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Abstract

A T'-semihyperring is a generalization of a semiring, a generalization of a semi-
hyperring and a generalization of a I'-semiring. In this paper, we define the notion
of a fuzzy (prime) I-hyperideal of a I'-semihyperring. Then we prove some results
in this respect. Also, by using the notion of fuzzy I'-hyperideals, we give several
characterizations of I'-semihyperrings.
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1 Introduction

In 1964, Nobusawa introduced I'-rings as a generalization of ternary rings. Barnes
[4] weakened slightly the conditions in the definition of I'-ring in the sense of Nobusawa.
Barnes [4], Luh [27] and Kyuno [21] studied the structure of I'-rings and obtained
various generalizations analogous to corresponding parts in ring theory. The concept of
I-semigroups was introduced by Sen and Saha [30, 31] as a generalization of semigroups
and ternary semigroups. Then the notion of I'-semirings introduced by Rao [28].
Algebraic hyperstructures represent a natural extension of classical algebraic struc-
tures and they were introduced by the French mathematician Marty [22] . Algebraic
hyperstructures are a suitable generalization of classical algebraic structures. In a clas-
sical algebraic structure, the composition of two elements is an element, while in an
algebraic hyperstructure, the composition of two elements is a set. Since then, hun-
dreds of papers and several books have been written on this topic, see [5, 6, 12, 33]. In
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[2, 3, 20], Davvaz et. al. introduced the notion of a I'-semihypergroup as a generaliza-
tion of a semihypergroup. Many classical notions of semigroups and semihypergroups
have been extended to I'-semihypergroups and a lot of results on I'-semihypergroups
are obtained. In [17, 18, 19], Davvaz et. al. studied the notion of a I'-semihyperring as
a generalization of semiring, a generalization of a semihyperring and a generalization
of a I'-semiring.

After the introduction of fuzzy sets by Zadeh [34], reconsideration of the concept
of classical mathematics began. In 1971, Rosenfeld [29] introduced fuzzy sets in the
context of group theory and formulated the concept of a fuzzy subgroup of a group.
The concept of a fuzzy ideal of a ring was introduced by Liu [26]. The study of fuzzy
hyperstructures is an interesting research topic of fuzzy sets. In [9], Davvaz introduced
the concept of fuzzy H,-ideals of H,-rings. Then this concept was studied in the depth
in several papers, for example see [7, 8, 11, 14, 15, 16, 23, 24, 25]. In [13], Davvaz and
Leoreanu studied the notion of a fuzzy I'-hyperideal of a I'-semihypergroup. Now, in
this paper, we define the notion of a fuzzy (prime) I'-hyperideal of a I'-semihyperring.

2 TI'-semihyperrings

Let H be a non-empty set and let P*(H) be the set of all non-empty subsets of H.
A hyperoperation on H is a map o: H x H — P*(H) and the couple (H, o) is called
a hypergroupoid. If A and B are non-empty subsets of H and x € H, then we denote

AoB = U aob, toA={r}oA and Aox = Ao{z}.
a€A,beB

A hypergroupoid (H,o) is called a semihypergroup if for all z,y,z of H we have (x o
y)oz==xo (yoz), which means that

U Uoz= U Trow.

ucroy veyoz

Let (S,-) be an ordinary semigroup and let P be a subset of S. We define
zoy=x-P-y, forall z,y € S.

Then, (S, 0) is a semihypergroup.
A semihyperring is an algebraic structure (R, +, -) which satisfies the following prop-
erties;
(1) (R,+) is a commutative semihypergroup, that is,
(i) (z+y)+z=2+(y+2)
(i) z+y=y+a foral z,y,z € R.
(2) (R,-) is a semihypergroup that is (x-y)-z=x - (y - 2) for all x,y € R.
(3) The multiplication is distributive with respect to hyperoperation + that is x -
(y+z)=z-y+ax-2z (x+y)-z2=z-2+y-2
(4) The element 0 € R is an absorbing element that is -0 =0-2 = 0 for all
x € R. A semihyperring (R, +) is called commutative if and only if a-b=b-a for all
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a,b € R. Vougiouklis in [32] and Davvaz in [10] studied the notion of semihyperrings
in a general form, i.e., both the sum and product are hyperoperations, also see [1].

A semihyperring (R, +) with identity 1z € R means that 1g-x =215 =z for all
x € R. An element x € R is called unit if there exists y € R such that lg = z-y = y- .
Here U(R) is the set of all unit elements. A nonempty subset S of a semihyperring
(R,+,-) is called a sub-semihyperring if a+bC S and a-bC S for all a,b € S. A left
hyperideal of a semihyperring R is a non-empty subset I of R satisfying

(i)z+yCI forallz,yel.

(iil)z-aC 1 forallael and z € R.

The concept of I'-semihyperring is introduced and studied by Dehkordi and Davvaz
[17]. We recall the following definition from [17].

Definition 2.1. Let R be a commutative semihypergroup and I" be a commutative
group. Then R is called a I'-semihyperring if there exists a map R x I' x R — P*(R)
(image to be denoted by a a b for a,b € R and o € I') and P*(R) is the set of all
non-empty subsets of R satisfying the following conditions:

(i) aa(b+c) = aab + aac,
(i) (a+ b)ac = aac + bac,
(iii) a(o+ B)c = aac + afc,
(iv) aa(bfc) = (aab)Be.

In the above definition if R is a semigroup, then R is called a multiplicative T'-
semihyperring. A T'-semihyperring R is called commutative if zay = yax for every
z,y € Rand a € I'. We say that R is a ['-semihyperring with zero, if there exists 0 € R
such that a € a+0 and 0 € Oaa, 0 € aal for all a € R and o € I'. Let A and B be
two non-empty subsets of I'-semihyperring R and x € R. We define

A+B={z|zca+b ac A, be B}

and
ATIB={z|z€caabac A, be B, a eI}

A non-empty subset Ry of I'-semihyperring R is called a sub I'-semihyperring if it is
closed with respect to the multiplication and addition. In other words, a non-empty
subset R; of I'-semihyperring R is a sub I'-semihypergroup if Ry + Ry C R; and
Ri{T'Ry C R;.

EXAMPLE 1. [17] Let R = Z4 and T’ = {0,2}. Then R is a multiplicative I-semihyperring
with the following hyperoperation:

zay = {0,2},

where z,y € R and a € T.
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EXAMPLE 2. [17] Let R be a ring, {A4}4cr be a family of disjoint non-empty sets and
(I',+) be a subgroup of (R,+). Then S = |J,cp Ay is a I'-semihyperring with the
following hyperoperations:

geER

DY = Agitgyy TY = Agragy,
where x € A, and y € Ag,.

Definition 2.2. A non-empty subset I of I'-semihyperring R is a right (left) I'-hyperideal
of R if I is a subhypergroup of (R,+) and ITR C I (RT'I C I), and is an ideal of R if
both a right and left ideal.

REMARK 1. Note that in Definition 2.1, if R is a commutative semigroup and there
exists a map R x I' x R — R which satisfies the conditions of Definition 2.1, then R
is called a I'-semiring.

The notion of I'-semiring was introduced by Rao [28] as a generalization of I'-rings,
rings and semirings.

ExXaMPLE 3. Let R be an additive semigroup of all m x n matrices over the set of
all non negative rational numbers and let I' be the additive semigroup of all n x m
matrices over the set of all non-negative integers. Then, R is a I'-semiring with matrix
multiplication as the ternary operation.

EXAMPLE 4. Let QT be the set of all non-zero rational numbers and let I' be the set of
all positive integers. Let a,b € Q" and a € I'. If we define the map R xI' x R — R
by aab — |a|ab, then QT is a I'-semiring.

ExAMPLE 5. Consider the semigroup of positive integers R = (Z",+) and the semi-

group of even positive integers I' = (2Z*, +). Then R is a I-semiring,.

3 Fuzzy I'-hyperideals of ['-semihyperrings

In this section, we define the notion of a fuzzy I'-hyperideal of a I'-semihyperring
and study some properties of it.

Definition 3.1. Let R be a I'-semihyperring and p be a fuzzy subset of R. Then

(1) pis called a fuzzy left I'-hyperideal of R if

min{u(z), u(y)} < infoeepy{p(2)}, v,y € R,
N(y) < infzex'yy{u(z)}v Vr,y € R, Vyel.

(2) wis called a fuzzy right T'-hyperideal of R if

min{u(z), w(y)} < infreaty{p(2)}, Vz,y € R,
pw(z) < infreppy{p(2)}, Vo,y € R, Vy €T
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(3) wis called a fuzzy I'-hyperideal of R if it is both a fuzzy left I'-hyperideal and a
fuzzy right I'-hyperideal of R.

EXAMPLE 6. Let (R, +,-) be a semihyperring and I' be a hyperideal of R. We define
the map R x I' x R — P*(R) by (z,v,y) — {a € R|a € z-v-y}. Then, Ris a
I'-semihyperring. Now, we define the fuzzy subset p of R by

u(:c)z{g ifzel

0 otherwise.
Then, p is a I-hyperideal of R.
Definition 3.2. Let R be a I'-semiring and p be a fuzzy subset of R. Then

(1) pis called a fuzzy left T'-ideal of R if

min{u(z), w(y)} < plz +y), Va,y € R,
w(y) < p(ryy), Yo,y € R, ¥y eT.

(2) pis called a fuzzy right T'-ideal of R if

min{yu(x), u(y)} < plr +y), Vo,y € R,
w(z) < p(zvy), Yo,y € R, Vy el

(3) wis called a fuzzy I'-ideal of R if it is both a fuzzy left I'-ideal and a fuzzy right
I'-ideal of R.

EXAMPLE 7. Let G and H be two additive abelian groups, R = Hom(G, H) and
' = Hom(H,G). Then, it is easy to see that R is a I'-semiring with the pointwise
addition and composition of homomorphisms.We define a fuzzy subset u by

plp) = {

Let I be a non-empty subset of a I'-semihyperring R and x; be the characteristic
function of I. Then I is a left I'-hyperideal (right I’-hyperideal, I'-hyperideal) of R if
and only if y; is a fuzzy left I'-hyperideal (respectively, fuzzy right I'-hyperideal, fuzzy
I-hyperideal) of R.

ifo=0
if o #0.

W= Ot

Then, p is a I'-ideal of R.

Lemma 3.3. If {y;};cp is a collection of fuzzy I'-hyperideals R, then (| p; and |J p;
€A €A
are fuzzy U'-hyperideal of R, too.
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Proof. For all a,b € R and a € I', we have
(a)

it {(nw)@f = { ;g{uxz)}} > inf {min{ia (@), (6)}}

: {( > W o}

it f(Um) @} = ot St} > sup mingu).mon
i {sup ) sup )}

o () )}
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We recall the t-level cut of u or the level subset with respect to  as follows:
U(pst) ={z € R | p(z) = t}.

Theorem 3.4. A fuzzy subset u of a I'-semihyperring R is a fuzzy I'-hyperideal of R
if and only if for every t € [0,1], the set U(u;t) is a I'-hyperideal of R when it is a
non-empty set.

Proof. Suppose that p is a fuzzy I-hyperideal of R. For every x,y in U(u;t), we have
pu(xz) > t and p(y) > t. Hence, min{u(z),pu(y)} > t and so inf,cpypy {p(2)} > t.
Therefore, for every z € x +y we get pu(z) > t which implies that z € U(u;t). Thus,
x4y CU(pst).

Now, we show that U(u;t)['R C U(p;t). Assume that © € U(p;t),y€Tandr € R
are arbitrary elements. Since x € U(ust), u(x) > t. Then, t < p(x) < inf.epyr{p(2)}
which implies that for every z € zyr, pu(z) > t. Hence, z € U(u;t). Therefore,
xyr C U(p;t). Similarly, we can see RI'U(u;t) C U(p;t).

Conversely, suppose that for every 0 <t < 1, U(u;t) (# 0) is a I-hyperideal of R.
For every z,y in R, we can write u(z) > to and pu(y) > to, where to = min{u(x), u(y)}.
Then, x € U(u;tp) and y € U(u;tp). Since U(p;to) is a I-hyperideal, we obtain
x+y C U(p;tg). Therefore, for every z € = + y we have u(z) > ty implying that
inf,cpty{p(2)} > to and so min{pu(z), u(y)} < inf,cpty{p()} and in this way the first
condition of the definition is verified.

Now, suppose that z,y € R and v € I" are arbitrary elements such that p(z) = so.
Then, z € U(p; so). Since U(u; so) is a I-hyperideal, we obtain xyy C U (u;so). Hence
for every z € zyy, we have z € U(p; s0) so p1(z) > sg. Therefore, inf ez {11(2)} > p().
Similarly, we can see inf, e,y {11(2)} > p(y). O

Proposition 3.5. Let R be a I'-semihyperring and p be a fuzzy I'-hyperideal of R.

(1) If a is a fixed element of R, then the set u* = {x € R | u(x) > p(a)} is a T-
hyperideal.

(2) The set U ={x € R | u(x) = (u(0)} is a I'-hyperideal of R.

Proof. 1t is straightforward. O

4 Fuzzy prime ['-hyperideals of ['-semihyperrings

Definition 4.1. Let R be a I'-semihyperring and P be a proper right (left) I-hyperideal
of R. Then P is called a prime right (left) I'-hyperideal if for every x,y € R, xI’'RT'y C P
implies that x € P or y € P.

EXAMPLE 8. [18]. Let S be the I'-semihyperring defined in Example 2. If P is a prime
[-hyperideal of R such that ' P = (), then Sp = Ay is a prime I'-hyperideal of
I-semihyperring S.

geP
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Proposition 4.2. [18]. Let R be a I'-semihyperring with zero and P be a right ideal
of R. Then the following are equivalent:

(1) P is a prime T'-hyperideal,

(2) ITJ C P implies that I C P or J C P, where I and J are two left (right)
I'-hyperideals of R.

Definition 4.3. Let R be a I'-semihyperring and 6, o be two fuzzy subsets of R. Then
the sum 0 @ o, the product 0T'c and the composition 6 o o are defined by

sup {min{f(z),o(y)}} for x,y € R

Odo)(z) = { z€x+y

0 otherwise.

(0T0) () = { Zséggy{min{ﬂ(x),a(y)}} forz,y € Rand y €T

0 otherwise.

n
sup{min{min{f(z;),o(yi)}}}, 1<i<nz€ > @iy vy € Ry €T
i=1

(Oo0)(z) =

0 otherwise.

Lemma 4.4. Let R be a I'-semihyperring and p be a fuzzy U'-hyperideal of R. Then

mindp(en), o p(ea)} € b {u(),

for all x1,x9,..., 2, € R.

Proof. The validity of this lemma is proved by mathematical induction. O

Proposition 4.5. Let R be a I'-semihyperring and 0,0 be two fuzzy I'-hyperideals of
R. Then
o ChHooc CHNo.

Proof. By using definitions, it is easy to see that I'c C 6 o ¢. Now, suppose that
n

T e Z T;v:yi, Wwhere x;,y; € R for 1 <¢ < n and ~; € I'. Hence, there exist a; € x;v;y;

=1
n

(for 1 < i <n) such that x € Z a;. So, by Lemma 4.4, we obtain
i=1
O(z) > min{f(a1),...,0(an)}
= min {inf;; ezi9y,{0(21)}, - - -, 02, 2,9, {0(20) 1}
> min{f(x1),...,0(zy)}.

Similarly, we obtain o(x) > min{o(y1),...,0(yn)}. Therefore, we have

(ONo)(x) =min{f(z),o(x)}
> min{min{é(z1),...,0(x,)}, min{o(y1),...,0(yn)}}
= min;{min{0(x;), o (y;)}}.
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Thus, (0 No)(x) > sup{min{min{O(x;),o(y;)}}}, where 1 <i <mn and z € in%yi,
‘ i=1

i, y; € R,v; € I'. Therefore, foc CHNo. ]

Definition 4.6. A non-constant fuzzy I'-hyperideal p of a I'-semihypergroup S is called
a fuzzy prime U-hyperideal of S if for any two fuzzy I-hyperideals 8,0 of S,

0l'c C p implies 6 C p or o C p.

ExXAMPLE 9. The following I'-semihyperring is given in [19]. Let R = {a,b,c,d}, ' = Z»
and a =0, B =1. Then R is a I'-semihyperring with the following hyperoperations:
d

@‘ a b c d 5‘ a b c

a | {ab} {ab} {cdl {cd} a | {ab} {ab} {ab} {ab}
b | {a,b} {ab} {cd} {cd} b | {ab} {ab} {ab} {ab}
¢ | {ed} {cd} {ab} {ab} c [{ab} {ab} {cd} {cd}
d | {cd} {cd} {cd} {ab} d | {ab} {ab} {cd} {cd}

For every z,y € R we define zay = {a,b}. Now, we define the fuzzy subset pu of

R as follows:
pwz) = {

Then, p is a prime I'-hyperideal of R.

frxr=aorz=2>

frx=corz=d.

U= ~Jlon

The proof of the following theorem is similar to the proof of Theorem 6.3 in [13].
Here, we give the proof for the sake of completeness.

Theorem 4.7. Let I be a I'-hyperideal of a T'-semihyperring R, t € [0,1) and p be the
fuzzy subset of R defined by

() = 1 ifxel
MEI=V ¢ ifadl

Then p is a fuzzy prime U-hyperideal of R if and only if I is a prime I'-hyperideal of
R.

Proof. Suppose that I is prime. Clearly, u is a fuzzy I'-hyperideal of R. Let 6, o be fuzzy
I-hyperideals of R such that 6T'c C p, 8 € p and ¢ € p. Thus, there exist z,y € R
such that p(z) < 6(z) and u(y) < O(y). Since I is prime, we obtain zI'RT'y € I. So
there exist r € R and 1,72 € I such that xyiryey € I. Now, there exists z € xy1ry2y
such that p(z) = t. Therefore, we obtain

t=p(z) = (0l0)(z)
> min{f(x),o(u)} (where z € zyy)
> min{0(z),o(y)}
> min{u(z), p(y)} =t
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This is a contradiction. Thus, u is prime.

Conversely, suppose that p is a fuzzy prime I'-hyperideal and A, B be two I'-
hyperideals of R such that ATB C I, A Z I and B € I. So there exist a € A\ I
and b € B\ I. Now, we define fuzzy subsets 6,0 of R as follows:

1 ifzeA 1 ifzeB
H(x)_{t ifoga o0 U(f"')_{t if = ¢ B.

Then 0, o are fuzzy I'-hyperideals of R such that 81'c C p. On the other hand, we have
0(a) =1 >t = u(a), which implies that § Z p. Similarly, we obtain o  p. This is a
contradiction. Thus, [ is prime. O

Let I be a I'-hyperideal of a I'-semihyperring R. Then, the characteristic function
xr1 of I is a fuzzy prime I'-hyperideal of R if I is prime.

Theorem 4.8. Let R be a I'-semihyperring and p be a non-empty subset of R. Then
the following statements are equivalent:

(1) wis a fuzzy prime I'-hyperideal of R.

(2) For anyt € [0,1], the level subset U(u;t) is a prime I'-hyperideal of R when it is
non-empty.

Proof. The proof is similar to the proof of Theorem 3.4. O

5 Image and inverse image of homomorphisms

Definition 5.1. Let R and R’ be I' and I'-semihyperrings, respectively, ¢ : R — R’
and f: T — IV be two maps. Then, (¢, f) is called a (T, I”)-homomorphism if

(1) plz+y)={p®) [t €z +y} C o)+ oY),
(2) p(ray) = {p(t) |t € zay} C o(x)f(a)p(y),

(3) flx+y) = f(x) + fy)

In the above definition if ¢(x + y) = @(x) + ¢(y) and p(zay) = ¢(x)f(a)e(y)
then (¢, f) is called a strong (I, T”)-homomorphism. An ordered set (o, f) is called an
epimorphism, if ¢ : R — R’ and f : ' — T” are surjective and is called a (I',T")-
isomorphism if ¢ : R — R’ and f : ' — I" are bijective. In the following examples
we consider homomorphisms between I'-semihyperrings.

ExXAMPLE 10. [18]. Let Ag = [0, 1], A1 = (1,2), A2 = [2,3) and A,, = [n,n+1) for every
n € Z, n ¢ {0,1}. Suppose that Ry = Ry = J,,cz, An. Then Ry is a 2Z-semihyperring
and Ry is a Z-semihyperring. Suppose that x € R;. Then, there exists n € Z such that
x € A,. We define ¢ : R| — Ry and f : 2Z — Z as follow:

cp(x)—{() if n is odd and f=0.

1 if nis even

It is easy to see that (¢, f) is a (2Z,Z)-homomorphism.
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ExampLE 11. [18]. Let A, = [n,n + 1), for every n € Z and R = |J,,c An. Then
for every z € R there exists n € Z such that x € A,,. We define ¢ : R — R and
f:Z — 7Z as follow:

o(x) =n and f(z) =z, where z € A,.
It is easy to see that (¢, f) is a (Z, Z)-homomorphism.

Let ¢ be a mapping from a set X to a set Y. Let u be a fuzzy subset of X and A
be a fuzzy subset of Y. Then the inverse image ¢~ 1()\) of X is the fuzzy subset of X
defined by ¢ 1(\)(x) = M(¢(z)) for all x € X. The image p(u) of u is the fuzzy subset
of Y defined by

o)) = { sup{u(t) | t € 7 (y)} if ¢~ (y) # 0

0 otherwise
for all y € Y. It is not difficult to see that the following assertions hold:

(1) If {\i}ier be a family of fuzzy subsets of Y, then

ot (U )\i> =Je '(\) and ¢! (ﬂ A,») = (M)

i€l iel iel i€l
(2) If p is a fuzzy subset of X, then u C ¢! (¢o(1)). Moreover, if ¢ is one to one,
then o~ (p(n)) = p.

(3) If X is a fuzzy subset of Y, then ¢ (¢1(X)) € A. Moreover, if ¢ is onto, then
e (') = A

Proposition 5.2. Let R be a I'-semihyperring and R’ be a T'-semihyperring. Let (o, f)
be a strong (T',T")-homomorphism from R to R'. Then

(1) If X\ is a fuzzy T-hyperideal of R', then ¢~ 1()\) is a fuzzy T-hyperideal of R, too.

(2) If (, f) is an epimorphism and p is a fuzzy U-hyperideal of S, then p(u) is a
fuzzy T-hyperideal of R, too.

Proof. (1) Suppose that z,y € S and 7y € I'. Then we have

inf {7'(A)(2)} = _inf {A(p(2))}

z€x+y zex+y

> inf - {Me(2))}
w(2)€p(z+y)

> inf AMo(z
o ¢(2)6¢(1)+<p(y){ (p(2))}

> min{A(¢(2)), M (y)) }
= min{p~ ' (A)(2), e (N (W)}
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and

inf {go_l()\)(z)} = inf {A(p(2))}

zExYY ZETVY
> inf  {A(e(2))}

w(2)€p(zvy)

> inf AMo(z
_@(Z)Gso(w)f(w)w(y){ ()}

> Me(y))
= N)(y)-

Therefore, = () is a fuzzy I'-hyperideal of R.

(2) Suppose that 2,y € R’ and o' € I". Then there exist x,y € R and v € I such

that p(z) =2/, ¢(y) =y and f(v) =~'. Now, we have

inf {o(u)(z)} =  inf { sup {ﬂ<c)}}

Zlel’/'\/,y, Z/exl,y/y/ CE¢71(z/)

> inf  {u(2)} (if we let p(2) = 2/)
Z/Ex/,y/y/

= inf z
w(Z)Ecp(x)f(v)sO(y){u( )}

= inf z
w(Z)E%’(fwy){M( )}

— inf {u(=)}

zZEXTYY

> w(y).

So, for every y € ¢~ 1(5), we have

{o(w)(2)} = pu(y)

inf
Z/ex/,y/y/
which implies that

Jinf o))} = sup {u(y)}
Z'ex'y'y yep~1(y)

and so

{e(w)()} = o) (v)-

inf
Z/ezl,yly/
Similarly, we have

Ldnt y,{w(u)(Z’)} > min{p(u)(z"), (1) (Y)}

Therefore, ¢(u) is a fuzzy I-hyperideal of R’

O]

Proposition 5.3. Let R be a I'-semihyperring and R' be a T’ -semihyperring. Let (¢, f)
be a strong (U, T")-homomorphism from R onto R'. If X\ is a fuzzy prime I'-hyperideal

of R, then o~Y(\) is a fuzzy prime I'-hyperideal of R, too.
Proof. The proof is similar to the proof of Proposition 5.2.
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