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Abstract
It is shown that the Luxemburg norm in the sequence space 1Pn) with

variable exponents is Fréchet - differentiable and a formula expressing the
Fréchet derivative of this norm at any nonzero x € 1P g given.

1 Preliminaries

We consider the discrete analogue of generalized Lebesgue spaces LP() (),
namely the sequence spaces [(P7) with variable exponents. In this section various
definitions and basic properties related to the sequence spaces [(P») are given.
Some interesting properties of these spaces are proved in [7], [5], and [8]. Also a
discrete version of Hardy-Littlewood maximal operator on 1(P») is studied in [9].
Also we mention that the Gateaux and Fréchet - differentiability of the norm
in the generalized Lebesgue spaces LP(") (©) and corresponding Sobolev spaces
was already studied in [3], [4] and [1].
Denote by P the set of all those real sequences (py,)nen which satisfy

1<p™ ::gglfvpngp'*' = su][\)/pn<oo.
ne

In this paper we fix (pp)nen € P. If © = () nen, Tn € R for any n € N, we
define

Pn

P(pn)(x) = Z |,
n=0

Since for s > 1 the function ¢ > 0, ¢ — t°, is convex, it follows that
T > p(p,)(x) is convex and therefore p,, ) is a convex modular in the sense of
Musielack [7].

The space [(P7) is defined as

[(Pn) = {7 = (Tn)nen; pp,) (T) < 00}
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If A€ R and z,y € [P we get away

+_
Pp) (@ +4) <2271 (p(p,) (@) + Py, (9))

N o , 1
by () < max (AP AP ) iy () W

therefore [(Pn) is a linear space.
The space {(P») is a Banach space with the Luzemburg norm:

2]l (p, ) == inf{A > 0; p(p,y (A ) < 1}

Obviously, if po = p1 = ... = pp = ... = p = const., then the space [(P»)
coincides with the classical sequence space [P and the norms on these spaces are
equal.

Remark 1 From definition we can deduce that

piow) (2 2l ) <1

for any 2 € 1(P»). Indeed, for any k € N* there exists A, [zl ) < A <
[zl ) + 1/k, such that pg,,)(z/Ax) < 1. Consequently

m | 2, [P © | z, [P T
Z \Pn < Z 0\ Pr < p(pn)()\*k) <1
1= (2l +3)" 2 (el + 1)

Then

| ZTn ‘pn m | T |pn

Sy = lim o < 1.
= (Izl)”™ 2= (Il + 1)

Therefore

T ) m | 2, |Pr
p(pn) ( > = n}gnoo Z

T b <1
Pn —
||37H(pn) n=0 <||~”U||(pn))

Proposition 2 Considering the given x € 1), then Pp,)(®) = 1 if and only
if ||33||(pn) =1

Proof. Let us suppose that p(,. (z) = 1. By applying the definition of the
[[[l(p, -norm, the following inequality holds

1= ) (@) = P (/1) 2 |2, -

If [|z[|,, < 1, then, by taking into account the convexity of p,,) and
Remark 1, we have

P (@) < 2ll iy pip) (21 21l ) < 1,

contradiction.
Reciprocally, if [|lz[|, =1, we can write

Ppa) () = Pp.) (@] (2]l ,,y) < 1.
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The strict inequality cannot hold. Indeed, if for some x with [|z[|, | =1, we
have p(p,.y(x) < 1, then there exists ¢ > 0 such that p(, )(z) +¢ < 1. Since the
function x — p(p,)(z) is convex and upper bounded if ||z[|, ) <1, it is there-
fore continuous, hence /\li)nl1+ Pip,)(Az) = p(p.y(x). Consequently, there exists

§ > 0, such that for each A with [A — 1| < &, we have |p(,.)(Az) — p(p,) ()] <e.
It results that, for 1 < A < 146, pep,)(Az) < pep,)(z) + e < 1. Since
P(pn)(Az) <1, we infer that [|z[|, ) <1/A <1, contradiction. m

Corollary 3 Considering the given x € 1?Pn). If lzllp,) <1, then

I2l1%,.) < P (@) < llall?,,) )

If |z]l(, ) > 1, then

+
||$H(pn - p(pn)(x) S H"I"”I() n) . (3)
Proof. Since p~ < p, < p*, it follows that

<z

Pn < ||$ p

(o) H(p_n). for any n € N.

||$H(pn

Then, by using Proposition 2, we obtain

Pn
2 : n | n | -
p(Pn || pp" ( T (pn) = || ||P )p Pn (H || ) ||‘T||Z() n)’

]l ¢,
that is the right inequality (2). Similarly one can establish the left inequality
(2). If [|z||,,, > 1, the proof is the same. m

A subset A C 1(P) is called mean bounded if there exists a positive constant
C > 0 such that p(,, (z) < C for any z € A.

Remark 4 It follows from Corollary & that a set in /() is norm bounded if
and only if it is mean bounded.

Corollary 5 Let x and (x(’“)), k= 1,2,... be in I®P»). Then the following
statements are equivalent:
(a) lim Hx(k) — | =0,
k—o0 (pn)

: k _
(b) lim pe,,, (2% = 2) = 0.
Proof. We use Corollary 3. m
The spaces [(Pn) have various properties in common with their classical

counterparts. We give an extension of Holder’s inequality. The conjugate
g = (qn)nen of p = (Pn)nen € P is defined by

pl4gt=1neN
Obviously, p € P implies g € P.

Proposition 6 If ¢ = (gn)nen is the conjugate of p = (pn)nen € P, then for
all © = (2 )nen € 1P and all y = (yn)nen € 119%) we have

1
S el < (o5 + 2= ) el Wl @)

n=0
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Proof. The inequality (4) is obvious if [lz[, ,|yll,,, = 0. Suppose that
Hm”(pn) ||y\|(qn) # 0. In the inequality

aPr bin

ab <
Pn dn

take a = @,/ |||, ), b = yn/ [¥ll,,), add over n, and use Proposition 2. We
obtain

Z J Tl e — <t

o) [Wllgy — 7 q
that is (4). m

Proposition 7 Let 2 = (z,,)ney and z*) = (zglk))neN, k=1,2,... be in [(Pr),
Then klim ||:c("’) fo(pn) = 0 if and only if kliﬁngop(pn)(x(k)) = pp(x) and
(k)

hm Ty, = Xy for anyn € N,
k—o00

Proof. Suppose that klim Hx(k) - xH(p )y = 0. For any n € N, there exists
—00 n
0 < 0,, < 1 such that

()7 =t (o) (o 0 (0 )

therefore
Pn pn—1
2k (|xn n ) .

n <|x |;Dn +p )_xn x%k)_x

Consequently

—1

0 Pn
i (=) = @] < 2 ol =] (ol + [o12) = 2]
n=0

%) pn—1
<pt Zo ‘x;’“) — xn‘ (2 || + ’m;’”D ) (5)

Denote y*) := ((2 |zn| + |

—1
) ) . Since ¢y, (pn, — 1) = pp, we have
neN

pan (¥) = oo (+19)

where z(*) := (2 |z | + ‘x%k)D o But z(® € 1(Pn) | therefore p(,,) (y*)) < o0
ne

that is y(®) ¢ 1(an),
Taking into account the generalized Holder inequality (4), from (5) we ob-

tain:
5 [ot — ] (henl + Jo? = )" <2 o ] oL@
=0 (pn) (Qn)
1
where M (= — + —
p q
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On the other hand, it follows : 167

pon) (%) <277 (27 0y (@) + p10) (+9))

According to Remark 4 the convergent sequence (x(k)) is mean bounded,

therefore the sequence (z(k)) is mean bounded. and thus it is norm bounded
(also Remark 4). Taking into account (5) and (6) it follows that

lim p,y(z*)) = lim pg,(2).

k—oco k—o0

Also we have

Pn

‘xg“) —Tn| < P (a:(k) - :z:) for any n € N.
Since 1 < p~ < p, < p*, from klim Ppny (2 —2) = 0 it follows that
—00

lim x;’“) = x, for any n € N.
k— o0

Reciprocally, let (x(k))k be a sequence such that

lim p(pn)(:c(k)) = p(p,y(x) and  lim z®) = g, for any n € N, (7)

k—o0 ) k—o0

We will show that klim P(py (¥ — ) = 0. Then, from Corollary 5 it follows
— 00
that lim Hz(k) - x” = 0 and lemma is proved.
k—o00 (pn)

It suffices to show that there exists a subsequence (a:(jk))k C (a:(k))k such
that klim P(pyy (29 — ) = 0.
—00

Indeed, taking into account (1), we obtain that

+_
P (@) = ) <27 (i (29 + p (@) )

Therefore, it follows from (7) that the sequence

oo Pn
bk = Z = p(pn)(x(k) — :C), k S N,

n=0

is bounded. Consequently
0 <liminf b, < L := limsup by < oo.

Assume that do not have klim P(py (¥ —2) = 0. Then L > 0. There exist
— 00

an €9 and a subsequence (x(lk))k - (ac(’“))k such that

P (@) —2) > &g, (8)

For the subsequence (z(*)), (7) holds. Therefore there exists another sub-

sequence (x(“k)) C (I(l‘"’))k such that lim p(pn)(z(“k> — z) = 0, which
k—o0

k
contradicts (8).
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Now, we have

pom @ —2) = 32 |l —an| = lim a0,
where
m Pn
st = S 2k — g
n=0
Since klim o) = xy for any n € N, we have
— 00
lim sﬁ,{f) =0,
k—o0
therefore

lim <lim sﬁ?) =0. (9)

m—o0 \ k—oo

lim pg, ()

o k—o0

On the other hand, taking into account that klim Pipny ()
c— 00
and (1), it follows that

& Pn
Wy 49 — | < 27" (g (299) iy (2)) for amy m,k € N,

Consequently, the sequence (sg,]f)) is bounded. According to a classical
m,

result concerning the double sequences, there exists a convergent subsequence

(sé{’?) such that the iterated limits lim ( lim sl(f,,’j)) and lim [ lim sé{?)
m,k k—oo \m—oco m—oo \ k—oo
(Jk)

exist, and are both equal to the double limit lim sp,.’. Taking into account

k,m—oco
(9) it follows that
lim ( lim s(jk)) =0

k—oo \m—o0 ZM
or
m S |p0e) b
lim > ’xnj’“ —xz,| =0.
k—>oon:O

Consequently ‘
lim p(pn)(x(”“) —1z)=0.

k—oc0

The proof is complete. m

2 On the Fréchet - differentiability of the norm
in the sequence spaces [(Pn)

First we will show that if p~ > 1, then (l(p"), Hx||(pn)) is smooth, that is, given

any nonzero element z € [(P») there exists a unique support functional, i.e.
there exists a unique element x*(x) € (1°»))* for which (z*(z),z) = 1zl )
and [lz* ()| 4y, )~ = 1. According to Theorem 1 in Chapter 2 of [2], the proof
of the smoothness of (l(p”), Hx||(pn)) is demonstrated by equivalently showing
that |||, is Gateaux differentiable. Moreover, a formula giving expression of

the derivative of the ||-[|(, | - norm at any x # 0 is provided as ||-||/(pn) ().
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Theorem 8 ([6]) If p~ > 1, then (l(”"),HxH(pn)) is smooth. At any v =
(20, @15y Ty ..) € 1P 220, the gradient of the norm,

1y (@) € (19, 1)

s given by
w1
X pp|zalPm T sen(xn)

Z pn—1

, n=0 [E3 (A
(Il (@) 1) = SR (10)

Pn |1'n|

> T

for any h = (ho,h1,...,hy,...) € 1(Pn)

Proof. What we have to prove is that, for a given © = (2o, 21,...,2n,...) €
1Pn) 2 # 0, and any h = (ho,h1,...,hn,...) € 1P\ {0}, the function t €
R, t = |z +th|,,, is differentiable at ¢ = 0. Since 1(P)\ {0} is open,

there exists 7 > 0 such that B(z,r) C 1)\ {0}. Consequently for any
te (—W, W), we have ug + th € B (x,r); therefore x 4 th # 0.
Pn Pn

Let & > 1 be a fixed real number, let k := min (1, W), D = (-k,k) x
1 n
— ||z k|| , and let us consider the following series of functions:
k (pn) k (pn) dl id he follow i £ 5 i

e " thn Dn
St Il g ep.

n=0

Since [t| <1 and A > + [zl(,,), we can easily deduce that

| + thy | kP (Jzg] + R k" .
A\Pn = [z||P < — P e (Jzn] + [Rn])™ .
o) min(Jel?, 2l )
But z, h € 1P therefore
oo
D (an] + [ha)" < o0,
n=0
S th Pn
so, according to a classical result, the series of functions > w is uni-
n=0
formly convergent on D . Consequently, the function ¢ : D — R,
. x+th B 2 |@p + thy|P"
is well-defined. We will show that
o€ D), 6 (0. ]ell,,) = 0. and 220, el ,,,) <0
’ ) 11T (pn)) — an 6A I (pn) '

Then on the basis of the implicit function theorem, we will obtain that there
exist neighborhoods U of 0 and V' of [z, such that U x V' C D and a unique

n
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Cl-mapping X : U — V which satisfies A\(0) = [zl (p,.)> @t A(t)) = 0, for any
te U, and ”
Vi = BE20)
aa (A1)
Taking into account the definition of ¢ ( see (11)), ¢(¢, A(t)) = 0, for any
t € U, is equivalent to

x +th
P(pn) (/\(t)) =1foranyteU.

for any t € U. (12)

By applying Proposition 2, we deduce from this that
A(t) = ||z +th|, | for any t € U. (13)

By combining (12) and (13) we derive, in particular, that A’ (0) exists and

0
N + | oy — 112 (o) 5t O ll2lle.))
-5 , (14)
720, [zl p,)

’ BT
A(0) = Jimy t

that is, the |||, - norm is Gateaux differentiable at x.
To complete the proof, we will prove that the above-defined statements (i),
(ii) and (iii) concerning the function ¢ are true. In order to prove that ¢ €

0 0
CY(D), first we will show that we can compute a—f and £ Let us consider
fn: D —= R, neN, defined by
Ty + thy|P"
fn(t,A) = %, (t,)\) e D. (15)

We can observe that the map (t,\) € D, (t,\) = f, (t,)), is a C! - mapping.
Indeed, applying a partial derivative on (15),

Ofn Do |@n + the |7V sgn(z, + thy)hn
= 1
LAY ~ , (16)
afn _ Dn |zn + thn|pn
a(f,A) = 7T for any (t, A) S D, (17)
and, from (16) and (17), we can conclude that the mappings
Ofn
t,A) € Dr— —(t,\
(1,0) € D e )
and of
t,A) €D r— (A
(,3) € D e )

are continuous. 5
First, we estimate aftn‘ Let (t,\) € D. Since |t| < 1 and X > %Hx”(pn),

one easily follows that

Do |+ tha| " sgn(zn + tha) | < p* (2, | + [ha])™
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and
)\pn > k Pn H‘T

+
P>k min(lelf el

Consequently, according to (16), one has

8fn n
0] < el + ™
with ¢ == pT&=" /min(2])?, ), ll?, )-
Similarly,
afn n Pn
Ot )| < b faal + )
with ¢; := pTk™P “/mln(Hprp J)rl , ||33H](D;$1) According to a well - known

classical result, the mapping ¢ defined by (11) is a C! - mapping and

D¢ Do |2 + th [P sgn(a, + thy)ha,
%9 1.3 Z m , (18)
5</> Pn |zn + thy |
S LSS a

The claims (ii) and (iii) are obviously validated. Indeed, by applying Propo-

sition 2,
|0
(0, Izl ) = Z AL ||Pn —1=0.

Finally, according to Proposition 2 again

3¢ — P |zn|™" —p Ix
(O 2 ||(p'n) N PRESS IE || Z

n=0 ||x‘ (pn) Pn n= O

ol -

b

= < 0.
vy el

Pn

Clearly, formula (10) is a direct consequence of (14), (18) and (19). m

Theorem 9 The norm |||, ) is Fréchet-differentiable at any nonzero x € 1(Pn)

and the Fréchet-differential of this norm at any nonzero x € 1°P~) is given for
any h € 1) by (10).

Proof. We prove that the map

z € 1P\ {0} = |lll(,,,)

is continuous. The Fréchet - differentiability of the map z € 1)\ {0}
[zllp,) will then follows. Let z = (zo,1,...,2p,...) be in 12\ {0}. Let

@ 1)\ {0} — (1P)\ {0})" be defined by

[e%e) Pn—1
o) = 3 D ot
n=0 (pn)
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h = (ho,hi,...,hn,...) and let ¢ : I®P)\ {0} — R be defined by

Since

(Il (@),-) = “";(”;))) for all & € 1P\ {0},

it is sufficient to prove that ¢ and ¢ are continuous.
Fix = (20,21, -+, Zn,...) € 1P\ {0} and let (a:(k))k c 1\ {0}, ) =

(x(()k)wgk), e .) be such that z*) — 2 as k — oo in the space (Z(”"), ||-H(pn)).

It suffices to show that there exists a subsequence (a:(j’“))k C (m(k))k such that
o(xUr)) = p(z) and q(xU*) — g(x) as k — oo. We begin with the map q.
We have

e at%k) o ‘ Pn
Zn
‘q (x(k)) —q (x)) S p+ Z (k) Pn - ||$HP7L
n=0 H‘T (pn) (pn)
Denote
m Ji(k) - ‘ |pn
B3 1
Sm’ = Pn Pn .
= ll=® (n) 11165,y
We will show that there exists a subsequence (w(jk))k C (x(k))k such that
> xﬁﬂ’“) |:L‘ |Pn
- 0as k . 20
2 O, el | %4 0

Since £®) — z as k — oo in 1(P»)  according to Proposition 7, we infer that
z®) — 1, as k — oo, for any n € N. (21)

Hence, for any n € N, we have

(k) Pn
In |$n|pn
P [ as k — oo. (22)
o H(pn) Tl pn)
Consequently
. . k) _
Jin (i o) =0 23)
On the other hand
Pn
b i o |2 | z®) z
Sm S Pn + Pn S p(pn) + p(pn) :
n=0 Hx(k)H(pn) HI”(pn) Hm(k)H(pn) 121l ¢,y
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Taking into account (22) and Remark 4, it follows that the sequence (Hl(f’f;ﬁ)
(pn)

is mean bounded, therefore the double sequence (sgf)) i is bounded. Accord-
m,
ing to a classical result, there exists a convergent subsequence (sgk)) such
m,k
that the iterated limits lim ( lim sé{’f) and lim (hm s,(,j")> exist, and are
k—o00 \m—o00 m—oo \ k—oo
(k)

both equal to the double limit lim sp/?’. Taking into account (23) it follows

k,m— o0
that '
lim ( lim s](f’“)) =0
k—oo \m—oco ™M
or i
§ Sﬁ'%jk) |xn Pn
lim — =0
: Pn n
k=00 1= | || (k) (o) =l

that is (20). _
We now show that there exists a subsequence of (z(ﬂk))k, still denoted by
(x(jk)) A for convenience, such that

o(zUr)) = o(z) in (l(p")\ {0})’F as k — oo.

But -
(@) = (@), h) = 3 puy? i, (24)
n=0
where @) [P ()
Ge) _ oy SgN Ty, B |$n pn—1 SEN Ty, LN
! 2| el

Clearly, for any = (z,,),,cy € {P*)\ {0}, the sequence

pn_l
o <|In|||x ””S‘g?xn> = )
(pn) néeN
because of )
— Pn—
|xn|pn 1sgnxn _ |1,
TS lll 5, ’
and similarly, for any k£ € N,
. pn—1 .
_ 9:53’“) sgnz,(f’“)
2U6) = TS e 1), (26)
Uik
(Pn)

Then yU*) = (yr(lj’“)) N € 1), But h € I®P»), Therefore, taking (24) and
ne

(4) into account , we obtain

|hn| < M Hy(jk)

7l »

(@) > p(@),h)| <p* 3 [y W
n=0 "
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1 1
Where M :p+ ( + )
P~ (q)
Consequently,

o(@99) = ()| < M [y (27)

(gn) .

Now, it is clear that, for proving the continuity of ¢, it suffices to show that

—0as k — oo. (28)

(Jk)
Y
H (gn)

According to Proposition 7, (28) may be equivalently written as

lim i, (299) = e (2) (29)
and A
lim zU*) = z, for any n € N, (30)
k—oo

where zU%) and z are given by (25) and (26) respectively.

But
Plan) (Z(“)) = Plpn) (H»’C“”H(p)> =1,

x
Plan) (2) = Ppn) (M()> =1,
Pn
so that (29) holds.

Also (30) is a direct consequence of the fact that

- — k — oo.
s~ Tl

Hence we conclude that

Hgo(a:(j’“)) - <p(a:)H — 0 as k — oco.
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