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1 Introduction and preliminaries

Titchmarsh [6, Theorem 85| characterized the set of functions in L?(R) satisfying the
Cauchy Lipschitz condition by means of an asymptotic estimate growth of the norm of
their Fourier transforms. We have

Theorem 1.1 [6] Let o € (0,1) and assume that f € L*(R). Then the following are
equivalent:
(DIfEt+h) = fO)llew = O(h*) as h — 0

(2)f yor L9 PAA = O(r™2®) as r — o0
where g stands for the Fourier transform of f.

In this paper, we obtain a generalization of Theorem 1.1 for the Bessel operator.
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Bessel transform and its inverse are widely used to solve various in calculs, mechan-
ics, mathemtical, physics, and computational mathematics (see, e.g.,[6, 7]).

Let

p- & T4
da? + x dx

be the Bessel differential operator.

For p > —%, we introduce the Bessel normalized function of the first kind 7, defined
by

W) =T+ DY e () ()

where I'(z) is the gamma-function(see[4]).
Moreover, from (1) we see that

lim 2 =1

z—0 :pQ

by consequence, there exist ¢ > 0 and 1 > 0 satistying
2| <n = ljp(z) — 1] = clz]”. (2)
The function y = j,(x) satisfies the differential equation

By+y=0

with the initial conditions y(0) = 1 and '(0) = 0. j,(x) is function infinitely differen-
tiable, even, and, moreover entire analytic.

Lemma 1.2 The following inequalities are valid for Bessel fonction j,
1. |jp(x)| < C, Vo e R, where C is a positive constant
2. 1—j,(x) =0(z%), 0<z<1

Proof. (See [1]). m

LQ,p(R+)v P Z -
the finite norm

is the Hilbert space of measurable functions f(z) on Rt with

o0 1/2
m=<£ U@WﬁHWQ
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The generalized Bessel translation T}, defined by

Thf(t) = cp/ f(\/12 + h2 — 2th cos @) sin® @dyp,
0

Cp = (/OTr sin®? g0d<p>_1 = %

The Bessel transform we call the integral transform from [4, 3, 5]

where

:/ f)i,(\)tPdt, N e R*
0

The inverse Bessel transform is given by the formula

f(t)=@2T(p+1 / TG (M)A

i.e the direct and inverse Bessel transforms differ by the factor (2°PT'(p + 1))72

The following relations connect the Bessel generalized translation and the Bessel
transform, in [2] we have

~

(Thf)(N) = (AR F(N) (3)

2 Main Result

In this section we give the main result of this paper, We need first to define 1)-Bessel
Lipschitz class.

Definition 2.1 A function f € Ly ,(R") is said to be in the 1p-Bessel Lipschitz class,
denote by Lip(¢,p,2), if

ITnf(#) = F(D)ll2p = OW(R)), as h — 0,
where (t) is a continuous increasing function on [0,00), ¥(0) = 0 and ¥(ts) =

»(t)(s) for all t,s € [0,00) and this function verify fol/h s(s72)ds = O(5¢(h?)) as
h—0

Theorem 2.2 Let f € Ly,(RT). Then the following are equivalents

1. f € Lip(¢,p,2).
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2. [Z1FNPAZHAN = O(w(r2)) as 1 — 400,

Proof. 1 = 2: Suppose that f € Lip(¢), p,2). Then we obtain

ITnf(t) = F(Dll2p = OW(R)), ash—0

Parseval’s identity and formula (3) give

| Trf(t) — f(t)Hg,p = m /OOO 11 _jp(Ah)|2|f()\)|2)\2p+1d/\.

From (2), we have

" - 20 71\ (2 \2p+1 02774%’\221
[l = sompioexan= S o paea

We see that

n

" A e R
[ =R OWEIFOE s < [ T s
0

2h

There exists then a positive constant Cs such that

n

[H RN < o)

2h

We obtain

2r
| TRty < Caviz ).

Thus there exists then a positive constant K such that

2r
/ IFNPAPTAN < Kop(r™2), for all v > 0.

So that
/°° SO = | T+/2 T+/4 T.._.]If(A)IQAQPHd)\
= O(W( ™) +v(2 ™).
= O™ ) +9(r™?) + ..
= O((r™))
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This prove that

/MWOWV”%A:OWQQD<wr—++m

2 = 1: Suppose now that

/mﬁowvwwAzoww4»<wr—++m

We write
| = BRI PIFORN A =1+ 1o
0
where
%
L= [T GOmPIF Py
0
and

I = / 11— 4, (W) PIF)PAZ A

h

Estimate the summands I; and Is.

Firstly, we have from (1) in Lemma 1.2

I < (1+0) / T PATHAA = O((?)

Set

o(z) = / FO AN

We know from Lemma 1.2 that |1 — j,(Ah)|] < C1A%R? for A < 1. Then I; <

1
—C1h? [ ¢/ (x)d.
We use integration by parts, we obtain

1

I —Cyh? /h ?¢/ (v)dx
0

IA

IN

1 #
—C19(+) + 201h° d
i)+ 20082 [ " wola)s
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< C3h? / " ap(a?)da
0

1
< (J;))h?p (h?)

S CSw(hQ)v

where C} is a positive constant and this ends the proof. m
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