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Abstract

In this paper we investigate the existence and stability of quadratic-mean almost pe-
riodic mild solutions to stochastic delay functional differential equations driven by frac-
tional Brownian motion with Hurst parameter H > %, under some suitable assumptions,
by means of semigroup of operators and fixed point method.
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1 Introduction

The fractional Brownian motion (fBm) with Hurst parameter H € (0,1) is a zero mean
Gaussian process B = {B}! |t > 0} with covariance function

1
Ry (s,t) = S (#2482 — [t — s*). (1)

This process was introduced by Kolmogorov and later studied by Mandelbrot and Van Ness,
where a stochastic integral representation in terms of a standard Brownian motion was ob-
tained.

From (1) we deduce that I5(|Bff — BH|?) = |t —s|?!! and, as a consequence, the trajectories
of BY are almost surely locally a-Hélder continuous for all a € (0, H). Since B is not a
semimartingale if H # 1/2 (see [8]), we cannot use the classical Ité theory to construct a
stochastic calculus with respect to the fBm. Over the past years some new techniques have
been developed in order to define stochastic integrals with respect to the fBm. In the case
H > % one can use a pathwise approach to define integrals with respect to the fractional
Brownian motion, taking advantage of the results by Young. An alternative approach to de-
fine pathwise integrals with respect to an fBm with parameter H > % is based on fractional
calculus. This approach was introduced by Feyel and De la Pradelle in [5] and it was also
developed by Zahle in [10].

We would like to mention that the theory for the stochastic delay functional differential
equations driven by a Wiener process have recently been studied intensively (see e.g. [6], [7]).

As, for the same equations driven by a fractional Brownian motion (fBm), even much less
has been done, as far as we know, only the works by Boufoussi and Hajji in [2] and Caraballo
et al. in [4].
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In the present paper, motived by [1], [3], [9] based on the semigroups of operators method
and fixed points method, we investigate the existence and stability of quadratic-mean almost
periodic mild solutions for stochastic delay functional differential equations

{ do(t) = (Az(t) +b(t,x(t), z))dt + oy (t)dBE(t), te[0,T], @
z(t) = e(t), -r<t<0, r>0,

where Bg = {Bg(t),t € [0,7]} is a fBm with Hurst index H € (1,1). Some sufficient
conditions on the operator A and the coefficient functions b, oy ensuring the existence and
stability of quadratic-mean almost periodic mild solutions are presented.

The contents of the paper are as follow. In Section 2 some necessary preliminaries, the
relating notations and useful lemmas are introduced. Section 3 contains the main results
including some criteria ensuring the existence of quadratic mean almost periodic mild so-
lutions. In Section 4, the stability of the quadratic mean almost periodic mild solution is
further discussed. Finally, an example is given to illustrate our results in Section 5.

2 Preliminaries

In this section we introduce some notations, definitions, a technical lemmas and preliminary
fact which are used in what follows.

Let T' > 0 and denote by Y the linear space of R-valued step functions on [0, 77, that is,
¢ e Tif

n—1
= Z Z’iX[ti,thLl) (t)
=1

where t € [0,t], z; e Rand 0 =t < to < - < t, =T. For ¢ € T its Wiener integral with

respect to BH as
n—1

/¢ JB(s) = 3 (B (ti1) — B (1).

=1
Let H be the Hilbert space defined as the closure of T with respect to the scalar product
{(X{0,> X[0,s))# = Ru(t,s). Then the mapping

n—1 T
6= 3 i = [ 9B
=1

is an isometry between Y and the linear space span{B* (t),t € [0,T]}, Which can be extended
to an isometry between H and the first Wiener chaos of the fBm span™” (M {BH (t),t € [0,T]}
(see [8]). The image of an element ¢ € H by this isometry is called the Wiener integral of ¢
with respect to BH.

Let us now consider the Kernel

t q
Ky(t,s) = CHséfH/ (u—s)T 2024y
S
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N |=

H(2H-1)
B(2—2H,H—1)

difficult to see that

, where 8 denoting the Beta function, and ¢ > s. It is not

0K £\

3
8tH (t,s)=cn <8> (t— )3,
Let K : T~ L%*([0,T]) be the linear operator given by

ko)) = [ 60 50 1)t

Then (Kuxp,q)(s) = Ku(t, s)xjo4(s) and Kp is an isometry between T and L*([0,T]) that
can be extended to H.
Denoting L3,([0,T]) = {¢ € H,Ku¢ € L*([0,T])}, since H > 1/2, we have

where cyg =

LY ([0,77) € L3, (0, T))- (3)
Moreover the following result hold:

Lemma 2.1 ([8]) For ¢ € L'H([0,T)),

H(2H ~ 1 / / Pl — w2 2drdu < cxl|6l24m o 17

Let us now consider two separable Hilbert spaces (U, |- |v, (-,-)v) and (V, |- |v, (-,-)v). Let
L(V,U) denote the space of all bounded linear operator from V to U and @ € L(V,V) de
a non-negative self adjoint operator. Denote by L%(V7 U) the space of all £ € L(V,U) such

that §Q% is a Hilbert-Schmidt operator. the norm is given by

= tr(§QE7).

Then £ is called a @Q-Hilbert-Schmidt operator from V' to U.
Let {Bf(t)}, v be a sequence of two-side one-dimensional fBm mutually independent on
the complete probability space (Q,F,P), {en}, .y be a complete orthonormal basis in V.

’f‘%%(V,U) =

Define the V-valued stochastic process BH( t) by BH Z BH Qzen t>0.

If @ is a non-negative self-adjoint trace class operator, then thls series converges in the space
V, that is, it holds that Bg(t) € L*(Q,V). Then, we say that Bg(t) is a V-valued Q-
cylindrical fBm with covariance operator Q.

Let 1 : [0, T] — L§(V,U) such that

S I (@Q? e 2110y < 0. (4)

n=1

Definition 2.2 Let ¢ : [0,T] — L%(V, U) satisfy (4). Then, its stochastic integral with
respect to the fBm BH 1s defined fort > 0 as

/w 5)dBY (s Z/w )QEendBl ( Z/ (Kn(Q3en)) (s)dW (s),
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where W is a Wiener process.

Notice that if -
1
Z ”U’QQenHLl/H([o,T},U) < o9, (5)
n=1

then in particular (4) holds, which follows immediately from (3).
The following lemma is proved in [8] and obtained as a simple application of Lemma 2.1.

Lemma 2.3 ([8]) For any ¢ : [0,T] — L%(V, U) such that (5) holds, and for any a,f €
[0,T] with o > B,

E]/ s)dBY (s ’2 < cH(2H —1)(a — B)?H- 12/ Q3 en|2ds,

where ¢ = ¢(H). If in addition

o

Z |¢Q%en|U is uniformly convergent for t € [0,T], (6)
n=1
then N ) .
]E‘/B T/J(s)ng(s)‘U < cH(2H —1)(a — 5)2H—1/ﬂ [ ($)N 0 (v, (7)

Let (2, F,IP) be a complete probability space introduced above, F; = Fy, for t > 0. The
following useful definitions come from [1].

Definition 2.4 1. A stochastic process X : [0,T] — L?>(Q,U) is said to be continuous,
provided that, for any s € [0,T7, 7ym E|X(t) — X(s)|5 = 0.
—s

2. A stochastic process X : [0, T] — L*(Q,U) is said to be stochastically bounded, whenever
lim sup P[X(¢)|y > N]=0.
N—=004ejo,1]
Let us consider the Banach space C([0,T]; L?(2,U)) = C([0,T]; L*(Q, F,P,U)) of all
continuous and uniformly bounded processes from [0, T] into L?(£2, U) equipped with the sup
norm.

Definition 2.5 A continuous stochastic process X : [0,T] — L*(Q,U) is said to be quadratic-
mean almost periodic, provided that, for each € > 0, the set

J(X,e) := {Ri sup E|X(t+ k) — X (1)} < e}
te[0,7)

is relatively dense in R, i.e., there exists a constant ¢ = c(e) > 0 such that J(X,€)N[t,t+c| #
0, for any t € [0,T].

Denote the set of all quadratic-mean almost periodic stochastic processes by C([0,T], L2(Q, U)).
Notice that this set is a closed subspace of C([0, T]; L?(2,U)). therefore, C([0,T], L*(2,U))
equipped with the sup norm is a Banach space.
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Definition 2.6 A function b(t,Y) : [0,T] x L*(Q,U) — L*(Q, V), which is jointly continu-
ous, is said to be quadratic-mean almost periodic in t € [0,T], uniformly for Y € K, where
K C L%(Q,U) is compact; if for any € > 0, there exists a constant c(e,KK) > 0 such that any
interval of length c(e, ) contains at least a number k satisfying

sup (]E|b(t +K,Y) = b(t, Y)’%/) <6
t€[0,T)

for each stochastic process Y : [0,T] — K.

The collection of such functions will be denoted by C([0,T] x L2(Q,U), L2(, V).
The following lemma is also proved in [1].

Lemma 2.7 Let C([—r,0]; L*(Q,U)) be the space of all continuous functions from [—r,0]
into L?(2,U) with the sup norm
HZH@([—r,O];L%Q,U)) =sup{|Z(s)|v; Z € C,—r < s < 0},

K c L2(Q,U) x C([—r,0]; L*(Q,U)) be a compact set. Assume that the function
b(t,z,y) : [0,T] x L2(Q,U) x C([-r,0; L*(Q,U)) — L*(Q,V) be quadratic-mean almost
periodic in t € [0,T], uniformly for (xz,y) € K; furthermore, there exists a constant ¢y > 0
such that

bt 2,y) = bt 2D < ea(lo = &l + ly = 3%, g 1200):

for t € [0,T] and (z,y),(,7) € L*(Q,U) x C([-r,0); L2(Q,U)); then for any quadratic-
mean almost periodic stochastic process 1 : [0,T] — L*(Q,U), the stochastic process t —
b(t,¥(t), ) is quadratic-mean almost periodic.

3 Almost periodic mild solutions

In this section we study the existence of quadratic-mean almost periodic mild solutions for
stochastic delay functional differential equations

de(t) = (Az(t) +b(t, (1), z:))dt + o (t)dBE (t), t € [0,T],
z(t) = ), —r<t<0, r=0,

(8)

where Bg (t) is the fractional Brownian motion which was introduced in the previous section,
the initial data ¢ € C([—r,0]; L2(Q,U)) is a function defined by ¢;(s) = p(t + ), s € [—r,0],
and A : Dom(A) C U — U is the infinitesimal generator of a strongly continuous semigroup
S(.) on U, that is, for ¢ > 0, it holds [S(t)[y < Me", M > 1, p € R. The coefficients
b:[0,T] x U x C([-r,0);U) = U and oy : [0,T] — L%(U, V') are appropriate functions.

Definition 3.1 A U-valued process z(t) is called a mild solution of (8) if x € C(|—r,T); L2(Q, U)),

z(t) = (t) fort € [-r,0], and, fort € [0,T], satisfies

(1) :S(t)go(())+/0tS(t—s)b(s,m(s),xs)ds+/0t S(t— s)ou(s)dBY(s) P —as.  (9)
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Now, we state our first main result. We will make use of the following assumptions on the
coefficients. _
(Hb) The function b € C([0,T] x U x C,U), and there exists a constant ¢, > 0 such that

b(t,z,9) = b(t, 2, 9) [ < e (jo = 3+ Iy — 31%).

where the space C is defined in Section 2, (z,y),(Z,y9) € U x C,te [0, T].
(Hopg) The function og : [0,7] — L%(U, V) satisfies the following conditions: for the
complete orthonormal basis {e,}, .y in V, we have

> llorQ' Penll 2o mye) < oo

n 1

Z low(t, 2(t))QY%epn |y is uniformly convergent for ¢ € [0, 7.

Note that assumption (Hoy) immediately imply that, for every ¢ € [0, T7,
t
2
/0 ‘UH(SHLOQ(V,U)CZS < 0.

Theorem 3.2 Under the assumptions on A, the conditions (Hb) and (Hop) , for every
o € C([-r,T); L*(Q,U)), Eq. (8) has a unique quadratic-mean almost periodic mild solution
x whenever

v =2Me’T\/Tey, < 1,

where ¢y, is a positive constant.

Proof. We can assume that p > 0, othezwise we can take pp > 0 such that, for t > 0,
|S(t)| < MePot. Define the operator £ on C([0,T],U) by

t

(Lx)(t) = S(t)p(0) —I—/ S(t b(s,x(s),xs)ds —I—/ S(t— S)O'H(S)ng(S) P —a.s.

= S(t)p(0) + du(t t) "
(10)

Firstly, it suffices to show that ®z(.) is quadratic-mean almost periodic whenever x is
quadratic-mean almost periodic.

Indeed, assuming that z is quadratic-mean almost periodic, using condition (Hb) and
Lemma 2.7, one can see that s — b(s, z(s),xs) is quadratic-mean almost periodic. Therefore,
for each € > 0, there exists c¢(€) > 0 such that any interval of length c(€) contains at least x
satisfying
2
sup EJb(t+ 5, 2(t + 1), 214r) - b(t,x(t),xt)\U < m (11)
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for T > 0 fixed. Furthermore

E|®z(t + k) — Pz (t)|?, = IE)’ /Ot S(t—s)b(s+ K, x(s + K), Tepr)ds — /Ot S(t— s)b(s, :c(s),acs)ds‘U

IN

{E /Ot (6 — ) (b(s + i 25 + ), Tagr) — b, 2(5). 22 fUds

¢
tMQeQPt]E/ ‘b(s + K, 2(s + K), Tsyr) — b(s,x(s), x5)
0

IN

2
ds
U

IN

t
TMZeZPT/ sup E\b(T 4+ Kk, 2(T + K), Tryy) — b(T,2(7), ;)

2
ds
0 0<7<s U

N

€.
Secondly, for the chosen v > 0 small enough, we have

]E]\If(f:r v) — U(t))? t
= E\/O S(t—i-v—S)UH(S)ng(S)—/O S(t—s)aH(s)ng(s)f
! 2 t+v 9
< ZE‘/O [S(t+v =) = S(t = s)|ow(s)dBE (s) +2]E’/t S(t — s)on (s)dBY (s)|
= L1+ 1.

Applying inequality (7) to I} we get

I < 2eH(2H —1)2H-1 /Ot ‘S(t —8)(S(v) — Id)og(s) iOQ(V,U) s
t
< 2cH(2H — 1)t2H—1M2e2pt/O ‘(S(v) —Id)og(s) i%(V,U)ds
< 2eH(2H — 1)2H-1 4200 (1  20v) /Ot ‘O'H(S) i%(MU)ds.
Applying now inequality (7) to Iz we obtain
t+v 2

We observe that the condition (Hoyr) ensures the existence of a positive constants ¢; and ¢y
such that

¢ 2
_ 2H—1 374 2pt 2pv <
2cH(2H — 1)t M=e*P"(1+e )/0 ‘O’H(S) L%(V,U)ds <e,
and
o —1q,2.200 [T 2
— - pU < 0o,
2cH(2H — 1)v M*e ./0 or(s) L%(V,U)ds < c

Therefore, for the chosen v > 0 and all t > 0 we have

E[U(t+v) —U(t)* <cp +eg = c3.

18
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From the above discussion, it is clear that the operator £ maps C([0,T],U) into itself.
Finally we claim that £ is a contraction mapping on C([0,7],U). We have

2
2 t
E|(c)t) — )@ = B| [ S¢=9)[bls.2(s).2.) = bls. (s). )] ds
t 2
< 2PE [ [bs,a(s),2) = bls,y(s), )] ds
0
t 2
< 2M?e*TE [ sup |b(r,2(7),x7) = b(1,y(7),yr)| ds
0 0<7<s U
< Mm% e, sup (lo—ylf + |z — yl%)
0<7r<s
< ATM?e*Tey||z — y||2..
Hence,
I(£)(®) = (Ly)Olloe < 2M e VT = ylloo = Y]z = ylloc. (12)

As v < 1, by (12), we know that L is a contraction mapping. Hence, by the contraction
mapping principle, £ has a unique fixed point x, which obviously is the unique quadratic-
mean almost periodic mild solution to Eq. (8).
O

Now, we give another main result. We first need to state the following conditions:
(H') The semigroup {S(t)}+>0 is bounded, i.e., there exists a constant M; > 0 such that

[S(t)|lv < My; R B
(H'b) The function b € C([0,T] x U x C,U), and for each natural number n, there exists a
function 7, : R — R* such that

sup E|b(t, z(t), )% < (),  for (z,2) € U x C, t € [0,T);

jal<n

(H'op) The function og : [0,7] — L%(U, V)), and there exists a function 9 : R — R such
that

2
o (t) Loy SO, fort€0.7)
1 T T
(H") lim inf - </ Mn(s)ds + tr(Q)cH(2H — 1)T2H_1/ 19(5)(15) =Q < 0.

Theorem 3.3 Let the conditions (H'), (H'b), (H' o) and (H") be satisfied. Then Eq. (8)
has a quadratic-mean almost periodic mild solution whenever QM? < %

Proof. Let £ be the operator defined by (10). First, we use the Schauder fixed point theorem
to prove that £ has a fixed point. The proof will be given in several steps.

Step 1. Let {x,} be a sequence such that x,, — x. Using the continuity of b(¢, z(t), z;) with
respect to z(t) and x4, we get b(t, x,(t), (xn):) — b(t,x(t),x1) as n — oco. Foreach 0 <t < T
we have

2 2
E|(La) () — (La) (1) |

~ E /t S(t — $)[b(s, 20 (5), (n)s) — b(s, 2(s), z5)|ds
0

2M2E /0 t b5 2a(5), (2)s) — b(s. 2(s), ) st
2T M? sup E|b(r, 2, (1), (n),) — b(7, 2(1), 2.)|3;

0<7<s

IA

IN
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which implies that £ is continuous.

Step 2. Let D, = {z € C([0,T],U);|z| < n}, for cach natural number n. We want to
show that the operator £ maps bounded sets into bounded sets, i.e. there exists a natural
number n* such that £D,» C D,~. If it is not true, then for each n, there exist z,, € D,, and
tn € [0,T] such that Lz, (t,) > n. This, together with (H'), (H'b), (H'op) and (H”) yields

n

<

IN

IN

IN

‘(ﬁxnxtn)%

]E|S(t)go(0) + /0 " St — $)b(s, 2n(5), (0)s)ds + /O " St — s)ou(s)dBE (s)
2

2

3E|S(1)p(0)2 + 3E /O " St — $)b(s, 2n(s), (n)e)ds

+3IE| /O " St — $)o(s)dBE(s)

T
SM2E|o(0)|? +3/ E|S(t — s)b(s, 2(s), ) 2ds
0
T
3M2tr(Q)cH (2H — 1)T2H 1 /0 011(5) B (1,5

T T
3M2E|(0)|2 + 3M2 / mn(s)ds + 3M2tr(Q)eH(2H — 1)T2H / 9(s)ds.
0 0
(13)

Dividing both sides of (13) by n and taking the lower limit as n — oo, one obtains

ME [T MEt H(2H — 1)T*1~1 (T
1 < liminf =2 / Nn(s)ds + SMitr(Q)eH( ) / J(s)ds.
0 0

n—oo n n

This is a contradiction to the assumption QM12 < % Then LD,« C D,.
Step 3. Let D,« be a bounded set as in Step 2, and x € D,». Then for t; < to we have

B|(Lz)(t2) — (L2)(t)IF

IN

IN

3E|[S(t2) — S(t1)](0)] + SE‘ /0 ® S(ts — 8)b(s, 2(s), a)ds —

SIE

0

to 2

S(ta — s)ou(s)dBY (s) - /0 " St — s)ou(s)dBE(s)

0

3E|[S(t2) — S(t1)]e(0)]?

3E

SIE

BE|[S(t2) — S(t1)]e(0)|* + 6

61

615

to t1 2
S(s)b(ta — s, x(ta — s), Tp,—s)ds — / S(s)b(t1 — s, x(t1 — s), x4, —s)ds

0 0

OtQ S(s)ou(ts — 5)dBH (s) - /0 " S()ou(ts — 5)dBH(s)

2

to
S(s)b(ta — s, x(ta — s), Tt,—s)ds
t1

2

0t1 S(s)[b(ta — s, x(te — 8), xty—s) — b(ta — s, x(ta — ), Ty—s)|ds

/0 " (o (ts — ) — onlts — )dBE(s)

2
+6IE

2

/ * S(s)os(ts — 5)dBE(s)] .

t1

20

" S(t1 — s)b(s, x(s), zs)ds
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Applying (7) of Lemma 2.3, the assumptions (H'b) and (H'opy), we obtain
E|(Lz)(t2) - (L2)(t1)lF

to
< BE|[S(t2) = S()]p(0) 2+ 6M7 [ " Elb(ts — s.2(t2 = 5),1,-)ds
1
t1
+ 6M12/ Elb(ty — s,x(te — 8), x4,—s) — b(t1 — s, 2(t1 — s),xtl_s)lzds
0
t1
+ 6M2tr(Q)eH(2H — 1)T2H -1 /0 o11(t2 = 5) = ou(ts — )y (11 ds
to
+ 6M2tr(Q)eH(2H — 1)T2H -1 /t o11(t2 = 5) 2y 1105
1
to
< BE[S(t2) = SO + 6012 [y a(s)ds
1

to
+6MEtr(Q)cH(2H — 1)T?H=1 [ 9(ty — s)ds
t1

t1
+ 6M12/ Elb(ty — s,x(ta — 8), T4,—s) — b(t1 — s, x(t1 — 3),xt1_s)]2ds
0
t1
+ 6MEr(Q)cH(2H — 1)T2H_1/0 log(ta —s) —og(t; — s)&%(U’V)ds.

Thus L is equicontinuous.

It remains to prove that ©(t) = {Lx(t);x € Dy~} is relatively compact in U. S(t) is
compact in U, since it is generated by the dense operator A. Then ©(0) = S(0)x is relatively
compact in U.

Now, for ¢ fixed and for each € € (0,t), x € Dy~ we define Lz(t) as follow

t—e

t—e
Lex(t) = S(t)e(0) + / S(t —s)b(s,z(s),xs)ds + S(t— S)O’H(S)ng(S). (14)
0 0
Then the sets Oc(t) = {Lex(t);x € Dy+} are relatively compact in U. Moreover, for each
x € Dy+, one has

|Lx(t) — Eex(t)]%] < 2M12</t Nn(s)ds + tr(Q)cH (2H — 1)T2H_1 t ﬁ(s)ds), (15)

t—e
from which, by combining the condition (H"), follows that there are relatively compact sets
arbitrarily close to ©(t) and hence ©(t) is also relatively compact in U. Thus, the Arzela-
Ascoli theorem implies that £D,« is relatively compact, and £ is completely continuous on
Dy

As a consequence of Steps 1-3 together with the Schauder fixed point theorem, we deduce
that £ has a fixed point in D,» which is a quadratic-mean almost periodic mild solution to
Eq. (8).

O
Now, we give the third main result. In this sequence, we require the following assumptions.
(H”b) The function b € C([0,T] x U x C,U), and there exists a function 7 : R — R* such
that
sup Blb(t, a(t), 2)[% < n(t), for (z,:) € U x C, t € [0,T);

t t
(H"") The integral/ n(t—s)ds+tr(Q)cH(2H—1)T2H*1/ Y(t—s)ds exists for all t € [0, T].
0 0
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Theorem 3.4 Let the conditions (H"b), (H'op) and (H") be satisfied. Then Eq. (8) has a
quadratic-mean almost periodic mild solution.

Proof. We shall also apply the Schauder fixed point theorem to prove this theorem. The
proof of Step 1 in this theorem is the same as the proof of Step 1 in Theorem 3.3 and so is
omitted. Now, we start our proof from Step 2.

Step 2. Let D = {z € C([0,T],U); x| < k}, where k = 3MZ(IE|p(0)|2 + My) and M, is
the integral defined in (H”). We have

2

(Lz)(t)F = ‘ —|—/ b(t — s, z(t — s), Tr—s ds+/ s)om t—s)dBQ( s)

3M2E|(0) 2 +3/ E[S(s)b(t — s, 2(t — 5), 2r_s)[2ds
0

IN

4 BMZHQH ~ )T 1r(@) [ ot~ )3y 111
< 3M} (]E|<p(0)|2 + /t n(t — s)ds + cH(2H — 1)T*H~1r(Q) /t It — s)ds> =
0 0

Therefore, L : D — D.
Step 3. Let D be a bounded set as in Step 2, t; <ty and z € D. We have

E|(Lz)(t2) — (L) (t)?

to to
< 3E|S(ta — S(t1))p(0)|* + 6M12/ n(ty — 8)ds + 6M7EcH(2H — )T* 7 r(Q) [ I(ta — s)ds
t1

t1
t1
n 6M12/0 E[b(ts — s, 2(ts — 5), 74y s) — b(t1 — s, 2(t1 — s), 24, o) |2ds

t1

+ 6M2eH(2H — DT2H-14(Q) / o1(t2 = 5) = on(ts — )y (0.
0 bl

Thus, £ is equicontinuous.

Set ©(t) = {Lx(t) : € D}. Fix t, for each ¢ € (0,t) and x € D. Let L. be the
operator defined by (14); then the sets ©.(t) = {Lcx(t) : © € D} are relatively compact in U.
Meanwhile, (15) implies that £, arbitrarily close to ©(t) and ©(t) is also relatively compact
in U. Thus, the ArzelaAscoli theorem implies that LD is relatively compact, £ is completely
continuous on D.

Finally, we can conclude from Step 1-2 that LD — D is continuous and completely continuous.
Thus, £ has a fixed point in D by using the Schauder fixed point theorem. So, it follow that
Eq. (8) has at least a quadratic-mean almost periodic mild solution.

O

4 Stability

As in this section we first assume that the operator A is a closed linear operator generat-

ing a strongly continuous exponentially stable semigroup S(.) on U, that is, for ¢ > 0, it

holds |S(t)|y < Me™, M,\ > 0. We also assume in addition to assumption (Hoy) that
o0

e’\8|(f}j((s)|%22 (w.v)ds < oo. Our first result on the stability of the quadratic-mean almost

periodic mild solution is the following theorem.

22


Galaxy
Text Box
22


ROMANIAN JOURNAL OF MATHEMATICS AND COMPUTER SCIENCE, 2014, VOLUME 4, ISSUE 1, p.12-26

Theorem 4.1 Under the assumptions on A, the conditions (Hb) and (Hoy) , the quadratic-
mean almost periodic mild solution x(t) to Eq. (8) is globally exponentially stable.

Proof. Using the assumptions, one can choose a positive constant n such that 0 < n < A.
One has

. 2
/0 S(t— s)b(s,z(s),zs)ds
’ (16)

"' Elx(t)[?

IN

3" E|S(1)p(0)]? + 3e™IE

t

L e"E / S(t — s)on (s)dBL (s)
—0o0

= 3e™E|S(t)p(0)|]> + I + I».

Estimating the terms on the right-hand side of (16) yields
3e™E|S(H)p(0)]? < 3¢ PMZE|p(0)]2 - 0 as ¢ — oo, (17)
and

t
L < 3677tM2Cb/

t
—A(t—s) —A(t—s) 2 2
; e dS/O € (\x(s)\U—i- Hxs”c)ds'

For the chosen parameter 6, and any x(t) € U we have

t
o< 3t e (la(s)f + ) ds

t
= 3a2ae® [ e (fa(s)ff + 3 )ds.

Now, for any € > 0, there exists a constant v > 0 such that e"|z(s — )|} < ¢, for s > v, and
we have

I

IN

t
320 / e (o (s) 3+ [l ) ds

v
3 [Tl (a(s)f + L) ds (1)
<

2 v
GM/\(,C"E + %M%be_et/o eese"5<]az(s)|2U + Hast%)ds

Using the fact that e=% — 0 as t — oo, it follows that there exists a constant u > v such
that for any t > wu,

%Mzcbe_at /_voo 6956”5(\:6(8)]2(] + H:L’SH%)ds <e— 6]\{\20%6. (19)
Thus, from (18) and (19), we get for any ¢ > u, )
I = 4e"E /t S(t—s)b(s,z(s),xs)ds| <e,
which implies '
. 2
I = 4e"E /0 S(t — s)b(s,z(s),zs)ds| — 0 as t— oo. (20)
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Estimating I, for any z(t) € U, t > —r, we have

t
I, < 3cH(2H — 1)M2T?*H-1¢nt /0 6_2>\(t_s)|UH(3)|%0Q(U,V ds

)

IN

t
3cH(2H — 1)M*T?*H /O e/\s|0H(s)|%OQ w95

and the additional assumption to (Hop) ensures the existence of a positive constant e such
that

t
3cH(2H — 1)M2T2H/ €>\S’UH(S)‘%%(UV)CZS <e forall t> —r. (21)
0 b

Thus, from (17), (20) and (21), we obtain e™IE|z(t)|*> — 0 as t — oo. The quadratic-mean
almost periodic mild solution of (8) is exponentially stable.
|
Now we study the uniform stability of the quadratic-mean almost periodic mild solution to
Eq. (8). We first require the following assumption:
(H"b) The function b € C([0,T] x U x C,U), and there exists a function ¢, : R — R4 such
that

[b(t, 2, y)[Er < () <|33|Z2J + ||y|%>,
where (z,y) € U x C, t € [0,T].

Theorem 4.2 Under the assumptions (H'), (Hoy) and (H"b), the quadratic-mean almost
t

periodic mild solution to Eq. (8) is uniformly stable whenever M1 < &, where I = / cp(s)ds.
0

Proof. Let z(t) be a solution of

(1) = S(t)p(0) + /O " St — $)b(s, 2(s), 22)ds + /0 'St son()dBE(s)  (22)

such that z(0) = o, where xy € U. Then

2

()5 < 3E[S({t)e(0))? + 3E /OtS(ts)b(s,x(s),xs)ds

2

+ 3E /0 "S(t — s)or(s)dBE (s)

t
< SMPEIO + 307 [ () (el + ol E)ds

t
+ 3M120H(2H—1)T2H_1t7“(Q)/ o (3) 2 (1715
0 )

Using the assumption (Hop) we obtain

t
SOF < 3MFe0)|% + 607 A%@w)m&+@
= 3MFp(0) [ + 6ol + co
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c3 is a positive positive constant.
Thus

212, < 3MF[lp(0)[I3 + 6MP||=][3, + cs,
6MZ1 < 1 yields

1
)12, < = (c3 + 3M7[p(0)]I2, )-
> 1—6M12[< °°)

Therefore, if ||(0)||%, < A(€), then ||z||%, < €, which implies that the quadratic-mean almost
periodic mild solution to Eq. (8) is uniformly stable.
g

5 Example

Consider the following stochastic evolution equation:

2

dé(t,r) = @f(t, ) + 8[€(t, z)(sin(t) + sin(v/2t))] | dt + O'H(t)ng(t), te[0,1],z € [0, ],
£(t,0) = &(t,m) =0, telo,1],
Et,z) = p(t,z), tel-r0],

(23)
where r € (0,1), ¢(.,z) € C(|-r,0],R) and Bg(t) is a @Q-cylindrical fractional Brownian
motion with Hurst parameter H € (3,1) satisfying ¢r(Q) = 1. Denote U = L*(IP, L?[0, 71]),
and define A: D(A) C U — U given by A = 68—:2 with
D(A)={£(.)eU:¢" €U, €U is absolutely continuous on [0, 7],£(0) = £(7) = 0}.

It is well known that a strongly continuous semigroup .S, generated by the operator A,
satisfies |S(t)| < e~t, for t > 0. Taking b(t, ¢, ¢;)(0) = 6[p(0)(sin(t) + sin(v/2t))], and o
satisfies assumption (Hoz). Thus one has

b(t, 2, 2¢) = b(t, y, ye) |y < 46%|x — .

Therefore, Eq. (23) has a quadratic-mean almost periodic mild solution, provided that,
0 < % according to Theorem 3.2.

Let 7, (t) = 6,,(t) = 62(sin(t) +sin(v/2t))? for n € N, Eq. (23) has a quadratic-mean almost
periodic mild solution according to Theorem 3.3.

Let n(t) = 6,(t) = 62(sin(t) + sin(v/2t))?, Eq. (23) has a quadratic-mean almost periodic
mild solution according to Theorem 3.4.
The quadratic-mean almost periodic mild solution to Eq. (23) is exponentially stable accord-
ing to Theorem 4.1.
The quadratic-mean almost periodic mild solution to Eq. (23) is uniformly stable, provided

that, § < % according to Theorem 4.2.
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