i(a;) # 0 for every 1 <i < N,
then Cy : H (DY) — H°(DYN) is uniformly mean ergodic.

Theorem 3.20. Let v(z) =1— vazl |zi| for every = € DV and let ¢ with
d(2) = (p1(21), ..., pn(2n)) be an analytic self-map but not a conformal automorphism of DV such that
each ¢; has a super-attracting fized point a; € D, i.e. ¢j(a;) = 0 for every 1 < i < N. Then Cy :
H(DN) — HX(DV) is uniformly mean ergodic.

Again we turn our attention to automorphisms. Completely analogous to Class 1 we obtain the
following results.

Proposition 3.21. For a = (ay,...,an) let « be an automorphism of the form
a(z) = (ay (21)s ooy Qay (2N)).
(a) For every a = (ay,...,ay) € DV the operator C, : H* (DY) — H (DY) is power bounded.
(b) For every a = (ay,...,ay) € DV the operator C, : HX(DN) — HX (DY) is uniformly mean
ergodic.

Proposition 3.22. Let ky,....kn € Ny and ¢(z) = (¢1(21), ..., dn(2N)) with ¢i(z) = enT for every
2z €D and every 1 <1 < N. Then the operator Cy : H®(DN) — H2(DY) is uniformly mean ergodic.

Proposition 3.23. Let ©; = % € [0,2) be rational for every 1 <1< N and
#(2) = (¢1(2), ..., dn (2n)) for every z € DN with ¢;(z) = e®™ 2 for every zy € D, 1 <1 < N. Then
Cyp: HZ(DN) — H*(DY) is uniformly mean ergodic.
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