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Abstract

In this paper, we study the controllability results of first order impulsive stochastic
differential and neutral differential systems with state-dependent delay by using semi-
group theory. The controllability results are derived by the means of Leray-Schauder

Alternative fixed point theorem. An example is provided to illustrate the theory.
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1 Introduction

Stochastic differential equations have been considered extensively through discussion in
the finite and infinite dimensional spaces. As a matter of fact, there exist broad literature
on the related to the topic and it has played an important role in many ways such as op-
tion pricing, forecast of the growth of population, etc., and as an applications which cover
the generalizations of stochastic differential equations arising in the fields such as electro-
magnetic theory, population dynamics, and heat conduction in material with memory and
stochastic differential equations are obtained by including random fluctuations in ordinary
differential equations which have been deduced from phenomological or physical laws. Ran-
dom differential and integral equations play an important role in characterizing numerous
social, physical, biological and engineering problems. For more details reader may refer [11],
[17], [19], [33], [38], [41] and reference therein.

Impulsive systems arise naturally in various fields, such as mechanical systems, economics,
engineering, biological systems and population dynamics, undergo abrupt changes in their

state at certain moments between intervals of continuous evolution. Since many evolution
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process, optimal control models in economics, stimulated neural networks, frequency- mod-
ulated systems and some motions of missiles or aircrafts are characterized by the impulsive
dynamical behavior. Nowadays, there has been increasing interest in the analysis and syn-
thesis of impulsive systems due to their significance both in theory and applications. Thus
the theory of impulsive differential equations has seen considerable development. For more
details, see the monographs of Lakshmikantham et al. [34], Bainov and Simeonov [3] and
Samoilenko and Perestuk [46].

Controllability play an important role in the analysis and design of control systems. Any
control system is said to be controllable if every state corresponding to this process can be
affected or controlled in respective time by some control signals. If the system cannot be
controlled completely then different types of controllability can be defined such as approx-
imate, null, local null and local approximate null controllability. For more details reader
may refer the papers [2], [4], [5], [7], [16], [15], [31], [35], [36], [40], [39], [47] and reference
therein. Functional differential equations with state-dependent delay appear frequently in
applications as model equations and for this reason the study of such equations gave received
much attention in last few years, see for an instance [1], [12], [21], [22], [32] and reference
therein. The partial differential with differential equations with state dependent delay have
been examine recently [23], [25], [26], [24], [27], [28], [14]. For more details reader may refer
the papers of [6], [9], [10], [29], [37], [44], [45] and reference therein.

In [27], the authors E. Hernandez et al. have proved existence for an impulsive abstract
partial differential equation with state-dependent delay by using Leray-Schauder nonlon-
ear alternative fixed point theorem, whereas P. Balasubramaniam et al. [8] have establish
controllability of neutral stochastic functional differential inclusions with infinite delay in
abstract space by using Nonlinear alternative for Kakutani maps, and Yong Ren et al.[43]
have proved Controllability of impulsive neutral stochastic functional differential inclusions
with infinite delay by using Dhage fixed point theorem. More recently, Z. Yan et al.[48] have
examine Existence of solutions for impulsive partial stochastic neutral differential equations
with state-dependent delay by using Krasnoselskii-Schaefer fixed point theorem.

Inspired by the above mentioned works [8], [27], [43], [48], the main purpose of this paper
is to establish the controllability results for the following first order impulsive stochastic

differential equations with state-dependent delay of the form

dlz(t)] = [Aaf(t) + Bu(t)]dt + F(t @y a)dw(t), teJ:=[0,1], (1.1)
xo = € B, (1.2)
Az(ty) = In(zy),  k=1,2,...,m, (1.3)

where, the state variable x(-) takes the values in a real separable Hilbert space H with inner
product (-,-) and the norm || - || and the control function u(-) takes values in L%(J,U), a
Banach space of admissible control functions for a separable Hilbert space U. Also, A is
the infinitesimal generator of an analytic semigroup of bounded linear operator {T'(t)}+>0

in the Hilbert space H and B is a bounded linear operator from U into H. The history
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xy : (—00,0] = H,z4(s) = z(t + s),s < 0, belong to an abstract phase space B, which will
be described axiomatically in Preliminaries. Let K be the another separable Hilbert space
with inner product (-, )x and the norm || - ||x. Suppose, {w(t) : ¢t > 0} is a given K- valued
Brownian motion or Wiener process with a finite trace nuclear covariance operator Q > 0
defined on a complete probability space (€2, F, P) equipped with a normal filtration {F:}+>o,
which generated by the Wiener process w. We now employing the same notation || - || for
the norm L(K; H), where L(K; H) denotes the space of all bounded linear operator from
K into H. Assume that F' : J x B — Lo(K,H), p: J x B — (—00,b], are measurable
mapping in H-norm and Lg(K, H) norm respectively, where Lg(K, H) denotes the space
of all @Q-Hilbert-Schmidt operators from K into H which will be defined in Section 2. I :
B — H,k =1,2,...,m are bounded functions. Furthermore, the fixed times t; satisfies
0=ty <t <ty <...<tlp<b, x(t;]) and z(t;) denote the right and left limits of z(t) at
t =ty And Az(t) = z(t}) — x(t; ) represents the jump in the state x at time ¢, where I
determines the size of the jump.

The rest of this paper is organized as follows. In Section 2, we introduce some basic nota-
tions and necessary preliminaries. In Section 3, we establish the controllability of impulsive
stochastic differential systems. In Section 4, we derive the Controllability of neutral impul-
sive stochastic differential systems. Finally, in Section 5, paper concludes with an example

is to illustrate the obtained results.

2 Preliminaries

Let (K,| - ||x) and (H,|| - |z) be the two separable Hilbert space with inner product
(-,-) i and (-, ), respectively. We denote L(K, H) be the set of all linear bounded operator
from K into H, equipped with the usual operator norm || - ||. In this article, we use the
symbol || - || to denote norms of operator regardless of the space involved when no confusion
possibly arises.

Let (Q, F, P, H) be the complete probability space furnished with a complete family of
right continuous increasing o- algebra {F;,t € J} satisfying F; C F. An H- valued random
variable is an F- measurable function z(t) : Q@ — H and a collection of random variables
S ={x(t,w) : Q@ — H\ t € J} is called stochastic process. Usually we write x(t) instead of
x(t,w) and z(t) : J — H in the space of S. Let {e;}?2; be a complete orthonormal basis of
K. Suppose that {w(t) : ¢ > 0} is a cylindrical K-valued wiener process with a finite trace
nuclear covariance operator @ > 0, denote Tr(Q) = >°7°; A\; = A < oo, which satisfies that
Qei = Nie;. So, actually, w(t) = Y00, vV Awi(t)e;, where {w;(¢)}5°, are mutually independent
one-dimensional standard Wiener processes. We assume that F; = o{w(s) : 0 < s < t} is
the o-algebra generated by w and F; = F. Let ¥ € L(K, H) and define

1] = Tr(TQT*) = > |V A Tey|.
n=1
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If [[¥|lg < oo, then ¥ is called a Q-Hilbert-Schmidt operator. Let Lg(K, H) denote the
space of all Q-Hilbert-Schmidt operators ¥ : K — H. The completion Lgo(K, H) of L(K, H)
with respect to the topology induced by the norm || - || where ||lIl||g2 = (¥, ) is a Hilbert
space with the above norm topology. For more details reader may refer the reference [17].

The collection of all strongly measurable, square integrable, H-valued random variables,
denoted by Ls(w, H) is a Banach space equipped with norm ||z(-)||z, = (E||z(-,w) ||2)%, where
the expectation, E is defined by Ex = [ x(w)dP. Let C(J, Ly(w, H)) be the Banach space of
all continuous maps from J into L (w, H) satisfying the conditions supg<;<p E|lz(t)[|* < oc.
Let LY(w, H) denote the family of all Fyp-measurable, H-valued random variable z(0).

Throughout this paper, we assume that A : D(A) C H — H is a the infinitesimal
generator of a compact semigroup of linear operators (7'(t)):>o defined on a Hilbert space
H and M is a constant such that ||T'()||> < M; for every t € J = [0,b]. For more details
about semigroup theory. For more details we refer [42] and reference therein.

To consider the impulsive condition (1.3), it is convenient to introduce some additional
concepts and notations. We say that a function u : [0,7] — H, is a normalized piecewise
continuous function on [0, 7] if u is piecewise continuous and left continuous on (o, 7]. We de-
note by PC([o, 7]; Hy) the space formed by the normalized piecewise continuous, F;-adapted
measurable process from [0, 7| into H,. In particular, we introduce the space PC formed
by all Fi-adapted measurable, H,-valued stochastic process u : [0,a] — H, such that u is
continuous at ¢ # ty,u(t, ) = u(tx) and u(tﬁ) exists, for all k = 1,...,m. In this paper we
always assume that PC is endowed with the norm ||u||pc = (sup,es E||u(s)|](2x)% It is clear
that (PC, || - |[pc) is a Banach space.

To simplify the notations, we put ty = 0, t;+1 = a and for v € PC we denote by

ay, € C([ty, tk+1]; X), K =0,1,...,m, the function given by

" u(t), for t € (tk,tk+1],
ug(t) =
ulty

(tF), fort = ty.

Moreover, for N C PC we denote by Nk, k=0,1,...,m, the set N, = {t : uw € N}. The

notation B, |z, H| stands for the closed ball with center at  and radius r > 0 in H.

Lemma 2.1 A set N C PC is relatively compact in PC if, and only if, the set Ny, is relatively
compact in C([tg, tg+1]; L2(Q, Hy)), for every k=0,1,...,m.

Lemma 2.2 Let z : (—oo,b] — H, be an Fi- adapted measurable process such that the
Fo-adapted process xg = ¢(t) € LY(Q, B) and z|; € PC(J, Hy), then

lzslls < MyElells + Kb sup El[z(s)]|a,
0<s5<b
where Ky = sup{K(t) : 0 <t < b}, My =sup{M(t):0 <t <b}.

In this work we will employ an axiomatic definition for the phase space (B, || - ||g) is a
seminormed linear space of Fy-measurable functions maping (—oo, 0] into H, and satisfies
the following conditions[20, 30]:
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(A) If x: (—00,0 +b] = Ha, b> 0, is such that x|, ;14 € PC([o,0 +b] : Hy) and z, € B,
then for every t € [0, 0 + b] the following conditions hold:

(i) x¢ is in B,
(i) [l < Hllzt|ls,
(i) Ilaells < K(t — o) sup{[2(s)]| - 0 < 5 < £} + M(t — o)z,

where H > 0 is a constant; K, M : [0,00) — [1,00), K is continuous, M is locally
bounded, and H, K, M are independent of z(-).

(B) The space B is complete.

Lemma 2.3 (Leray-Schauder Alternative[18]) Let D be a closed convex subset of a Banach
space Z and assume that 0 € D. Let W : D — D be a completely continuous map. Then,
either the set {z € D : z = VU(z),0 < X\ < 1} is unbounded or the map ¥ has a fized point in
D.

3 Controllability Results For First Order Impulsive Stochas-

tic Systems

In this section, we prove the controllability of impulsive stochastic differential systems
with state-dependent delay. Let J; = (—o0, b] , here we present by defining the mild solution
for the impulsive stochastic differential systems (1.1)-(1.3).

Definition 3.1 An F;-adapted stochastic process x : (—o0,b] — H is called mild solution
of the system (1.1)-(1.3) if 1o = ¢ € B on Jy satisfying ||¢||z < oo; the restrictions of
x(-) to the interval [0,b) is continuous stochastic process, for each s € [0,t) the function
T(t — 8)F(t, 0 p(s,)) s integrable and Ax(ty) = Ix(z(ty)), k = 1,2,...,m such that

t
x(t) = T(t)p(0) —|—/0 T(t — s)F(t, 205 5,))dw(s)

t
+ / T(t — s)Bu(s)ds + Z T(t —ti)Ik(zy,), ted
0 0<tp<t

Definition 3.2 The nonlinear stochastic differential equations (1.1)-(1.3) is said to be con-
trollable on the interval Jy, if for every continuous initial stochastic process ¢ € B defined on
Jo, there exists a stochastic control u € Lo(J,U) which is adapted to the filtration {F;}i>0
such that the solution x(-) of (1.1)-(1.3) satisfies x(b) = x1 where x1 and b are preassigned

terminal state and time, respectively.

In order to prove the main theorem, we always assume that p : J x B — (—o00,b] is

continuous and that ¢ € B. we assume the following hypotheses:
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(Hy)

(H1)

(H2)

(H3)

(H4)

(H5)

The function ¢t — ¢; is continuous from R(p~) = {p(s,¥) < 0, (s,v) € J x B} into B

and there exists a continuous and bounded function J¥ : R(p~) — (0,00) such that
el < J2(t)[|¢lls for each t € R(p™).

A is the infinitesimal generator of an analytic semigroup of bounded linear operator
T(t),t > 0 and there exists a constant M; such that

|IT@®)||? < My for all t >0,
The linear operator W : L?(J,U) — L*(w; H), defined by
b
Wu = / T(b — s)Bu(s)ds,
0

has an induced inverse W' which takes values in L?(J,U)/KerW[13, 35] and there

exist two positive constants Ms and M3 such that

|B|? < M, and W12 < Ms.

The maps I are completely continuous and there are positive constants c,i, 7 =12,
such that ||I;(2)||? < cil|lzl|% + 3,k =1,2,...,m, for every z € B.

The function I, : B — H, are continuous and there are positive constants My, ,k =
1,2,...,m such that

E|Li(x) — L()|? < My |z —yl|>, =,y€B,k=12,... m.

The function F': J x B — Lq(K, H) satisfies the following conditions:

(i) The function F(-,v) : J — Lg(K, H) is strongly measurable.
(ii) The function F'(t,-) : B — Lo(K, H) is continuous for each ¢t € J.
(iii) There exists integrable function p(t) : J — [0, 00) such that

E|FE@)lI” < p0)QellB),  (t¢) € J x B,

where €2 : [0, 00) x (0,00) is a continuous nondecreasing function.

(iv) For every positive constant r, there exists an h, € L(J) such that

sup [[F(t,¢)|” < hn(2).
lol<r

(v) F:JxB— L(K, H) is completely continuous. Then the operator

Uz (t) = /0 T(t — s)F(s,z(s))dw(s) +/O T(t — s)(Bug)(s)ds, te€]0,0],

is completely continuous.
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(H6) Let S(a) = {z : (—o0,b] = H : xyp = 0;z|; € PC} endowed with norm of uniform
convergence on J; and y : (—oo,b] — H be the function defined by yo = ¢ on (—o0, 0]
and y(t) = T'(t)¢(0) on Jj.

Lemma 3.4 Ifz: (—o0,b] — H is a function such that xo = ¢ and x|; € PC(I : H), then
[zslls < (My + J9)|llls + Ky sup{[|lz(0); 6 € [0, max{0,s}]}, s € R(p™)UJ,
where J? = sup;er(,-y JP(t), My = supyc; M(t) and Kp = sup,c; K(t).

Theorem 3.1 Assume that the assumptions (H,), (H1)-(H5) hold. Then the system (1.1)-
(1.3) is controllable on Jy provided that
272 Q) [0 S
(4 + 16°0° My Mo M3) | Ky, | MiT7(Q) lim inf — p(s)ds + My Y My, || < 1.
—00 0 =1
Proof: Consider the space Y = {x € PC : u(0) = ¢(0)} endowed with the uniform con-
vergence topology. Using the assumption (H2), for an arbitrary function z(-), we define the

control

b m
u(t) = W—l{:m —T(b)e(0) — /0 Tb - S)F(s,xp(s’ws))dw(s) - ZT(b — tk)lk(xtk)}(t).

k=1

Using this control, we shall show that the operator ¥ : Y — Y defined by

Wa(t) = T(t)p(0) + /0 T(t — $)F(5, Fppom)dw(s) + S T(t — i) Ie(7y)
O<tip<t

t b
+ /0 T(t—n)BW_l{ml—T(b)go(O)— /0 T(b— $)F (5,7, 2. )deo(s)

m

ST - tkﬂk(@k)}(n)dn,t cJ
k=1
has a fixed point z(-). This fixed point z(-) is then a mild solution of the system (1.1)-(1.3).
Clearly, (Uz)(b) = x1, which means that the control u steers the systems from the initial
state ¢ to x1 in time b, provided we can obtain a fixed point of the operator ¥ which implies
that the systems is controllable. Here Z : (—o0,b] — H is such that Zp = ¢ and z =z on J.
From the axiom (A) and our assumption on ¢, it is easy to see that Wz € PC.

Next we claim that there exists r > 0 such that W(B,(y),,Y)) C (B:(y),,Y)). If we
assume this property is false, then for every 7 > [|p|| there exist 2" € (B,(y,,Y)) and t" € J
such that r < E||¥z"(#")||?. Then by using Lemma 3.4 we get

r< E\|\I/xr(tr)|]2

< BIT(00(0) + | T = )P (5,505 dus)
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t" b
+ /0 T(t—n)BW_l{xl—T(b)go(())— /0 T(b— $)F (5,2 (s..y)duo(s)

=Y T~ ty)In(T,) } Ydn+ Y T(t— ) (T,

k=1 0<trp<t

tr tr
< 16MH |3 + 160,Tr(Q) / ()T o) |3 + 1620y My My / {Hlez
0 0
b
+ MH| |3+ MiTHQ) /0 ()T o))

S (M @) I + ka<o>>u2}dn
k=1

+16M1 ) (M, ||(Z0,) 1% + 12k(0)]1%)
k=1

b
< 16MH o} + 16MTr(Q)(My + I pll3 + Kor) / p(s)ds
0
b
+ 162b2M1M2M3{|Ix1H2 + MUH| |} + MiTr@Q)Q((My + )l + Kor) / p(s)ds
0

S (M (M + 7)ol + Kor) + umow?)}
k=1

+ 1601 Y (My, (My + JS)lellE + Kor) + [12:(0)]%),
k=1

and hence

1 < (16 + 16262M; My M: [ ( im i Q(g)/b 3 )]
< 1Mo 3) Ky | MiTr(Q)lim inf p(s)ds + M, Z My, ||,
0

v & k=1

which is the contrary to the our assumption.

Let r > 0 be such that ¥(B,.(y,,Y)) C (Br(y,,Y)). In order to prove that ¥ is a
condensing map on V(B (y,,Y)) into (B.(y|,,Y)). We decompose ¥ as ¥; and Wy (i.e)
U = U + Uy where

Ta(t) = Y T(t—te) (2, ted,
O<trp<t
t t
Wox(t) =T(t)p(0) —I—/ T(t — s)F(t, Tp(s,z,))dw(s) + / T(t — s)Bu(s)ds, ted
0 0
Now

b
E|Bu(s)||* < 16MaMs [II$1\2 + MyH || (0)]* + T?"(Q)Ml/ hyds
0

m m
+M1ZC}€T‘+M1§:C%] =Gy
k=1 k=1
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Step 1. The set Ua(B,(y),,Y))(t) = {Vaz(t) : € (B(y),,Y))} is relatively compact
in X for every t € J. The case t = 0 is obvious. Let 0 <e <t <b. If x € (B,(y],,Y)), from
Lemma 3.4 it follows that

2oz lIE < 7° = (M + TO)|lllf + Kor,

s

and so

b

H/TUT—QF@@MMQMw@WQ<”*=TNQNN“Mﬁ/p@M& ted,
0 ’ 0

and
T b
y/ T(r — s)Bu(s)ds| < g* = Ml/ Gods, e J.
0 0

Consequently, for z € (B,(y),,Y)), we define that

BWaa() [ = EITOp(0) +T(€) [ Tt == 9)f(t3000,)d0s)+

t t—e
+ /t T(t — 8)F (b Ep(o gy )du(s) + T(e) /0 T(t— e — ) Bu(s)ds

—€

—i—/t T(t — s)Bu(s)ds|?

—€

€ 9{T(t)$(0)} + 9T (€) Bye- (0, H) + 9C. + 9T (¢) By+ (0, H) + 9G.,

t t

p(s)ds and diam(G.) < Ml/ Gods which proves

t—e

where diam(C,) < 2M1Tr(Q)Q(r*)/
t—e
that Wa(B,(y|,,Y))(t) is relatively compact in H.

Step 2. The function Wa(B,(y,,,Y)) is equicontinuous on J. Let 0 <t < b and € > 0. Since
the semigroup (7'(t))¢>o is strongly continuous and V(B (y|,,Y)) is relatively compact in
H, there exists 0 < § < b —t such that

E|T(h)x —z|* <e, € Us(B(y,,Y)), 0<h<s.
Under these conditions, for z € Wa(B,(y,,Y)) and 0 < h < §, we get
Bl[Wsa(t + h) — aa(t) |2 < E|T(t + h)p(0) — T(1)(0) |2 + E|T(h)x — a2
t+h
SB[ T = P (3 ()]
t+h
+EH/ T(t — 5)Bu(s)ds|?
t

t+h
< OM;||(T(t + h) — I)(0)||* + 9¢ + 9M1T’I“(Q)Q(T*)/t p(s)ds
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which proves that the set function Wa(B,(y),,Y")) is right equicontinuous at ¢ € (0,b). Simi-
larly, we can prove the right equicontinuity at zero and left equicontinuity at ¢ € (0, b]. Thus
o (B, (y),,Y)) is equicontinuous on J.

Step 3. The map Wy(:) is continuous on (B,(y|,,Y)). Let (2").en be a sequence in
(Br(y),,Y)) and @ € (B;(y|,,Y)) such that 2" — x in PC. From the Axiom A, it is easy
to see that (2™)s; — Ts as n — oo uniformly for s € (—o0,b] as n — co. By assumption, we

have
F(t,xinp(ms)) = F(t,Zps5,)) as n— oo,
for each s € [0, ], and since

"F(tvﬁp(s,jg)) - F(tv‘ip(s,i‘s)”’z < QP(S)Q(T*> as n — oo.

Now, a standard application of Lebesgue dominated convergence theorem, we have
¢
E||Waa™ — oz < EH/O T(t = s)[F(t 2 p(s,z3)) = F (8 Tp(s 2, )ldw(s)
t
+ [re-ns[w o -rop0)
0
b
- / T(b — 8)F (s, T (s.0))du(s)
0

m

- Y10 i@ b - W - 0]
k=1

b m
= [T 9P gy nts) = ST~ 0@ | ol
0 k=1
t
< ATHQ)M, / BIF (4,7 5.5.)) — F(t ooz |2ds
+4M1M2M3/ |:M1/ HF t xn T ) F(tv‘i‘p(s,is))Hst

00 S @) — T ]

k=1
—0 as n — oo.

Thus, ¥a(-) is continuous.

Step 4. The map V() is a contraction on (B,(y,,Y))

m
[z — Uyy|® < KMy Y My, [l -yl
k=1
It follows that W; is a contraction on (B(y,,Y)) which implies that ¥ is a condensing
operator on (B,(y|,,Y)) into (B(y|,,Y)).
Finally, from Lemma 2.3, ¥ has a fixed point in Y which implies that any fixed point
U(-) is a mild solution of the problem (1.1)-(1.3). This completes the proof.
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Theorem 3.2 Assume that the hypotheses (Hy)(H1)-(H6) satisfied. Further assume that
p(t, ) <t for every (t,v) € J x B, the maps I, are completely continuous and there are
constants c,i,k: =1,2,...,m,j = 1,2, such that ||I()|| < c}l|||> + c2, for every ¢ € B. If

vy= 11— 18(1 + 16b2M1M2M3)KbM1 ZZL:1 C,1€:| > 0 and

N, /b ® ds
— p(s)ds < —,
Y Jo (#) o Us)

where
m m
M = 144b* M, M, M [Hx1||2 + Mi[lp(0)| + My > ci] +9M; > e},

C=v(0)= 2,
Y

Ny = 2(My + J¢ + KM H)||p||% + 2K, M,
Ny = 18(1 + 166> My Mo M3) Ky My Tr(Q).

Then there exists a mild solutions of (1.1)-(1.3) and the systems (1.1)-(1.3) is controllable
on Jp.

Proof: On the space BPC = {u : (—00,b] = H,up = 0,u|; € PC} endowed with the norm
| - [[Pc, we define the operator ¥ : BPC — BPC by (Yu)y = 0 and

Valt) = [ T4 =315,y du(s) + /O T(t = )BW o = T0o(0)
b m
_/T(b—s)f(s,xpsm ZTb—tk Ikxtk)}()d
0 k=1

+ > Tt —to) k(). tEJ,
k=1

where T = x +y on (0,b] and y(+) is the function introduced in (H6). In order to use Lemma
2.3, we establish a priori estimates for the solutions of the integral equation z = AWz, A €
(0,1). By using Lemma 3.4, the notation a*(s) = SUPge(o,5] E||z*(0)||? and the fact that
p(s, (Z)s) < s, for each s € J, we have that

2Mt) = /0 T(t —s)F(s,z* p(s z5))dw(s) +/0 T(t—s)BW™! [:cl —T(b)p(0)
b m
—/OT(b—s)F(s,x/\ (s.20))dw(S) ZT — ti) Ik () }(n)dn

=1
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for some 0 < A < 1. Then, by assumption, we have

t o t
Bz §9M1T7“(Q)/0 p(S)Q(II(mA)s\IQ)dS+9M1/O 16 M2 M3 [Ilm1!\2+M1H90(0)Il2

b o m _ m
+M1T7"(Q)/O p(S)Q(H(mA)s\2)d8+MlzCiH(xA)tkH2+M120%]d77

k=1 =1
m _ m
+ 90’ My Y el (@) 1P +9M1 ) e
k=1 k=1

< 1445 My My M {HaleQ + M ||(0)||?

b

L MTHQ) / p(8)U(My + J§ + KMy H) |3 + Kyo (s))ds

0
+ MY ep(My + JE + KoMy H) 3 + Kyt (s) + My Y ci}
k=1 k=1
t

+9MTr(Q) / p(s)Q((My + J¢ + KyM H)|p||f + Kpa(s))ds

0

m
+OMLY G +9M Y (M + I + KoMy H)|lol| 5 + Kpa (1))
k=1 0<trp<t

Now, we consider the function ¢*(¢) defined by
Mt = Ellz* @), 0<t<b.
Since p(s,Zs) < s,s € [0,t],t € J and the above inequality, we have

lz*@)I* < 2[(My + J§ + KoM H) | 0||5)* + 2K OiungHmA(S)HQ-
If (Mt) < 2(My + J§ + KpMiH)||¢||% + 2Kpa(t), Therefore, we obtain that

CA(t) < Q(Mb + JSO + KleH)HgOH% + 2K, |:M + 144b2M1M2M3 (MlTT(Q)

b m
[ 00 ends +an Y- ciwt)))

0 k=1

+ 9K, M T7(Q) / t p(s)UCA(s))ds + 9K, My > c,lfC)‘(t)]
0 k=1

b
< Ny + 288K b2 My My My [MlTr(Q) / P(8)2C(s))ds
0

+ M, Zc,lg(g“)‘(t))] + 18KbM1Tr(Q)/ () (s))ds
k=1 0

m

+ 18K, My > A (t)
k=1
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Since

and hence

ul®)  ds Ny /b < (s
< — [ p(s)ds < —,
/W:o o) = Jo PO

which implies that the set of functions {vx(-) : A € (0,1)} is bounded in C(J, R). Thus
{z*() : A € (0,1)} is bounded in BPC.

To prove that ¥ is completely continuous, we introduce the decomposition Vax = Wiz +
Uox where (V;2)p = 0,7 = 1,2 and

Ura(t) = /0 T(t — 8)F (5, Fp(o.0.))dw(s) + /O T(t — 5)Bu(s)ds, ted,
ox(t) = > T(t—ty)In(Ty,), ted
0<tr<t

From the proof of Theorem 3.1, we deduce that ¥, is completely continuous. Next, by
using Lemma 2.1, we prove that Wy is also completely continuous. The continuity of ¥q
can be prove by using the phase space axioms. From the definition of Wy, for r > 0,t €
[tky ti+1] N (0,b],k > 1, and m € B, = B,(0,BPC), we find that

S Tt — t5)I;( B (0; X)), t € (trs tryr),
Wom(t) € § Sk T(tisr — t5)I;( B+ (0; X)), t =ty
SN Ttk — t) (B (0; X)) + Tn(Bye (0; X)), =ty

——~—

where r* = (M, + HM;)||¢||% + Kpr, which proves that [¥s(B,)];(t) is relatively compact
in X, for every ¢ € [t,tr+1], since the maps I}, are completely continuous. Moreover, using

the compactness of the operator I and the strong continuity of (7'(t))¢>0, we can prove

that [Wa(B,)]; is equicontinuous at ¢, for every ¢ € [ti,tx4+1]. Now, from the Lemma 2.1 we
conclude that ¥y is completely continuous.
Finally, from Lemma 2.3 shows that the controllability of mild solution for problem

(1.1)-(1.3) is controllable on J;. The proof is complete.

4 Controllability Results For First Order Neutral Impulsive
Stochastic Systems

In this section, we prove the controllability result for nonlinear systems with state-
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dependent delay. Consider the impulsive neutral stochastic control systems of the form

dlx(t) — g(t, x)] = [Ax(t) + Bu(t)]dt + F(t, 7,0 4,))dw(t), teJ=][0,0], (4.1)
x0=p € B, (4.2)
Ax(ty) = Ix(zy,), k=1,2,...,m, (4.3)

where A, B, p, F, I}, are defined in equations (1.1)-(1.3). Here g : J x B — H is an appropriate

function. Furthermore, we assume the following conditions:

(H7) For every y € Y, the function ¢ — T'(t)y is continuous from [0, c0) into Y. Moreover,
T(t)(Y) C D(A) for every t > 0 and there exists a positive function 8 € L*([0,]) such
that [[AT(t) zvx) < B(t), for every t € J.

(H8) The function g : J x B — H is completely continuous and there exists M, > 0 such
that

Hg(tﬂ/]l) - g(t,ng)HQ < Mng]l - 1/}2”27 (ta wm) €JxB,m=1,2.

(H9) There exists positive constants 61,602 such that |g(¢,¥)||> < 61||¢||* + 02, for every
(t,) € J x B.

Definition 4.3 An F;-adapted stochastic process z : (—oo,b] — H is called mild solution
of the system (4.1)-(4.3) if zgp = ¢ € B on Jy satisfying ||p||% < oo; the restrictions of
x(+) to the interval [0,b) is a continuous stochastic process, for each s € [0,t) the function
AT(t — s)g(s,xs) is integrable and Ax(tx) = Ix(z(tx)), k = 1,2,...,m such that

z(t) =T(t)[e(0) — g(0,0)] + g(t, z) + /0 AT (t — s)g(s,zs)ds + /0 T(t — s)Bu(s)ds

—i—/o T(t— s)F(s,xp(S@S))dw(s) + Z T(t —ti)Ik(ze,), teJ

0<tp<t

Definition 4.4 The nonlinear stochastic differential equations (4.1)-(4.3) is said to be con-
trollable on the interval Jy, if for every continuous initial stochastic process ¢ € B defined on
Jo, there exists a stochastic control w € Lo(J,U) which is adapted to the filtration {F;}+>0
such that the solution x(-) of (4.1)-(4.3) satisfies z(b) = 1 and b are preassigned terminal

state and time, respectively.

Remark 4.1 Let z(-) be function as in axiom(A). Let us mention that the conditions
(H7)(Hg)(Hy) are linked to the integrability of the function s — AT(t — s)g(s,zs). In
general, except for the trivial case in which A is a bounded linear operator, the operator
function ¢ — AT'(t) is not integrable over J. However, if condition H; holds and g satisfies

either assumption Hg or Hg, then it follows from Bochner’s criterion and the estimate

IAT(t = s)g(xs) I < [ AT(t = )2 0v.x)la (s, )5
< B(t - s)sup |lg(s, z5)[1¥,
sed

that s — AT(t — s)g(s, xs) is integrable over [0,t), for every t € J.
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Theorem 4.3 Assume that the assumptions (Hy), (H1)-(H5) and (H7)-(H9) hold. Then
the system (4.1)-(4.3) is controllable on (—oo,b] provided that

b
(36 + 36°6° M, Mo Ms3) K, [Mg <1 + / B(s)d.s>
0

b n
+ M;Tr(Q) liminf QS)/ p(s)ds + M, Z Mlk] < 1.
0

%
o0 k=1

Proof: Consider the space Y = {x € PC : u(0) = ¢(0)} endowed with the uniform con-
vergence topology. Using the assumption (H2), for an arbitrary function z(-), we define the

control

b
u(t) = Wl{wl —T(®)[¢(0) — g(0,9)] — g(t, 1) — /0 AT (b~ s)g(s, xs)

b n
_ /0 T(b— s)F(s,jp(S@S))dw(s) — ZT(b — tk)Ik(xtk)}(t).

k=1

Using this control, we shall show that the operator ¥ : Y — Y defined by
t
¥a(t) = TO(0) = 9(0.0)) +9(t. ) + [ AT( = 9)g(s.3)

t
+ / T(t — $)F(8, Tps,))dw(s) + Y T(t = t)Ie(Te,)
0 O<tip<t

t b
T / T(t - n)BW_l{wl —TB)[(0) — 9(0, )] — g(t,71) — / AT(b— 5)g(s, 7,)
0 0

n

b
= [ 70— ) P(s. s puls) = ST~ tkm@tk)}wdn, ted
k=1

has a fixed point z(-). This fixed point z(+) is then a mild solution of the system (4.1)-(4.3).
Clearly, (Vz)(b) = x1, which means that the control u steers the systems from the initial
state ¢ to x1 in time b, provided we can obtain a fixed point of the operator ¥ which implies
that the systems is controllable. Here Z : (—o0,b] — H is such that Zyp = ¢ and Z = x on J.
From the axiom (A) and our assumption on ¢, it is easy to see that Wz € PC.

Next we claim that there exists 7 > 0 such that ¥(B,(y|,,Y)) C (B(y,,Y)). If this
assume this property is false, then for every r > [|¢||* there exist 2" € (B,(yj,,Y)) and
t" € J such that r < E||Wz"(¢")||?. Then by using Lemma 3.4, we get

r < E||\IJ:L‘T(15T)||2
< B|T()[0(0) — g(0,9)] + g(t, 71) + /0 AT(t — 5)g(s,7)

+ /0 T(t = 8)F (8, Zp(sz,))dw(s) + > T(t — ) I(Zs,)

O<tp<t
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t" b
+ M1M2M3/0 [$1 = T(b)[p(0) = g(0, 0)] — g(t,Z¢) — /0 AT(t = s)g(s, Ts)

b
~ [T0= 96 50 )du(s) - YT~ m)fk(:ctk)] (n)dn]?

k=1
< 72My H|p||5 + 72M1]|g(0, ) — g(t", ) ||* + 36]|g(t", (7)) — g(t", 0)]|?

tr

+36 [ AT = ) s, @) - a(s. ) s
tr

+36 [ IAT(E = 5) o oo, o) s

tr tr
+30Tr(Q) [ PO o) ) + 362300035 [ [
0 0
— 2M H|p|l — 2M1|9(0, ) — g(t", @) I* = llg(t", (@7)er) — g(", 0)|I”

- IAT (" = $)lIZv, )9 (s, (@)s) = g(s, 0) || *ds
- IAT (" — $)IIZ (v x)llg(s. ) | *ds

b n
— M1T7"(Q)/O P(S)QU[2T ps,2m) 1B)ds — My > (M, || 24, |15 + ||Ik(0)||2)] dn
k=1

+36M1 Y (M, ||Z4, I3 + [ 7£(0)]1%)
k=1

< T2M H ||| + 72Ma[|g(0, @) — g(t", ) |* + 36 My (Kyr + (M + 1) [|0]1)
b b
36, (Kar + Oy + D) [ 5(s)ds +a9lg(s.0)|* [ B)ds
0 0

tr
+ 36 M1 Tr(Q)((My + J) ol + Kbr)/ p(s)ds + 362b* My My Ms [Hlez
0
+2MH |l + 2Mi1g(0, ) — g(t", @) I + My (Kyr + (My + 1)[[0]1?)

b b
T+ My(Kar + (My + D)lg]?) / B(s)ds + lg(s, )| / B(s)ds
0 0
b
+ MTHQ)(My + D) ¢ll3 + Kar) /O p(s)ds

M (M (M + )l + Kor) + umowﬂ
k=1

+36M1 ) (My (My + Il + Kor) + 1 1:(0)]),
k=1

and hence

b
1 < (36 + 3620 My My Ms) K, [Mg <1 +/ B(s)ds)
0

b n
+ MiTr(Q) liminf QS)/ p(s)ds + M, Z Mjk] ,
0

n
§o0 k=1
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which is the contrary to the our assumption.

Let r > 0 be such that ¥(B,(y,,Y)) C (Br(y,,Y)). In order to prove that ¥ is a
condensing map on V(B (y,,Y)) into (B.(y|,,Y)). We decompose ¥ as ¥; and Wy (i.e)
U =¥, + Uy where

Uy (t) = T(8)]e(0) — g(0,9)] + g(t, Tr) + /0 AT(t = s)g(s, z5)ds

+ Y Tt — t) k() ted,
0<tp<t
¢ ¢
Wox(t) = /0 T(t—s)F(t, % (s 5,))dw(s) + /0 T(t — s)Bu(s)ds, teld

Similarly, same as in the proof of Theorem 3.1. we can conclude that ¥ is continuous and

that Wy is completely continuous. Moreover, from estimate
m
101w — Tyo|? < 16K, [ (1 +/ B(s > +M12M1k] [ —v||%e,
k=1

it follows that Wy is a contraction on (B;(y|,,Y)) which implies that ¥ is a condensing

operator on (B,(y|,,Y)) into (B,(y|,,Y)).
Finally, from Lemma 2.3, ¥ has a fixed point in Y which implies that any fixed point
U(-) is a mild solution of the problem (4.1)-(4.3). This completes the proof.

Theorem 4.4 Assume that the hypotheses (H,), (H1)-(H9) satisfied. Further assume that
p(t, ) < t for every (t,v) € J x B and that g : J x B — H the maps I}, are completely

b m
continuous. If p = {1 — 72(1 + 490> M, M M3) <91Kb(1 + / B(s)ds) + M1 Ky Zqﬁ)] >0,
0 -

and

T2K,M Tr(Q) [° > ds
—M /Op(s)ds</N Q0s)’

where

R = 36My]|g(0, o)||? + 3662(1 /'B )ds)

+mmeth+mww%MmmmP

+ 02(1 + / ﬁ(S)dS) + My ZC%:| + 36M4 ZC%,
0 k=1 k=1

My = 2(My + J$ + Ky M H)|¢||% + 2K, R,
My = 12K, M T7(Q)(1 + 49K,b* My My Ms).

Then there exists a mild solutions of (4.1)-(4.3) and the systems (4.1)-(4.3) is controllable

on Ji.
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Proof: On the space BPC = {u : (—00,b] = H,uy = 0,u|; € PC} endowed with the norm
Il - [[Pc, we define the operator W : BPC — BPC by (Yu)y = 0 and

Wa(t) =T(t)g(0,¢) + g(t, z:) + /0 AT (t — s)g(s,Ts)ds + /0 T(t —n)BW1 [:pl

CT(B)p(0) — 9(0,9)] — glt, 71) — /0 AT(b— s)g(s,7.)ds

b m
_ / T(b— s5)F(8,Tp(s,3,))dw(s) Z T — tk)Ik(a:tk)] (m)dn
0 k=1
b [T = . tppumyuts) + YT~ ) el
0 k=1

where T = x+y on (0,b] and y(-) is the function introduced in (H9). In order to use Lemma
2.3, we establish a priori estimates for the solutions of the integral equation z = AUz, A €
(0,1). By using Lemma 3.4, the notation a*(s) = SUPpe(0,s] E|z*(0)||* and the fact that
p(s,(Z)s) < s, for each s € J, we have that

A = — S S t — 71.56
1) = T(1)9(0.9) + g(t,7 +A/ATt (s, 2))d +/O T(t - n)BW [

+ /0 Tt — )F (5,7 o) dw(s) + 3 T(t = ti) (@),
b
El|lz*(8)]|* < 36M1|g(0,9)||* + 3661 [|(2*):]| 5 + 3662 +36/ S(b— s) (01| (@)l + 02)ds

Fmoa [ MoMy [W M) + Mg (. I + 01 [ @ell3 + 2
t _ b

T / (= )0 @)al: + 02)ds + MTr(Q) / p(5)2(| (), ) )ds

+M12c,£||<a:%>tk|2+M12ci]dn+36MlTr<Q> /0 p(5)2|(@)s )ds
k=1

k=1
m

+36M1 > chl|(@V),, |I” +36M1 Y e}
k=1 k=1
< 36M1|g(0, 9)||> 4 3601 (M, + J{ + KyMiH)|p||% + 01 Kpa (1))
(1+/ B(s)ds)+3602(1—|—/ B(s)ds)
0 0

t
T 1764M, / MM [W My lo(O)? + My [lg(0, )|
0
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+ 3601 (My + J¢ + KyMiH)|p||% + 01 Kpa () (1 + /Oa B(s)ds)
a t
+605(1 + /0 B(s)ds) + M, Tr(Q) /0 p()Q((My + J + KyM1H) || 0|5

m m
+ MY i (My + J§ + Ky MiH) 3 + Ky (1) + My Y C%} dn
k=1 k=1

t
+36MLTHQ) / ()M + JE + KoMy H) |3
0

+ Ky (s))ds + 36 M, Z c
k=1

P60 3 b+ I+ KMl + Ko (1),
O<trp<t

Now, we consider the function ¢*(¢) defined by
Aty = ElaMs)]?, 0<t<b.
Since p(s,Zs) < s,s € [0,t],t € J and the above inequality, we have
Ellz(t) < 2[(My + J§ + KyMiH) ||| 5] + 2K, OSSI;EbEHﬂ?A(S)HQ-
If (M) < 2(My + J + KpMiH)|¢||% + 2Kpa? (t). Therefore, we obtain that

Mt < 2(My + J + KMy H) ||| + 2K, [R + 1764b> My Mo Ms (MlTr(Q)

b m b
/O p(5)2CN(5))ds + My 3 eh(¢A (1) + 1) (1 + /0 ﬁ(s)ds)>

k=1

t b
- 36MTH(Q) /0 P(5)QC (s))ds + 366,C (1) (1 + /0 B(s)ds)

+36M1 > c,{;@(t)}
k=1
b m
< My + 3528 Kyb* My My M; (MITT(Q) / p()U¢N(s))ds + My > ck(@‘(t)))
0 P
t b ' m
+ 12K, M Tr(Q) / ()¢ (8))ds + 01 (1)(1 + / B(s)ds) + T2K, My Y ch ¢ (2)
0 0 k=1
<My b /tp(s)sz(@(s))ds
Y 7 Jo
Denoting by v (t) the right-hand side of the above inequality. Here (*(t) < vy(t),t € J,
M.
(1) < ZEPO2A(D).
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and hence

[0 e e [T
o (=N () T 1 Jo N Q(s)
which implies that the set of functions {vx(-) : A € (0,1)} is bounded in C(J, R). Thus
{z*() : A € (0,1)} is bounded in BPC.

To prove that ¥ is completely continuous, we introduce the decomposition Vx = Wiz +
Uox + Wax where (U;z)p = 0,7 = 1,2 and

Uix(t) =T(t)g(0,¢) + g(s, Ts) -l—/o T(t — 8)F(s,%p(sz,))dw(s) —l—/o T(t — s)Bu(s)ds, te€ J,

t
Uox(t) = / AT(t — s)g(s,zs)ds, teJ,
0
Uan(t) = Y T(t—tp)Ie(Zs,), tel
0<tp<t

From the proof of Theorem 3.1, and our assumption on g we can say that ¥, is completely
continuous and we can prove that ®5 is continuous. It remains to show that ¥y is compact
and W3 is also completely continuous. Now, by using the proof of [[26] Theorem 3.2] together
with Arzela-Ascoli theorem we conclude that ¥y is completely continuous. Next, by using
Lemma 2.1, the continuity of W3 can be proved by using phase space axioms. On the other
hand for r > 0,t € [tg, tx+1] N (0,b],k > 1, and m € B, = B,(0, BPC), we find that

Z?:l T(t_tj)‘[j(BT* (O;X))7 te (tkﬂtk+1)7
Wsu(t) € § S5 T(thr1 — t5)1;(By=(0; X)), t=thi,
S50 Ttk — t)I(Bye (0: X)) + Te(Bys (0: X)), t =t
where r* = (M, + HM)||p||% + Kqr, which proves that [3(B,)];(t) is relatively compact in
H, for every t € [ty,tg+1], since the maps My, are completely continuous. Moreover, using

the compactness of the operator My, and the strong continuity of (7(¢))¢>0, we can prove

that [¥o(DB,)]; is equicontinuous at ¢, for every ¢ € [tx,tx+1]. Now, from the Lemma 2.1 we
conclude that W3 is completely continuous.
Finally, these remarks and Lemma 2.3 shows that the controllability of mild solutions for

problem (4.1)-(4.3) is controllable on J;. The proof is complete.

5 Example

Example 1 Consider the following impulsive stochastic partial differential equation with
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state-dependent delay of the form

o 62 0

G 0(t) = Szuits) + )+ [ bs = Duls = pOpalu@)dse).  (6)
w(t,0) =w(t,7) =0, teJ=]I0,b], (5.2)
w(Tay) = (,0(7', y)a TE (—O0,0], Y€ [0777]’ (5'3)
Aw(tg,y) = /_k ar(ty — s)w(s,y)ds, ye€0,x], k=1,2,...,m, (5.4)

where ¢ € B =PCo x L?(g,H) and 0 < t; < --- < t,, < b are prefixed numbers, then p; :
[0,00) — (0, 00] is continuous, and 3(s) is a one-dimensional standard Wiener process. Define
A: H — Hby Az = 2" with domain D(A) = {z(-) € H : z,/, are absolutely continuous, z” €
H,z(0) = z(m) = 0}.

Then

Az = Zn2(z, en), z¢€ D(A)
n=1

2

where e, (y) = 1/ Zsin(ny),n = 1,2,... is a orthonormal set of eigenvectors in A. Then A is

the infinitesimal generator of a compact Cp-semigroup of bounded linear operator (T°(t))¢>0
in H
oo
T(t)z = Z 67”2(2, én)en, z€ H.
n=1

Let a < 0, define the phase space

B = {gb € C((—0,0], H) : lim e*¢(s) existin H},

S§——00
and let ||¢]|g = sup_oocscof{€™® ||@(s)|lL,}. Then, (B, ||¢||5) is a Banach space which satisfies
the Axioms from (i)-(iii) with L = 1, K, = max{l,e '}, M, = e~ . Hence for (t,¢) €

[0,0] x B, where ¢(s)(y) = ¢(0,v), (s,y) € (—00,0] x [0, 7], let z(t)(y) = 2(t,y).
To study the above systems, we impose the following conditions hold:

(i) The function b: R — R, p; : [0,00) — (0, 00],7 = 1,2 are continuous, bounded

0 (p2(s 1
Mp = (/_Oo (bg((s)))ds> < 0.

(ii) The function ay : R — R are continuous such that

My, = </_(; (‘;’%(S))dsf, k=1,2,....m.
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Assume that the bounded linear operator B € L(R, H) is defined by
Bu(t) = =(y)yu, 0<y<m ueR (y)eL?(0,x]).

By defining the operator p, F': J x B — H and I, : B— H by
0

F(t.o)o) = [ Ws)o(s.)ds,

—0o0

p(t, @) = s — pi(s)p2(l¢(0)]]),
0
L@ = [ a-s)olsnds, k=12..m
—0o0
we can transform the systems (5.1)-(5.4) into the abstract impulsive Cauchy problem (1.1)-
(1.3). Now the linear operator W is given by

b
Wu = /0 T(b— s)Bu(s)ds.

Assume that this operator has a bounded inverse W1 in L?(J,U)/KerW. Moreover the
function F, I,k = 1,2,...,m are bounded linear operators with HF(t,‘)H%(Bﬂ) < Mp,
HIkH%(B,H) < Mj,. Hence all the conditions of Theorem 3.1 have been satisfied for the
system (5.1)-(5.4), and so system is controllable on Jj.

Example 2 Consider the following impulsive neutral stochastic partial differential equation

with state-dependent delay of the form

o t ™ 62
at[w<t,y>+ / [ ate = sonpptsmns| = i)

0+ [ b= Buts ~ (ol s (5.5)
w(t,0) = w(t, ) =0, teJ, (5.6)
w(t,y) = ¢(1,y), 7€ (-00,0], ye0,n] (5.7)
Aw(tk,y):/t:oak(tk—s)w(s,y)ds, yelor, k=1,2....m (58

where ¢, B,b, p;,i = 1,2 and Mp are defined in Example 1. Assume that the conditions
(ii)of the previous example holds and that

( my)

(ii) The function a(s,n,y), are continuous and measurable, a(s,n,7) = a(s,n,0) =

0 and
(// / (s) <0as]n, )>d77dsdy>éij=0,1]<oo_

Define the function A, B, F, p, I, and W as in Example 1 and the operator g : J x B — H

by
0 T
y)—/ /0 a(s,v,y)o(s,v)duds,

36
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we can transform the systems (5.5)-(5.8) into the abstract Cauchy problem (4.1)-(4.3). More-
over, the function g is a bonded linear operator with ||g(¢,-)|z82) < My. Hence all the

conditions of Theorem 4.3 have been satisfied for the system (5.5)-(5.8), and so system is

controllable on Ji.
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