ROMANIAN JOURNAL OF MATHEMATICS AND COMPUTER SCIENCE, 2016, VOLUME 6, ISSUE 1, p.39-46

DOUBLE WEIGHTED LACUNARY ALMOST STATISTICAL
CONVERGENCE OF ORDER «

SUKRAN KONCA', EKREM SAVAS? AND SELMAN EKIN3

ABSTRACT. In this paper, we define and study the concept of double weighted lacunary
almost statistical convergence of order . Further, some inclusion relations have been
examined.

Mathematics Subject Classification (2010): 40B05; 40C05; 40A35; 40G15; 46A45
Key words: Weighted lacunary statistical convergence; double statistical convergence
of order «; double almost statistical convergence

Article history:

Received 10 April 2016

Received in revised form 1 June 2016
Accepted 3 June 2016

1. INTRODUCTION

The concept of statistical convergence was introduced by Fast [16], Steinhaus [39] and later reintro-
duced by Schoenberg [38] independently. It turned out to be one of the most active areas of research
in summability theory after the works of Fridy [17] and Salat [35]. For further results related with this
topic we may refer [3], [18], [28], [31].

A different direction was given to the study of statistical convergence, where the notion of statistical
convergence of order «, was introduced by replacing n by n® in the denominator in the definition of
statistical convergence by Colak [12] and indepently by Bhunia et al. [9]. Later, A-statistical convergence
of order o was introduced by Colak and Bektag [13]; A-statistical convergence of order « of sequences
of function by Et, Cinar and Karakag [15]; lacunary statistical convergence of order o by Sengiil and Et
[40]; pointwise and uniform statistical convergence of order « by Cinar, Karakag and Et [11], statistical
convergence of order « in probability theory by Das et al. [14], weighted statistical convergence of order
« and its applications by Ghosal [19] and many other, different fields of mathematics.

By the convergence of a double sequence we mean the convergence in the Pringsheim’s sense. A double
sequence = = (zy;) is said to converge to the limit L in Pringsheim’s sense (shortly, P-convergent to L)
if for every € > 0 there exists an integer N such that |zy; — L| < € whenever k,I > N [33]. We shall

write this as limyjoo®r; = L, where k and [ tending to infinity independent of each other and L is
called the P-limit of z. A double sequence z = (xy;) of real or complex numbers is said to be bounded
if ||z|| = supk,>o|zki| < 0o. Note that, in contrast to the case for single sequences, a convergent double

sequence need not be bounded. We may refer to [1], [7], [10], [21], [22], [29], [30]-[34], for further results
related with the concept of double sequence.

The notion of almost convergence and strong almost convergence for single sequences was introduced
by Lorentz [23] and by Maddox [24], respectively, and the notion of almost convergence and strong
almost convergence for double sequences by Moricz and Rhoades [25] and by Basarir [2], respectively.
Some further studies can be seen in ([7], [26]-[27]) and the references therein. Recently, almost statistical
convergence of order «v and almost lacunary statistical convergence of order « for double sequences have
been introduced by Savag ([36]-[37]).
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Bagarir and Konca [8] defined a new concept of statistical convergence for single sequences which is
called weighted lacunary statistical convergence. In [20] they defined weighted almost lacunary statistical
convergence in a real n-normed space. Recently, the notion of weighted lacunary statistical convergence
in a locally solid Riesz space for single sequences is studied by Bagarir and Konca [5], for double sequences
by Konca [22], and in a locally convex topological vector space by Basarir and Konca [6] (see also [4],
21).

In this paper, we define and study double weighted lacunary almost statistical convergence of order .
Also some inclusion relations have been examined.

2. DEFINITIONS AND PRELIMINARIES

Before beginning of the presentation of the main results, we recall the following basic facts and nota-
tions.

Let wy be the set of all real or complex double sequences. We denote by co the space of P-convergent
sequences. A double sequence x = (x;;) is bounded if ||z|| = sup; j>olxij| < co. Let I3° and ¢5° be the
set of all real or complex bounded double sequences and the set of all bounded and convergent double
sequences, respectively. Moricz and Rhoades [25] defined the almost convergence of the double sequence
as follows:

The double sequence x = (x;;) is said to be almost convergent to a number L if

m+p n+q

P— lim sup|——————— z;; —L| =0,
p,qﬂoom,g (p+1 (¢+1) ZZ 9

i=m j=n
that is, the average value of (x;;) taken over any rectangle
D={(i,j):m<i<m+p n<j<n+q}

tends to L as both p and ¢ tend to oo and this convergence is uniform in m and n. We denote the space
of almost convergent double sequences by ¢é- as

Gy = {x = (xi5) : klllinoo [tkipg () — L = 0] uniformly in p,q} ,

where
k+p l+q

3 i

klpq() (k+1 l+1 Zz;jz;]xj
A double sequence z is called strongly double almost convergent to a number L if
1 k+p l+q
P—- lim ——— i — L=
kimso (k+ 1) (11 1) Zz;;]‘x] =0,

uniformly in p, ¢. By [¢2] we denote the space of strongly almost convergent double sequences. It is easy
to see that the inclusions ¢§° C [é] C éa C I$° strictly hold.

The double statistical convergence of order « is defined as follows:

Definition 2.1. Let 0 < o < 1 be given. The sequence z = (z;;) is said to be statistically convergent of
order « if there is a real number L such that

1
_ 1 ., ) < < n: PP > =
P ml}fE ) Hi <mandj<n:|z;; —L|>¢}|=0

for every € > 0. In this case, we say that x is double statistically convergent of order a to L and we write
S§-lim; jx;; = L. The set of all double statistically convergent sequences of order o will be denoted by
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S&. If « =1 is taken in this definition, the definition of statistically convergence of a double sequence is
obtained (see, [36]).

The double sequence 0, = {(k;,ls)} is called double lacunary if there exist two increasing sequences

of integers such that kg =0, h, =k, —k,_1 o0 asr —ocoand lp =0, hy =1, —ls_1 — 0o as s — 0.

Let kys = kils, hyps = h,hs and 60, is determined by I, = {(kl):k,_1 <k <k,andl,_; <1<},

qr = ﬁa 4s = lsljl and ¢,s = ¢,qs [37].

The double lacunary statistical convergence of order « is defined as follows:

Definition 2.2. Let 0 < o < 1 be given. The double sequence z = (z;;) is said to be lacunary statistically
convergent of order « if there is a real number L such that

1
P — lim F|{(i7j)€Ir,s3|zij*L|25}|:O

7,8— 00
for every € > 0, in this case we say that = is double lacunary statistically convergent of order o to L. In
this case, we write Sg -lim; jz;; = L. The set of all double statistically convergent sequences of order
a will be denoted by Sg . If @ =1 is taken in this definition, the definition of lacunary statistically
convergence of a double sequence is obtained (see, [37]).

Definition 2.3. [1] Let (p.), (Pm) be sequences of positive numbers and P, = p1 + p2 + ... + pn,
P, =p1+ P2+ ... + Pm. Then the transformation given by

Tom () = P 1p ZZP@N«”M

m g=11=1

is called the Riesz mean of double sequence z = (zg;). If P — limy m—ooTnm (z) = L, L € R, then the
sequence © = (xy;) is said to be Riesz convergent to L. If x = (z1;) is Riesz convergent to L, then we
write Pr - limx = L.

The definition of weighted statistical convergence of order a for double sequences can be defined as
follows:

Definition 2.4. Let 0 < o < 1 be given. The sequence (x;;) is said to be weighted statistically convergent
of order « if there is a real number L such that
1 _
— i I e i< c D | — > —
P Wlﬁgw (Pmpn)a |{z < Py and j < P, : p;p; |x;; — L| > 5}’ 0

for every € > 0. In this case, we say that x is double weighted statistically convergent of order a to
L and we write S§.-lim; jz;; = L. The set of all double weighted statistically convergent sequences of
order o will be denoted by S5.. If o =1 is taken in this definition, the definition of weighted statistical
convergence of a double sequence is obtained.

Using the notations of lacunary sequence and Riesz mean for double sequences, Konca and Basgarir
[21] have given a new definition:

Let 0, s = {(k,,ls)} be a double lacunary sequence and let (py), (5i1) be sequences of positive real
numbers such that Py, := Zke(o,kr] pr and P, = Zle(o,ls] pi. If the Riesz transformation of double
sequences is RH-regular (it maps every bounded P-convergent sequence into a P-convergent sequence with
the same P-limit), then 0, , = {(Px,, P,,) } is a double lacunary sequence, that is; Py = 0,0 < Py, _, < Py,
and H, =P, — P, , o0casr—ocand By =0,0< P, , <P, ,and H,=F,—PF,_, - ocoass— o0.

Throughout the paper, we assume that P, = p1; + ... + p, — 00 (n — ), Py, = p1 + ... + Py — 00
(m — 0), such that H, = P, — P, _, > occasr —ooand Hy=F,, — P,,_, — 00 as s — 0.
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Let Py, = Py, P, H.s = H.H; and I, = {(kl) P, <k<P,and PB,_, <I< ]5l} , Q= Pfkil’

Qs = = and Qps = Q,Qs. If we take py = 1, py = 1 for all k and [, then Hy,, Py,., Qs and I/,
s—1
reduce to h,s, krs, ¢rs and I,..

3. MAIN RESULTS

In this section we define double weighted lacunary almost statistically convergent sequences of order
a. Also we shall prove some inclusion theorems.

Definition 3.1. Let 0 < o < 1 be given. The double sequence xz = (z;;) € ws is said to be S’FRQ o)
statistical convergent of order « if there is a real number L such that

.1 _
P — 11{91{7 {(kl) € I, : Dt [teipg(z) — L] > e} =0,

uniformly in p, ¢ where HZ, denote the a'* power of H,;. Incase r = (wi;) is gEXRz o) statistically
convergent of order « to L, we write S’?Rz o)~ lim; jx;; = L. We denote the set of all gEXRz 6)—statistically
convergent sequences of order a by SE"RQ 0)-

We know that S’EXRQ 9)—statistical convergence of order « is well defined for 0 < « < 1, but it is not well
defined for o > 1 in general. It is easy to see by taking = (z;;) € w, as fixed.

Definition 3.2. Let 0 < o <1 be any real number and let ¢ be a positive real number. A sequence x is
said to be strongly R‘(lam)(t)—summable of order «, if there is a real number L such that

. 1
P — lim o Z Pkpl|tklpq($) - L|t =0,

7,8—00
"8 (k)€

uniformly in p,q. We denote the set of all strongly R?ers)(t)—summable sequence of order a by REXOTS)(t)'
If we take pr, = p; = 1 for all k,1 € N then é?em)(t) reduces to the space Wé’is (t) (see in [37]).

Theorem 3.3. If0 < a < (<1 then S(QR2,9TS) C S’(BRQ 0,.)"

Proof. Let 0 < a < 8 < 1. Then

wsup [{(k, 1) € I, < prpi [tripg () — L] > }|
TS p.g
< g sup {(k, 1) € Iy« pipi [tripg () — L| > €}
" pa

for every € > 0, and finally, we have that SF‘RQ)GN) C S(ﬂ R2,0,.)" This proves the result. O

Theorem 3.4. Let 0 < a <1 and 0,5 = {(k,,l5)} be a double lacunary sequence. If iminf,Q, > 1 and
liminf,Q, > 1 then S5 € Sy -

Proof. Suppose that liminf,Q, > 1 and liminf,Q, > 1, then there exists a § > 0 such that Q, > 1+ 6

H 5
P 2 145 Let

and Qg > 1+ § for sufficiently large values of r and s, which implies that h}z L

[
P 2 145 804
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52‘22 — " lll)m x; = L. Then for sufficiently large values of r and s, we have
) —o0

(PkTP )u sup Hk < Py, and [ < Py, : ppi |tripg(x) — L| > 5}‘

> ity S H(k 1) € Ty taga(0) = 21 > )

H _
= e g sup [{(k,1) € Iy : it tiapa () — L] > )]
p,q

= (7)) sl s l{(k,D) € I s pupt tnp () — L] 2 <}
2c
> (85) o0 (kD) € I s ot thapa () — L] 2 €31
Therefore SFRZ‘,GN) - (k,lli)goo zi = L. g
Theorem 3.5. Let 0 < a < 1 and 0,5 = {(k,1s)} be a double lacunary sequence. If limsup,Q < oo
and limsup,Q% < oo, then Sa (r2,0) - SR2

Proof. Suppose that limsup,Q% < co and lim supSQ“ < 00, then there exists a K > 0 such that Q% < K

and Q% < K for all r,s € N. Let = € S(R2 0,.) with S¢ (R2,0,.) (k,lll)goo rr = L and

(3.1) Nps = [{(k,1) € I}.s : pipu [tripg (x) — L| > €}].

By (3.1) and the definition of S(R2 o)1 given € > 0, there exists g, so € N such that

and s > sg. Let M :=max{N,s:1<r <rgand 1 <s < sg} and let n and m be any 1ntegers satisfying
kr—1<n<k.and l;,_1 <m <ls. Hence, for each p and ¢, we have the following

y{k<P and | < Py, : prpi [tripg (@) — L] > ¢} |
\{k<Pk and | < Py, : pepy |tripg(x) — L] > €}

Nrs

<egforall r>rg

(Pn Pm

- (Pkr 1Ps 1 ro.s
0,50

1 1
- - i — N
(ka71P1571)a i‘j;,l “ (Pkrflplsfl)a (m<i§r)%:(30<j§s) +

S Mr(_)so + 1_ Z Nz;if s
(Pop_ Pry)™ 0 (Pepy Py )” (ro<i<r)U(so<j<s) e

3 (P PPy )’
o (Pk'T—lplsfl (P"T P 12
M,

ros Py, P,
roso +€( ke P )
(Pk'r‘—lpls—l) P Py

r—1
_ MTOSO @)
RR G

Mo = e

IN

Mrgsg 2
= @n oy T

Since P, , — 0o and Pj,_, — 00 as r, s — 00, in the sense of Pringsheim limit, it follows that
m DD |thipg(2) — L| > 6}’ — 0 as m,n — oo. O

Theorem 3.6. Let 0 < o < 3 <1 and t be a positive real number, then f{g‘ (t) C Rgrs (t).

Proof. Let © = (x;5) € ]N%g‘m (t). Then given a > 0 and 8 > 0 such that 0 < & < § < 1 and a positive real
number t we write

1 _ 1 _
o7 > pabiltripg(z) — L) < o > pebiltripg(x) — LI
TS (k)€ s TS (k)€ s
and hence we obtain the result. O

We have the following corollary as a consequence of previous theorem.

Corollary 3.7. Let 0 < a < 8 <1 and t be a positive real number. Then
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(1) If a = B, then R§ (t) =R} (t).

(2) Rg‘rs (t) C Ry, (t) for each a € (0,1] and 0 < t < oc.
Theorem 3.8. Let o and [ be fized real numbers such that 0 < a < <1 and 0 <t <oo. If I, C I,
then Rg C S(ﬁRQ,Ors)'

Proof. Let Kp__(¢) = |{(k,1]) € I, : piDi |tkipg(x) — L| > €}|. Suppose that = € égm. Then for each p
and ¢

P —lim Z PP [tkipg(x) — L| = 0.
" (kD)€L

Since L )

ge > PrDUltkipg(®) — LI > o D2 b [tkipg(z) — L]

" (ke TS (k1)ET,
= H% Y. PeDi |tk1pq($) - L[+ Hla > DR |tklpq(x) — L]
TS (k)ETL, " (keI
> g “ Z)Z PrPu [thipg (¥) — L| = 7 [Kp,, ()| €
e,

> L |Kp, ()|

for all p and ¢. This implies that « € S 5 . O

Corollary 3.9. Let a be fized real numbers such 0 < a <1
(1) If a sequence is strongly Rg‘rs —sumfnable sequence of order a to L, then it is S?Rz)gm)—statistically
convergent of order a to L, i.e., Rg ~C Sfpay .
(2) Rg‘m C 5”(32’97,5) for0<a<1.
Theorem 3.10. The following statements are true:
(1) If p <1 and p; < 1 for all k,l € N, then Woois C_Rg‘rs with Weois -P-limx = Rg‘m -P-limx = L.
(2) If pp,. > 1, py > 1 for all k,l € N, and g—: and %I: are upper bounded, then Ry ~C Wg —with
Ry -P-limz=Wg -P-limz = L.

Proof. The proof can be done in a similar manner as in [21], Theorem 3.4. O

Theorem 3.11. The following statements are true:
(1) If pr < 1 and p; < 1 for all k,l € N, then 59” C S’(Rz,gm) with gers-P-limx = S’(szgm)—P-
limz = L. B ~ ~
(2) If p, > 1, pp > 1 for all k,l € N, and ZI—: and I}—j are upper bounded, then S(g2 4,y C Se,, with

s

S(re,6,.)-Plimz = Sp, -Plimz = L.

Proof. The proof can be done in a similar manner as in the proof of Theorem 3.7 in [21]. O

T Hy, G G
Theorem 3.12. If hrrsn inf P B > (0 then Sg2 C SE‘RQVG).

Proof. For a given € > 0, we have

{(kl) € I;,s I PrD1 |xkl - L| > 6} C {k < Pkr and [ < ]515 I PEDI |xkl — L| > {:‘} .

Therefore,
Pkrlpl {k < Py, and 1 < P, : pipy |w — L| > €}
> ﬁ {(kl) € I : prpu |z — L| = e}
= poigx H(kD) € Iy prpi oy — L] 2 €}
Since hrrsn inf P;i%zs > 0, then we have the result by taking the Pringsheim limit as r — co. O
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Theorem 3.13. Let 0,5 = {(k,ls)} and 0., = {(u,,vs)} be two double lacunary sequences and let «,
be such that 0 < a < <1 and I,, C J., forallr, s€ N. If

[

s Hrs
(3.2) I}nrsnmf I >0

T8

aB Qo
then S(RQ,G/) C S(R2,9)'
Proof. Suppose that I C J!  for all r, s € N and let (2) be satisfied. For given € > 0 we have
{(kl) € I0.g : prpu|ww — L] = e} S {(kl) € Jog : prpr|om — L| = €}

and so )
o (kD) € Jog s pepi e — L > e}|
H .
> 25 g {(Kl) € I« pipi [ow — L] > e}
for all r, s € N. Now taking the Pringsheim limit as r, s — oo in the last inequality and using (2) we

get S(BRQ,Q,) C SEXRQ’G). O
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