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Abstract. In this paper we study the existence and nonexistence of positive weak
solutions for the nonlinear system

−∆P,pu = λa(x)vγ + b(x)uα in Ω,
−∆Q,qv = λc(x)uδ + d(x)vβ in Ω,

u = v = 0 on ∂Ω.


where ∆R,r with r > 1 and R = R(x) is a weight function, denotes the weighted

r-Laplacian defined by ∆R,ru ≡ div[R(x)|∇u|r−2∇u], λ is a positive parameter, a(x),
b(x), c(x) and d(x) are weight functions, α, β > 0, γ, δ > 0, α+ δ < p− 1, β + γ < q− 1
and Ω ⊂ <N is a bounded domain with smooth boundary ∂Ω. We use the method of
sub-supersolutions to establish our results.
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1. Introduction

Many authors are interested in the study of the existence, nonexistence and stability of positive weak
solutions of nonlinear systems involving weighted p-Laplacian during recent years (see [2, 4, 5, 12, 13, 20]
and the references therein).
Khafagy in [15] proved the existence, nonexistence and uniqueness of positive weak solution for the
nonlinear system

(1.1)

 −∆P,pu = λa(x)uα in Ω
u > k in Ω
u = k on ∂Ω,

where 0 < α < p − 1, using the method of sub-supersolutions. These results extended in [8] to the
nonlinear system

(1.2)

 −∆P,pu = a(x)(λuα + uβ) in Ω
u > k in Ω
u = k on ∂Ω,

wehere 0 < β ≤ α < p− 1.
In [7] the author studied the existence and nonexistence of positive weak solutions for the weighted

(p, q)−Laplacian nonlinear system
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(1.3)
−∆P,pu = λa(x)vβ in Ω,
−∆Q,qv = λb(x)uα in Ω,

u = v = 0 on ∂Ω,


where 0 < α < p− 1, 0 < β < q − 1, using the the sub–supersolutions method.
In this paper, we are concerned with the existence and nonexistence of positive weak solutions for the

nonlinear system

(1.4)
−∆P,pu = λa(x)vγ + b(x)uα in Ω,
−∆Q,qv = λc(x)uδ + d(x)vβ in Ω,

u = v = 0 on ∂Ω,


where ∆R,r with r > 1 and R = R(x) is a weight function, R(x) = P (x) when r = p and R(x) = Q(x)
when r = q, denotes the weighted r-Laplacian defined by ∆R,ru ≡ div[R(x)|∇u|r−2∇u], λ is a positive
parameter, a(x), b(x), c(x) and d(x) are weight functions, α, β > 0, γ, δ > 0, α+ δ < p− 1, β+ γ < q− 1
and Ω ⊂ <N is a bounded domain with smooth boundary ∂Ω. We discuss, under some certian conditions,
the existence of positive weak solution for system (1.4). We also study the conditions under which system
(1.4) has no positive weak solution. The existence results are obtained by the sub-supersolutions method.

Clearly, our work extends the work in (1.1)-(1.3) by considering a problem with a more general class
of functions. Therefore we have a generalization of all results obtained for the above systems.

On the other hand, the existence of weak solutions for nonlinear systems involving p-Laplacian opera-
tors with different weights have been studied using, the sub-supersolutions method (see [8, 10, 11, 14, 15])
the theory of nonlinear monotone operators method (see [16, 21]) and the approximation method (see
[22, 23]).

Finally, let us explain the plan of the paper. In section 2, we introduce some technical results and
notations, which are established in [6]. In section 3, we prove the existence of a positive weak solutions
for system (1.4) by using the method of sub–supersolutions. In section 4, we consider the nonexistence
results.

2. Technical Results

In this section, we introduce some technical results [6] concerning the degenerated homogeneous eigen-
value problem

(2.1)
−∆R,ru = −div[R(x)|∇u|r−2∇u] = λS(x)|u|r−2u in Ω,

u = 0 on ∂Ω,

}
where R(x) is a weight function (measurable and positive a.e. in Ω), satisfying the conditions

(2.2) R(x) ∈ L1
Loc(Ω), (R(x))−

1
r−1 ∈ L1

Loc(Ω), with r > 1,

(2.3) (R(x))−s ∈ L1(Ω), with s ∈
(
N

r
,∞
)
∩
[

1

r − 1
,∞
)
,

and S(x) is a measurable function satisfies

(2.4) S(x) ∈ L
k
k−r (Ω),

with some k satisfies r < k < r∗s where r∗s = Nrs
N−rs with rs = rs

s+1 < r < r∗s and meas {x ∈ Ω : S(x) >

0} > 0.

Lemma 2.1. [6] There exists the least(i.e. the first or principal) eigenvalue λ
(r)
1 > 0 and precisely one

corresponding eigenfunction φ1,r ≥ 0 a.e. in Ω (φ1,r not identical to 0) of the eigenvalue problem (2.1).
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Moreover, it is characterized by

(2.5) λ
(r)
1

∫
Ω

S(x)φr1,r ≤
∫
Ω

R(x)|∇φr1,r|p.

Lemma 2.2. [6] Let φ1,r ≥ 0 a.e. in Ω, be the eigenfunction corresponding to the first eigenvalue λ
(r)
1 > 0

of the eigenvalue problem (2.1). Then φ1,r ∈ L∞(Ω).

Now, let us introduce the weighted Sobolev space W 1,p(R,Ω) which is the set of all real valued functions
u defined in Ω for which (see [6])

(2.6) ‖u‖W 1,r(R,Ω) =

∫
Ω

|u|r +

∫
Ω

R(x)|∇u|r
 1
r

<∞.

Since we are dealing with the Dirichlet problem, we introduce also the space W 1,r
0 (R,Ω) as the closure

of C∞0 (Ω) in W 1,r(R,Ω) with respect to the norm

(2.7) ‖u‖W 1,r
0 (R,Ω) =

∫
Ω

R(x)|∇u|r
 1
r

<∞,

which is equivalent to the norm given by (2.6). Both spaces W 1,r(R,Ω) and W 1,r
0 (R,Ω) are well defined

reflexive Banach Spaces.

3. Existence Results

We shall prove the existence of a positive weak solution for system (1.4) by constructing a subsolution

(ψ1, ψ2) ∈W 1,p
0 (P,Ω)×W 1,q

0 (Q,Ω) and a supersolution (z1, z2) ∈W 1,p
0 (P,Ω)×W 1,q

0 (Q,Ω) of (1.4) such
that ψi ≤ zi for i = 1, 2. That is, ψi, i = 1, 2, satisfies∫

Ω

P (x)|∇ψ1|p−2∇ψ1∇ζdx ≤ λ

∫
Ω

a(x)ψγ2 ζdx+

∫
Ω

b(x)ψα1 ζdx,∫
Ω

Q(x)|∇ψ2|q−2∇ψ2∇ηdx ≤ λ

∫
Ω

c(x)ψδ1ηdx+

∫
Ω

d(x)ψβ2 ηdx,

and zi, i = 1, 2, satisfies∫
Ω

P (x)|∇z1|p−2∇z1∇ζdx ≥ λ

∫
Ω

a(x)zγ2 ζdx+

∫
Ω

b(x)zα1 ζdx,∫
Ω

Q(x)|∇z2|q−2∇z2∇ηdx ≥ λ

∫
Ω

c(x)zδ1ηdx+

∫
Ω

d(x)zβ2 ηdx,

for all test functions ζ ∈W 1,p
0 (P,Ω) and η ∈W 1,q

0 (Q,Ω) with ζ, η ≥ 0.

Lemma 3.1. (see [3, 7]) Suppose there exist sub and supersolutions (ψ1, ψ2) and (z1, z2) respectively of
(1.4) such that (ψ1, ψ2) ≤ (z1, z2). Then (1.4) has a solution (u, v) such that (u, v) ∈ [(ψ1, ψ2), (z1, z2)].

Theorem 3.2. Let (p − 1)(q − 1) − γδ > 0. Then system (1.4) has a positive weak solution (u, v) for
each λ > 0.
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Proof. Let λ
(r)
1 be the first eigenvalue of the eigenvalue problem (2.1) and φ1,r the corresponding positive

eigenfunction satisfying φ1,r > 0 in Ω and |∇φ1,r| > 0 on ∂Ω with ‖φ1,r‖∞ = 1, for r = p, q. Then we
have

(3.1)
−∆P,pφ1,p = λ

(p)
1 a(x)|φ1,p|p−2φ1,p in Ω, φ1,p = 0 on ∂Ω,

−∆Q,qφ1,q = λ
(q)
1 c(x)|φ1,q|q−2φ1,q in Ω, φ1,q = 0 on ∂Ω.

}

Since (p− 1)(q − 1)− γδ > 0, we can take k such that

(3.2)
δ

q − 1
< k <

p− 1

γ
.

We shall verify that (ψ1, ψ2) = ( ξφ
p
p−1

1,p , ξ
kφ

q
q−1

1,q ) is a subsolution of (1.4), where ξ > 0 is small and

specified later. Let ζ ∈W 1,p
0 (P,Ω) with ζ ≥ 0. A calculation shows that∫

Ω

P (x)|∇ψ1|p−2∇ψ1 · ∇ζdx = (
p

p− 1
ξ)p−1

∫
Ω

P (x)φ1,p|∇φ1,p|p−2∇φ1,p · ∇ζdx

= (
p

p− 1
ξ)p−1

∫
Ω

(P (x)|∇φ1,p|p−2∇φ1,p∇(φ1,pζ)− P (x)|∇φ1,p|p)ζdx

= (
p

p− 1
ξ)p−1

∫
Ω

(λ
(p)
1 a(x)φp1,p − P (x)|∇φ1,p|p)ζdx.

Similarly, for η ∈W 1,q
0 (Q,Ω) with η ≥ 0, we have∫

Ω

Q(x)|∇ψ2|q−2∇ψ2 · ∇ηdx = (
q

q − 1
ξk)q−1

∫
Ω

(λ
(q)
1 c(x)φq1,q −Q(x)|∇φ1,q|q)ηdx.

Since φ1,r = 0 and |∇φ1,r| > 0 on ∂Ω, there is ε > 0 such that

λ
(p)
1 a(x)φp1,p − P (x)|∇φ1,p|p ≤ 0 and λ

(q)
1 c(x)φq1,q −Q(x)|∇φ1,q|q ≤ 0 on Ωε

with Ωε = {x ∈ Ω : d(x, ∂Ω) ≤ ε}. This shows that

(
p

p− 1
ξ)p−1

∫
Ωε

(λ
(p)
1 a(x)φp1,p − P (x)|∇φ1,p|p)ζdx ≤ 0 ≤ λ

∫
Ωε

a(x)ψγ2 ζdx+

∫
Ωε

b(x)ψα1 ζdx,

and

(
q

q − 1
ξk)q−1

∫
Ωε

(λ
(q)
1 c(x)φq1,q −Q(x)|∇φ1,q|q)ηdx ≤ 0 ≤ λ

∫
Ωε

c(x)ψδ1ηdx+

∫
Ωε

d(x)ψβ2 ηdx.

Furthermore, we note that φ1,p, φ1,q ≥ σ in Ω − Ωε for some σ > 0. Then from (3.2) there is ξ0 > 0
such that if ξ ∈ (0, ξ0), the following inequalities hold:

ξp−1−kγ(
p

p− 1
)p−1λ

(p)
1 a(x)φp1,p ≤ λa(x) σ

γq
q−1 ≤ λa(x) φ

γq
q−1

1,q in Ω− Ωε,

and

ξk(q−1)−δ (
q

q − 1
)q−1 λ

(q)
1 c(x)φq1,q ≤ λc(x)σ

δp
p−1 ≤ λc(x)φ

αp
p−1

1,p in Ω− Ωε.
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Then, we have∫
Ω−Ωε

P (x)|∇ψ1|p−2∇ψ1 · ∇ζdx = (
p

p− 1
ξ)p−1

∫
Ω−Ωε

(λ
(p)
1 a(x)φp1,p − P (x)|∇φ1,p|p)ζdx

≤ λ

∫
Ω−Ωε

a(x)ξγkφ
γq
q−1

1,q ζdx ≤ λ
∫

Ω−Ωε

a(x)ψγ2 ζdx+

∫
Ω−Ωε

b(x)ψα1 ζdx.

Similarly,∫
Ω−Ωε

Q(x)|∇ψ2|q−2∇ψ2 · ∇ηdx = (
q

q − 1
ξk)q−1

∫
Ω−Ωε

(λ
(q)
1 c(x)φq1,q −Q(x)|∇φ1,q|q)ηdx

≤ λ

∫
Ω−Ωε

c(x)ξδφ
δp
p−1

1,p ηdx ≤ λ
∫

Ω−Ωε

c(x)ψδ1ηdx+

∫
Ω−Ωε

d(x)ψα2 ηdx,

i.e. (ψ1, ψ2) is a subsolution of (1.4).
Next, we construct a supersolution (z1, z2) of system (1.4). Let er(x) be the positive solution of (see

[23])

−∆R,rer = 1 in Ω, er = 0 on ∂Ω for r = p, q.

We denote z1(x) = Aep, z2(x) = Beq, where the constants A, B > 0 are large and to be chosen

later. We shall verify that (z1, z2) is the supersolution of (1.4). To do this, let ζ ∈ W 1,p
0 (P,Ω) with

ζ ≥ 0. Then we have∫
Ω

P (x)|∇z1|p−2∇z1 · ∇ζdx = Ap−1

∫
Ω

P (x)|∇ep|p−2∇ep · ∇ζdx = Ap−1

∫
Ω

ζdx.

Similarly, for η ∈W 1,q
0 (Q,Ω) with η ≥ 0, we have∫

Ω

Q(x)|∇z2|q−2∇z2 · ∇ηdx = Bq−1

∫
Ω

Q(x)|∇eq|q−2∇eq · ∇ηdx = Bq−1

∫
Ω

ηdx.

Since (p − 1)(q − 1) − γδ > 0, it is easy to prove that there exist positive large constants A, B such
that

Ap−1 = λlaB
γµγq + lbA

αµαp , Bq−1 = λlcA
δµδp + ldB

βµβq ,

where la = |a(x)| , lb = |b(x)| , lc = |c(x)| , ld = |d(x)| and µr = ‖er‖∞ ; r = p, q. These imply that∫
Ω

P (x)|∇z1|p−2∇z1 · ∇ζdx = λ

∫
Ω

laB
γµγq ζdx+

∫
Ω

lbA
αµαp ζdx

≥ λ

∫
Ω

a(x)zγ2 ζdx+

∫
Ω

b(x)zα1 ζdx,

and ∫
Ω

Q(x)|∇z2|q−2∇z2 · ∇ηdx = λ

∫
Ω

lcA
δµδpηdx+

∫
Ω

ldB
βµβq ηdx

≥ λ

∫
Ω

c(x)zδ1ηdx+

∫
Ω

d(x)zβ2 ηdx,

i.e. (z1, z2) is a supersolution of (1.4) with zi ≥ ψi with large A,B, for i = 1, 2. Thus, there exists a
solution (u, v) of (1.4 ) with ψ1 ≤ u ≤ z1, ψ2 ≤ v ≤ z2. This completes the proof.

�
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4. Nonexistence result

In this section, under some certian conditions we prove that system (1.4) has no positive weak solution.

Theorem 4.1. Suppose that (p− 1)(q − 1)− γδ = 0, pγ = q(p− 1) and b(x), d(x) ≤ a(x) = c(x) for all
x ∈ Ω. Then there exists λ0 > 0 such that for 0 < λ < λ0, system (1.4) has no positive weak solution.

Proof. Let us assume that (u, v) ∈ W 1,p
0 (P,Ω) ×W 1,p

0 (Q,Ω) be a positive weak solution of (1.4). We
prove this theorem by arriving at a contradiction.

Multiplying the first equation of (1.4) by u, we have from Young inequality that

(4.1)

∫
Ω

P (x)|∇u|pdx ≤ λ
∫
Ω

a(x)(
up

µ1
+
vq

µ2
)dx+

∫
Ω

b(x)up,

with µ1 = p > 1 and µ2 = p
p−1 > 1.

Similarly, we have

(4.2)

∫
Ω

Q(x)|∇v|qdx ≤ λ
∫
Ω

c(x)(
up

θ1
+
vq

θ2
)dx+

∫
Ω

d(x)vq,

with θ1 = q
q−1 > 1 and θ2 = q > 1.

Note that

(4.3) λ
(p)
1

∫
Ω

a(x)updx ≤
∫
Ω

P (x)|∇u|pdx, λ
(q)
1

∫
Ω

c(x)vqdx ≤
∫
Ω

Q(x)|∇v|qdx.

Combining (4.1)-(4.3), we obtain

λ
(p)
1

∫
Ω

a(x)updx+ λ
(q)
1

∫
Ω

c(x)vqdx ≤ λ
∫
Ω

(
a(x)

µ1
+
c(x)

θ1
)updx+λ

∫
Ω

(
a(x)

µ2
+
c(x)

θ2
)vqdx+

∫
Ω

b(x)up+

∫
Ω

d(x)vq.

Now, if b(x), d(x) ≤ a(x) = c(x) for all x ∈ Ω, we have

(λ
(p)
1 − 1− λ)

∫
Ω

a(x)updx+ (λ
(q)
1 − 1− λ)

∫
Ω

a(x)vqdx ≤ 0,

which is a contradiction if 0 < λ < λ0 = min{λ(p)
1 − 1, λ

(q)
1 − 1}. This completes the proof. �
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