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1. INTRODUCTION

Consider the second order neutral differential equation with piecewise constant argument of the form

(1) (1) S (1) + (D)l — 1)) + a(By(lt —1]) =0
d d
(12) S (0) 3 ) + POyl — 1) + a(Oy((t 1)) = (),

where r € C'((0,0),R4);¢,p, f € C((0,00), R\{0}) and [ | denotes the greatest integer function.
The objective of this work is to study the oscillatory and nonoscillatory behaviour of solutions of (1.1)
and (1.2) for any |p(t)] < oo.
A function y : R — R is a solution of (1.1)/(1.2), if the following conditions hold:
i): y is continuous on R;
ii): 7(t) % (y(t) + p(t)y(t — 1)) there exists and it is also continuous on R;
iii): L (r(t) % (y(t) + p(t)y(t — 1))) exists on R, except possibly at the points t = n,n € Z =
{...,—1,0,1,...}, where one sided second derivative exist;
iv): y satisfies (1.1)/(1.2) on every interval (n,n + 1), for all n € Z.
As is customary, a solution of (1.1)/ (1.2) is oscillatory if it has arbitrarily large zeros. Otherwise, it
is called nonoscillatory.
If an initial function yo € C([—1,0],R) () C?((—1,0),R) is given, then the existence and uniqueness of
the solution of (1.1) follows by the method of steps. Let
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where y(t) is the unique solution of (1.1). If y(n) = C,,,n =0,1,2,...., then for ¢t € (n,n + 1)

(13) (1) 5 (1) + Pyt~ 1)) + 90 Cor = 0.
Integrating (1.3) from n to ¢, we obtain

d
(1.49) PO 5010 + 0 ~1) = Bt Cot [ als)ds =0,

where B, = [r(t) % (y(t) + p(t)y(t — 1))]s=p,n € Z. By using the continuity at t = n + 1, (1.4) becomes

(1.5) Bpy1— Bn+Chq / q(s)ds = 0.

Integrating (1.4) from n to t,we get

(1L6)  y(t)+p(Oylt — 1) — B, C(’) Cus / % / " qu)duds — y(n) — p(n)y(n —1) = 0.

Using the continuity at t = n + 1, (1.6) becomes

(1.7) Coi1 4 Pns1Cn — Cp = puCr1 — Byol) +C, 10 =0,
where p(n) = py, o) = f:“ r‘%f) and v = f:ﬂ T(ls) [ q(u)duds. Consequently, (1.7) simplifies as
Ba = ~5[Cuss + (s~ 1)Co — (pn — 02 Coa]m € 2
and hence (1.5) resolves as
vy D) Pasl (1) (Pn— VR

Cny2+ [pn+2 -1- U,(LI) ] n+l — [anrl Up i1 T T n+1]C +vn+1[T+

n+1 "
—|—/ q(s)ds|Cr—1 =0,
for n € Z. In general the above equation takes the form
(18) Cn+3 —+ FnCn+2 + GnC’n+1 + H,C, =0,n € Z,

where
(1)

v,
Fp=ppis—1— ?SQ,nEZ,

anrl
n 1
G, = = —Pn42 + 1)512422 p%vfllﬁ% n € 7
n+1
and @
2 n+2
-0
H, = vg@[% —|—/ q(s)ds],n € Z.
’UnJrl n+1
Similarly for (1.2), we have the following difference equation
(19) Cn+3 + Fncn+2 + GnCn+1 + ann = Kna ne Z,
where o
n+2 2
K, = — (;; F(-s-)1 + 1(1-1)—2F(+)1 + F7(L+)2a
n+1

n+1 n+1 s
= [ g m@ = [T [ s
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If r(t) = 1,p(t) = p and ¢q(t) = ¢, then (1.8) becomes

(1.10) Cis + (p—2)Crpz + (1 — 2p+ g)cn+1 +(p+ g)cn —0,

for n € Z. (1.8) is a resulting equation of (1.1), which is a third order difference equation. Hence to
study (1.1), it is enough to study (1.8).

Differential equations with piecewise constant arguments (DEPCA) describe hybrid dynamical sys-
tems (a combination of continuous and discrete systems) and, therefore contains the properties of both
differential and difference equations. DEPCA may also have applications in certain biomedical models
[1]. In [2], [3] and the references cited therein there have been a lot of results concerning differential
equations with piecewise constant arguments. The purpose of this work is to investigate the oscillatory
and nonoscillatory behaviour of solutions of (1.1)/(1.2) with the help of (1.8) and (1.9). It is known
that there is no such work deal with (1.1)/(1.2). However, the works associated with the characteristic
equations of difference equations are available in the literature (see for e.g [4], [5], [8]-[12]).

2. PRELIMINARIES

In [6] and [7], Parhi and Tripathy have discussed the oscillation and nonoscillation of third order
difference equations of the form

(21) Yn+3 + QnYnt2 + Bnyn—i-l + Ynyn =0
and
(2'2) Yn+3 T QYnt2 + ﬁyn-i-l +YYn = 0,

where «, 3,7 € R such that v # 0 and {a,}, {Bn}, {n} are real valued sequences defined on N(ng) =
{no,no +1,n9 +2,....},n9 > 0.

A nontrivial solution {y,} of (2.1) is said to be oscillatory, if for every positive integer N there exists
n > N such that y,y,+1 < 0. Otherwise, the solution is nonoscillatory. In other words, a solution
{yn} is oscillatory if it is neither eventually positive nor eventually negative. Equation (2.1) is said
to be oscillatory if all its solutions are oscillatory and strongly nonoscillatory if all its solutions are
nonoscillatory. A solution {y,},n > ng > 0 of (2.1) has a generalized zero at r > nyg if either y. = 0 or
Yr—1Yr < 0. In other words, a generalized zero of a solution is either an actual zero or where the solution
changes its sign.

In the following, we state some of the main results of [6] and [7] which will be useful for our next
discussion.

Proposition 2.1. Let v > 0. If G>* +4H? > 0 or G = 0 and H = 0, then (2.2) is oscillatory. If
G? +4H?3 <0, then (2.2) admits an oscillatory solution, where

af 203 1 a?
DR TR Y
Corollary 2.2. Let v > 0. If one of the following cases

(i): 38 > a?;
(i): B0, 020, v— 9+ % - 25(% - 8)F >0;
(ili): >0, a<0, 33<a?, y— %L+ 20 — 2(% — )3 >0;
(iv): 38 =a?,y = ag—ﬂ — %
holds, then (2.2) is oscillatory.

Remark 2.3. We may notice that v > 0, 38 = a? and v = %ﬁ — % imply that v > 0 and 8 > 0. If

a >0, f>0and vy >0 such that « + 4 v > 0, then (2.2) is oscillatory.

Theorem 2.4. Let v < 0 and a > 0. Assume that one of the following conditions
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. o 3 2 3

(W): 7=+ 5 <3y -2 B< %
(i): 0<y—L+20 < 2(% - ) 0
(iii): y -2+ 20 =0, 0< < 2

holds. Then (2.2) admits one nonoscillatory solution.

Theorem 2.5. Let v <0, a>0 cmdﬁ<— If

2 a? 3_ af

then (2.2) admits two nonoscillatory solutions.

Theorem 2.6. Let v <0 and o < 0. If one of the following conditions
o? ER a? .
(1): 0<*—7—7< sm(5 -0 2<B<g

2 3
2

2
(i) 0<% -2 = 22 g}, 1<p<
holds, then (2.2) is strongly nonoscillatory.

2

Theorem 2.7. Let v < 0, a<0(md0<——7—7<7(%—6)% Ifp< % or B < %
holds, then (2.2) admits two oscillatory solutions.

IN
QR

Theorem 2.8. Suppose that v < 0, a < 0 and
2a3 2 [a? H
o< =T (5 9)
hold. If f < I < %2 or < %2 < I holds, then (2.2) admits two oscillatory solutions.
Theorem 2.9. Let~, >0, 8, <0, and a,, <0, for n > 0. If
At 1(n-17n — Yo = BabBn-1) = Ba—1(Bnt1 — Yn+1 — nQny1)
and

'7n+1/8n—1 < an—i—l(ﬂnﬁn—l - ’Ynan—l)
holds for large n, then (2.1) is oscillatory.

Theorem 2.10. Suppose that v, > 0, B, >0, and a,, <0, forn > 0. If ir;fo an, =1 <0, liminf 8, =
n> n—>o00
m > 0 and liminf~,, = s > 0 such that
n—ro0
om®  ml 1 2 m? H
=5 o5 +t-—5=lz=—-] >0,
2752 352 s 3y/3\3s2 s
then (2.1) is oscillatory.
Theorem 2.11. If v, <0, B8, <0, and ay, <0, for n >0, then (2.1) admits two oscillatory solutions.

Theorem 2.12. Let v, < 0, 8, > 0, and ay, > 0, for n > 0. Then (2.1) admits a nonoscillatory
solution.

Theorem 2.13. Let vy, >0, 8, >0, and a,, <0, forn > 0. If lini'}nf Bn=m >0 and

m
limsup B, > limsup a,,_1 <an - )

n—->00 n—s oo Q41

hold, then (2.1) is oscillatory.
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Theorem 2.14. Let v, >0, 3, <0, and o, > 0, for n > 0. If liminf~, = s >0 and
n—r—oo

lim sup 7y,, > limsup Bn-1 (ﬁn Cn )

n—s00 n—soo Qp—1 ﬁn+1

hold, then (2.1) is oscillatory.

Theorem 2.15. Assume that v, > 0, B, > 0, and o, < 0, for n > 0. If 4m > [?, then (2.1) is

oscillatory, where m = liminf 3, and [ = liminf «,.
n—o0 n—o0

Theorem 2.16. Suppose that v, >0, B, >0, and a,, <0, forn > 0. If 1> > 3m and

Im 23 2 (12 )

3 121 33
hold, then (2.1) is oscillatory, where s = liminf v, m = liminf 3,, and [ = liminf «,.
n—oo n—oo n—oo

Theorem 2.17. Let v, > 0, 5, < 0, and o, > 0, for n > 0. Assume that I, m, and s hold as in

Theorem 2.16. If
3
w2 p o NE

3 27 33\ 3 ’
then (2.1) is oscillatory.
Theorem 2.18. If o, > 0, 8, >0, and v, > 0, for n > 0 such that o, + By + v > 0, than (2.1) is
oscillatory.
Theorem 2.19. If v, >0, 8, >0, a, <0, and

Tn+1 N /B’I’L+1 Bn

+ - an
Qp410n—1 Qp41 Qp_—1

hold for large n, then (2.1) is oscillatory.

Theorem 2.20. If~v, >0, 8, <0, a, >0 and
ﬁn > QpnYn+1 YnOn—1

Bn-‘rl Bn— 1

hold for large n, then (2.1) is oscillatory.

Theorem 2.21. Let v, >0, -1 < 3, <0 and o, > 1. Let f;, = gni2 — gn+1, where for each n > 1
there exists m > n such that gngm < 0. If

o0
Z[QL—S + (an = gl o+ (L4 Bu)giiq + mgit] = o0
n=1
and
2[9;+3 + (an = 1)gpio + (1 + Bn)gni1 + | = o0,
n=1

then every solution of the equation

(23) Ynt3 + AnYni2 + ﬂnyn+1 + VnYn = fn

oscillates, where f, is a sequence of real numbers, g7 = max{gn,0} and g, = max{0, —g,}.

Theorem 2.22. Let v, >0, £, >0 and -1 < «a,, < 0. Let fr, = gn+s — gni2, where for each n > 1
there exists m > n such that g,gm < 0. If

oo

D I+ an)gl s+ Bugity + gt = 00

n=1
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and
oo

D I+ an)gpia + Bunis + ngn] = o0,

n=1

then (2.3) is oscillatory.

Theorem 2.23. Let —1 <+, <0, 8, >1 and a, > 0. Let f, = gn+1 — gn, where for each n > 1, there
exists m > n such that gngm < 0. If

oo
Z[Q:L_-s-s + angnio + (Bn = Vg + (14 7)g,4] = 00
n=1
and
943 + gz + (Bn = g + (L+ )9, ] = 00,
n=1

then (2.3) is oscillatory.
Theorem 2.24. If

oo

> nllon +2+ B — 1 + |yal] < o0,

n=1

then (2.1) admits a bounded nonoscillatory solution.

3. MAIN RESULTS

In the section, we investigate the oscillation and nonoscillation of (1.1) through (2.1) and (2.2). For
r(t) =1, p(t) = p and ¢(t) = ¢, (1.1) reduces to
(3.1) (y(t) +py(t = 1))" +qy(ft = 1)) = 0

which then converts to (1.10) in the interval (n,n + 1), for n € N. We may note that a solution {C,,} of
(1.10) is said to be oscillatory if the terms C,, of the sequence {C,,} are not eventually of a fixed sign.
Otherwise, the solution {C),} is called nonoscillatory. It is easy to see that the characteristic equation of
(1.10) is given by

(3.2) N+ (p=2X+ (1 =2+ DA+ (p+3) = 0.

It is easy to verify the following result;
Lemma 3.1. FEvery solution of (1.10) is oscillatory if and only if (3.2) has no positive real roots.

Proposition 3.2. Let 2p+ ¢ > 0. Then (1.10) is oscillatory if and only if G* +4H® >0 or G =0 and
H =0, where

1
54
Proof The proof follows from Proposition 2.1.

1
G = —(4p +12p* +12p + 45q¢ — Ipq + 4), H = E(3q— 2p% —4p —2).

Corollary 3.3. Fvery solution of (1.10) is oscillatory if and only if one of the following sets of conditions
is satisfied:
(i): 2p+q>0,3¢g>2p*> +4p +2;
(ii): 2p+q > 0,4p > max{8,2+q}, 4p> +12p> + 12p +45q — Ipq + 4 — \/2(2p* + 4p+2 — 3¢)2 > 0;
(iii): 2p+q > 0,4p < min{8,2 +¢},p> +5p+1 >0, 4p> + 12p? + 12p + 45q — Ipq + 4 — \/2(2p* +
4p + 2 — 3q)% > 0;
(iv): 2p? +4p+2=3q, p> — 15p? —33p — 17 = 0.
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Proof By Lemma 3.1, (1.10) is oscillatory if and only if (3.2) has no positive real roots. Upon the
choice of negative and complex roots, we have the four possibilities due to Cor. 2.2. Hence, the corollary
is proved.

Corollary 3.4. Assume that Cor.3.3 (i) holds. If p > 2 and q > 6, then (1.10) is oscillatory.

Proof When Cor.3.3 (iv) holds, and because of Remark 2.3, it follows that
P—=220,1-2p+3>0,p+1 >0,
that is, if and only if
P22, q267p+325,
and also,
q q
p=2+1-2p+ +p+g 25
Hence by Remark 2.3, (1.10) is oscillatory.
Proposition 3.5. If y(n) is an oscillatory solution of (1.10)/ (1.8)/ (1.9), then y(t) is an oscillatory
solution of (1.1)/ (1.2).

Proof Let {C,} be an oscillatory solution of (1.10). Then {C,,} has either generalized zeros or zeros,
for n € N. Since C,, = y(n), n = 0,1,2,3.... and because of continuity of the solution, then y(t) is an
oscillatory solution of (3.1), where we consider the infinite number of zeros associated with y(n). Hence,
the proposition is proved.

Theorem 3.6. Assume that Proposition 3.2 holds. Then (3.1) admits three oscillatory solutions.

Proof The proof of the theorem follows from Lemma 3.1 and Proposition 3.5. Hence the details are
omitted.

Theorem 3.7. Assume that any one of four sets of conditions given in Corollary 3.3 or conditions of
Corollary 3.4 holds. Then (3.1) admits three oscillatory solutions.

Proof Due to Corollary 3.3, (1.10) is oscillatory upon the choice of negative and complex roots of (3.2)
and hence by Proposition 3.5, (3.1) admits three oscillatory solutions. A similar conclusion by Corollary
3.4.

Proposition 3.8. If y(t) is a nonoscillatory solution of (3.1), then y(n) is a nonoscillatoty solution of
(1.10).
Proof Let y(t) be a nonoscillatory solution of (3.1) on [T, 00), that is, y(¢t) > 0 or < 0, for t > T.

Then using the same type of arguments as in (1.4) to (1.8), we find that C(n) = y(n) is a solution of
(1.10), and because of continuity y(n) > 0 or < 0. This completes the proof of the proposition.

Proposition 3.9. Let y(t) be a nontrivial solution of (3.1) and y(n) be a nontrivial solution of (1.10).
If y(n) is nonoscillatory, then y(t) is either nonoscillatory or bounded nonoscillatory.

Proof Let y(t) be a nontrivial solution of (3.1) on [N,,00), where N, > 1 is an integer. Suppose
there exists ny > N, such that y(n) > 0, for n > n;. Hence y(t) > 0 for ¢t € [ny,n; +1). Let y(ny) > 0.
Setting for z(t) = y(t) + py(t — 1), it follows from (3.1) that

Z/l(t) = _qy(nl) S Oat S [nl + 17”1 + 2)7
where we consider case p > 0 and ¢ < 0. Thus 2/(¢) is nonincreasing on [ng + 1,n1 + 2). If 2/(¢) < 0,for
t € [n1+1,n1 +2), then z(t) < z(n1 +1). Because of continuity z(n; +2) < z(ng + 1) implies that z(t) is
nonincreasing on [ny + 1,171 + 2). There for z(¢) is nonoscillatory on [n; + 1,n; + 2) and hence z(t) > 0
or < 0. Ultimately, because of continuity z(n; + 1) > 0 or < 0 if and only if

y(n1 +1)+py(n1) >0 or y(ny+1) +py(ni) <0,
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that is, if and only if y(ny +1) > 0. As a result, z(n; +2) > 0 if and only if y(ny +2) > 0 and y(t) is
nonoscillatory for t € [ny + 1,n1 + 2).

Next, we suppose that 2/(t) > 0, for ¢t € [n1 + 1,n1 + 2). Then z(¢) is nondecreasing and using the
preceding argument, we can show that y(t) is nonoscillatory on [ny + 1, n1 4+ 2). Continuing in this way, it
follows that y(t) is nonoscillatory on the intervals of the form [ny +2,n1 +3), [n1 + 3,71 +4),... Therefore,
y(t) is nonoscillatory on [N,, c0). The argument is similar when y(ni) < 0.

Assume that p < 0 and ¢ > 0. Using the same type of reasoning as above, we have that z(¢) > 0 or
<0, fort € [ng +1,n; +2). If 2(t) > 0, for t € [ny + 1,11 + 2), then because of continuity z(n; +1) >0
if and only if y(ny + 1) 4+ py(n1) > 0, that is, if and only if y(n; + 1) > —py(ny) > 0. Consequently,
z(n1 + 2) > 0 implies that y(ny +2) > 0. Hance, y(t) is nonoscillatory on [ny + 1,171 + 2). If 2(¢) < 0,
for t € [n1 + 1,n1 + 2), then because of continuity z(ny + 1) < 0 and z(n; + 2) < 0. As a result,
y(ng +1) < —py(n1) < oo and y(ny + 2) < —py(n141) < oco. So y(t) is nonoscillatory or bounded on
[n1 + 1,n1 +2). We can use the above fact for intervals of the form [ny + 2,11 + 3),[n1 + 3,171 +4),...
and to conclude that y(t) is nonoscillatory or bounded on [N,, c0). The following two cases

(i)p > 0,q < 0 (ii)p < 0, <0

can similarly be dealt with. This completes the proof of the proposition.

Theorem 3 10. Let 2p+q < 0 and p > 2. Assume that one of the following three sets of conditions
(D): 32p+a)—§(p—2)2—4p+9)+ 37 (r—2) < 325[5(0—2)° ﬁ(2—4p+q)%], 3¢ < 2p*+4p+2;
(ii): 0 <32+ -F0-22 -4+ 9+ FP-2° < 3HL0P -2 - 752 -4p+9)3], 0<

32—4p+q) <2(p—2)%

(iii): 3(2p+q) — 5(p - 2)(2—4p+q) + #(p—2)%=0,92—-4p+q) <4(p—2)%

holds. Then (3.1) admits a solution which is either nonoscillatory or bounded nonoscillatory.

Proof (1.10) admits a nonoscillatory if and only if (3.2) has a positive root, that is, if and only if
p+ % < 0. Consequently, (1.10) has a nonoscillatory solution due to Theorem 2.4. Hence y(t) is either
nonoscillatory or bounded by Proposition 3.9.

Theorem 3.11. Let2p+q <0, p>2 and 3¢ < 2p* +4p +2. If

0<2(p+a)~ clp-2@—4p+ )+ (o —2)° = 22 (0~ 27 -

3
— 2-4 2
37313 (2—4p+q)?]
holds, then (3.1) admits two nonoscillatory solutions.

1
202
Proof By Theorem 2.5, it follows that (1.10) admits two nonoscillatory solutions if and only if (3.2)

has two positive roots. Hence, (3.1) has two nonoscillatory solutions due to Proposition 3.9.

Theorem 3.12. Let 2p+ q < 0 and p < 2. Assume that one of the following set of conditions

(i) (2p* +4p —3q+2)% >—W(4p +12p? + 12p + 45q — 9pq + 4) > 0,

(ii) 6p+3¢>3(p—2)(2—4p+q) >2(p—2)°

is true. Then (3.1) is strongly nonoscillatory.

Proof By Theorem 2.6, it follows that (1.8) admits three nonoscillatory solutions if and only if (3.2)
has three positive roots. Consequently, (3.1) is strongly nonoscillatory due to Proposition 3.9.

Theorem 3.13. Let 2p+q < 0 and p < 2. Assume that

(2p% +4p— 3¢ +2)? > fm(4p3 +12p? + 12p + 45q — 9pg + 4) > 0,

holds. If 3(p—2)(2—4p+q) >6p+3q>2(p—2)% or 3(p—2)(2—4p+q) > 2(p—2)> > 6p+ 3q holds
true, then (3.1) admits two oscillatory solutions.
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Proof By Theorems 2.7 and 2.8, it follows that (1.10) admits two oscillatory solutions if and only if
(3.2) has two imaginary roots. Hence (3.1) has two oscillatory solutions due to Proposition 3.5.

Proposition 3.14. Let |p(t)| < oo, t € [0,00). Let y(t) be a nontrivial solution of (1.1) and y(n) be
a nontrivial solution of (1.8). If y(n) is nonoscillatory, then y(t) is either nonoscillatory or bounded
nonoscillatory.

Proof The proof of the proposition can be followed from Proposition 3.9. Hence the details are
omitted.

Theorem 3.15. Assume that F,, <0, G,, <0 and H, >0, for all n > 0. If
Fn+1(Fn—1Hn - Hn - GnGn—l) Z Gn—l(Gn+1 - Hn+1 - FnFn+1)
and
H7L+1Gn—1 S Fn+1(G7LGn—1 - HnFn—l)
hold for large n, then (1.1) admits three oscillatory solutions.

Proof Using the conditions, it follows that (1.8) is oscillatory due to Theorem 2.9. Hence by Propo-
sition 3.5, (1.1) admits three oscillatory solutions.

Theorem 3.16. Suppose that F,, < 0, G, > 0 and H, > 0, for all n > 0. Ifinf,>0F, = a <
0, liminf G,, = 8 > 0 and liminf H, = v > 0 such that
n—> o0 n—o0

2773 372 4 33

then (1.1) admits three oscillatory solutions.

285 aB 1 2 (B a\?
392 (372 7)

>0,

Proof The proof of the theorem follows from the proof of the Theorem 2.10. and Proposition 3.5.
Hence the details are omitted.

Theorem 3.17. Let F,, <0, G,, > 0 and H, >0, for all n > 0. If
liminfG,, =8 >0

n—>aoo

and

limsup G,, > limsup F,,_1 (Fn — p )

n—> o0 n—>o0 Fn+1
holds for large n, then (1.1) admits three oscillatory solutions.

Proof The proof of the theorem can be followed from Theorem 2.13 and Proposition 3.5. Hence the
details are omitted.

Theorem 3.18. Let F,, >0, G,, <0 and H, >0, for all n > 0. If
liminf H, =+ >0

n—o0

and

n— F,
lim sup H,, > lim sup Gna <Gn _ ) ,

n—-> 00 n—>» o0 n—1 Gn—i—l

holds for large n, then (1.1) admits three oscillatory solutions.

Proof The proof of the theorem follows from the proof of Theorem 2.14 and Proposition 3.5. Hence
the details are omitted.

Theorem 3.19. Assume that F,, < 0, G,, > 0 and H, > 0, for alln > 0. Let § = liminf G,, and

n—o0

a = liminf F,, be such that 43 > o*. Then (1.1) admits three oscillatory solutions.

n—ro0
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Proof The proof of the theorem can be followed from Theorem 2.15 and Proposition 3.5. This
completes the proof of the theorem.

Theorem 3.20. Suppose that F,, < 0, G,, > 0 and H, > 0, for alln > 0. Let « = liminf F},, f =
n—oo
liminf G,, and v = liminf H,, be such that a? > 348 and

n—oo n—oo
3
aff 208 2 a? 2
7_:3+27_&ﬂ<3__> >0

holds, then (1.1) admits three oscillatory solutions.

Proof The proof of the theorem follows from the proof of Theorem 2.16 and Proposition 3.5. Hence,
the theorem is proved.

Theorem 3.21. Let F,, >0, G, <0 and H,, > 0, for all n > 0. If all conditions of Theorem 3.21 hold,
then (1.1) admits three oscillatory solutions.

Proof The proof of the theorem follows from Theorem 2.17 and Proposition 3.5. Hence the proof of
the theorem is complete.

Theorem 3.22. Assume that any one of the following conditions:
(i): F, >0, G, <0 and H, >0, for all n > 0 such that
FoHpyq n H,F, 1
Gnt1 Gn-1
(ii): F,, <0, G, >0 and H, >0, for all n > 0 such that
F:f:l—;;,l > JG?:II + F(j: —F,, for large n

holds, then (1.1) admits three oscillatory solutions.

G, >

, for large n;

Proof The proof of the theorem can be followed from Theorems 2.19, 2.20 and Proposition 3.5. Hence,
the proof of the theorem is complete.

Theorem 3.23. If F,, > 0, G,, > 0 and H, > 0, for alln > 0 such that F,, + G,, + H,, > 0, (1.1) admits
three oscillatory solutions.

Proof The proof of the theorem can be followed from Theorem 2.18, and Proposition 3.5. Thus the
proof of the theorem is complete.

Theorem 3.24. If F,, < 0, G, < 0 and H, < 0, for all n > 0. Then (1.1) admits two oscillatory
solutions.

Proof The proof of the theorem follows from Theorem 2.11 and Proposition 3.5. Therefore, the
theorem is proved.

Theorem 3.25. Let H, >0, -1 < G, <0 and F, > 1. Let K,, = gnt2 — gnt+1, where for each n > 1
there exists m > n such that g,gm < 0. If

D lgis + (Fo = Dgyn + (1+ Gu)gfoy + Hugyf] = 00

n=1

and
oo

> [gmys + (Fo— gy g + (14 Go)gnyy + Hugy ] = o0,

n=1

then (1.2) admits three oscillatory solutions.
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Proof Using the given conditions, it follows from Theorem 2.21 that (1.9) is oscillatory. Hence, by
Proposition 3.5, (1.2) admits three oscillatory solutions. Thus the proof of the theorem is complete.

Theorem 3.26. Let H, > 0, G, > 0 and —1 < F,, < 0. Let K,, = gn+43 — gn+2, where for each n > 1
there exists m > n such that gngm < 0. If

Z[(l + Fo)giyo + Gngityy + Hogt] = o0
n=1

and
oo

S I+ F)grys + (14 Go)gnyy + Hugy] = oo,

n=1

then (1.2) admits three oscillatory solutions.

Proof Using the given conditions, it follows from Theorem 2.22 that (1.9) is oscillatory. Therefore,
by Proposition 3.5, (1.2) admits three oscillatory solutions. This completes the proof of the theorem.

Theorem 3.27. Let -1 < H, <0, G, > 1 and F,, > 0. Let K,, = gnt+1 — gn, where for each n > 1
there exists m > n such that gngm < 0. If

> 1ot s + Faglio + (Go— Dby + (14 Hy)g,f] = 00
n=1

and -
> nis + Fugnio + (Gn = 1)gpyy + (14 Hy)g, | = oo,
n=1

then (1.2) admits three oscillatory solutions.

Proof Because of given conditions, (1.9) is oscillatory due to Theorem 2.23. Hence by Proposition
3.5, (1.2) admits three oscillatory solutions. So the proof of the theorem is complete.

Theorem 3.28. Let F,, > 0, G, > 0 and H,, <0, for alln > 0. Then (1.1) admits a nontrivial solution,
which is either nonoscillatory or bounded nonoscillatory.

Proof The proof of the theorem follows from Theorem 2.12 and Proposition 3.14. Hence the proof of
the theorem is complete.
Theorem 3.29. If

> nllFy 42| + |Gy — 1] + | Hal] < o0,
n=1
then (1.1) has a bounded nonoscillatory solution.

Proof Due to Theorem 2.24, (1.8) admits a bounded nonoscillatory solution. Hence by Proposition
3.14, (1.1) has a bounded nonoscillatory solution. This completes the proof of the theorem.

4. DISCUSSION AND EXAMPLES

The study of (1.1)/ (1.2) depends on the behaviour of solutions of (1.8)/ (1.9). Hence, we are able to
predict the oscillatory and nonoscillatory characters of (1.1)/ (1.2) subject to its corresponding discrete
equations (1.8)/ (1.9) due to Propositions 3.5, 3.9 and 3.14. Because the solutions of DEPCA are hybrid
in nature, then it is important to know the number of linearly independent solutions of (3.1) but, we
could partially succeed to keep our view subject to the linearly independent solutions of (1.10) only. We
note that it is very difficult to predict the linearly independent solutions of any kind of neutral delay
differential equations without piecewise constant arguments. In case of (1.1) and (1.2), we have discussed
the existence of oscillatory and nonoscillatory solutions with respect to the difference equations (1.8) and
(1.9) respectively. We conclude this section with the following examples to illustrate our main results:
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Example 4.1. Consider

(4.1) (y(t) +y(t —1))" +5y([t —1]) = 0,¢ > 1.

The corresponding difference equation of (4.1) is given by

(4.2) Chrys — Chyo + gcnﬂ + gCn =0.

Clearly, G > 0 and H > 0. Hence by Proposition 3.2, the solution space of (4.2) becomes
{{(=1)"},{(3.5) 2 cosnb}, {(3.5) % sinnb}},

). Therefore, Theorem 3.6 implies that (4.1) admits three oscillatory solutions, viz.,

(=DM, {(3.5) % cos[t]0), {(3.5) F sin[t]0) ).

V10

where § = tan™" (%

Example 4.2. Consider

(4.3) (y(t) — dy(t — 1)) +2y([t —1]) = 0, > 1.
The corresponding difference equation of (4.3) is given by
(4.4) Chis —6Ch42 +10C, 41 — 3C, = 0.

By Theorem 3.2, (4.4) is strongly nonoscillatory and the solution space of (4.4) becomes

e (55) J4057) 1)

Therefore, Proposition 3.9 implies that (4.3) admits three nonoscillatory solutions, viz.,

[t] [t]
g (315 3-V5
’ 2 ’ 2
Example 4.3. Consider

(4.5) (e " (y(t) +e Tyt —1))) +e "y([t —1]) = 0,¢ > 1.

The corresponding difference equation of (4.5) is given by (1.8), where F,, = (e~ (3 —1 —¢), G, =
(2¢ =2 — e~ ("2 _e=(+tD) and H,, = (1 + e~ *2), and it is easy to verify that F, <0, G,, > 0 and
H, >0, for n € Zy. Clearly, lim,, o H, =1, lim,,_,o, G,, = 2e — 2 and inf,, 51 F,, = —1 —e. It is easy to
see that all conditions of Theorem 3.16 are satisfied and hence (4.5) admits three oscillatory solutions.

Acknowledgement: The author is thankful to the referee for his helpful suggestions and necessary
corrections in the completion of this paper.

REFERENCES

[1] S. Busenberg, K. L. Cooke; Models of vertically transmitted disese with sequential continuous dy-
namics in ”Nonlinear Phenomena in Mathemetical Sciences” (V. Lakshmikantham Ed.), New York,
Academic Press, 1982, pp. 179-189.

[2] K. L. Cooke, J. Winer; Retarded differential equations with piecewise constant delays, J. Math.
Anal. Appl., 99(1984), pp. 256-297.

[3] K. L. Cooke, J. Winter; A survey of Differential Equations with piecewise continuous Argument,
Lecture Notes in Mathematics, Springer-Verleg, 1991, 1475: 1-5.

[4] S. N. Elaydi; An Introduction to Difference Equations, Springer, New York, 1999.

[5] E. C. Partheniadis; Stability and oscillation of neutral delay differantial equations with piecewise
constant argument, Diff. Integ. Eq., 4(1988), pp. 459-472.

[6] N. Parhi, A. K. Tripathy; On oscillatory third order difference equations, J. Differ. Fqu. Appl.,
6(2000), pp. 53-74.

189


Galaxy
Text Box
189


ROMANIAN JOURNAL OF MATHEMATICS AND COMPUTER SCIENCE, 2015, VOLUME 5, ISSUE 2, p.178-190

[7] N. Parhi, A. K. Tripathy; On the behaviour of solutions of a class of third order difference equations,
J. Differ. Equ. Appl., 8(2002), pp. 415-426.
[8] J. H. Shen, I. P. Stavroulakis; Oscillatory and nonoscillatory delay equations with piecewise constant
argument, J. Math. Anal. Appl., 248(2000), pp. 385-401.
[9] G. Q. Wang; Periodic solutions of a neutral differential equation with piecewise constant arguments,
J. Math. Anal. Appl., 326(2007), pp. 736-747.
[10] P. D. Xiong; Almost periodic solutions of neutral differential difference equations withpiecewise
constant arguments, Acta Math. Sin., 18(2002), pp. 263-276.
[11] B. G. Zhang, N. Parhi; Oscillatory and nonoscillatory propoties of first order differential equations
with piecewise constant deviating arguments, J. Math. Anal. Appl., 139(1989), pp. 23-35.
[12] R. K. Zhuang, R. Yuan; The existence of pseudoalmost periodic solutions of third order neutral
differential equations with piecewise constant argument, Acta Math. Sin., 29(2013), pp. 943-958.

DEPARTMENT OF MATHEMATICS, SAMBALPUR UNIVERSITY, SAMBALPUR-768019, INDTA
E-mail address:  arun_tripathy70@rediffmail.com

DEPARTMENT OF MATHEMATICS, SAMBALPUR UNIVERSITY, SAMBALPUR-768019, INDTA
E-mail address:  mrashmirekha92@gmail.com

190


Galaxy
Text Box
190


	Text2: ROMANIAN JOURNAL OF MATHEMATICS AND COMPUTER SCIENCE, 2015, VOLUME 5, ISSUE 2, p.178-190


