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Abstract

We give several bounds for sdepthS(I + J), sdepthS(I ∩ J), sdepthS(S/(I + J)),
sdepthS(S/(I ∩ J)), sdepthS(I : J) and sdepthS(S/(I : J)) where I, J ⊂ S =
K[x1, . . . , xn] are monomial ideals. Also, we give some equivalent forms of Stanley
Conjecture for I and S/I, where I ⊂ S is a monomial ideal.
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Introduction

Let K be a field and S = K[x1, . . . , xn] the polynomial ring over K. Let M be a Zn-graded
S-module. A Stanley decomposition of M is a direct sum D : M =

⊕r
i=1miK[Zi] as a

Zn-graded K-vector space, where mi ∈ M is homogeneous with respect to Zn-grading,
Zi ⊂ {x1, . . . , xn} such that miK[Zi] = {umi : u ∈ K[Zi]} ⊂M is a free K[Zi]-submodule
of M . We define sdepth(D) = mini=1,...,r |Zi| and sdepthS(M) = max{sdepth(D)| D is a
Stanley decomposition of M}. The number sdepthS(M) is called the Stanley depth of M .
Stanley [13] conjectured that sdepthS(M) ≥ depthS(M) for any Zn-graded S-module M .
Herzog, Vladoiu and Zheng show in [4] that sdepthS(M) can be computed in a finite
number of steps if M = I/J , where J ⊂ I ⊂ S are monomial ideals.

Let I ⊂ S ′ = K[x1, . . . , xr], J ⊂ S ′′ = K[xr+1, . . . , xn] two monomial ideals, and
consider S = K[x1, . . . , xn]. In Theorem 1.3, we give some lower and upper bounds for
sdepthS(IS + JS) and sdepthS(S/(IS ∩ JS)). Some lower bounds for sdepthS(IS ∩ JS)
and sdepthS(S/(IS + JS)) were given in [7], respective in [10]. An important fact, which
will be used implicitly in our paper, is that sdepthS(IS) = sdepthS′(I)+n−r, see [4]. Also,
obviously, depthS(IS) = depthS′(I)+n−r. In [10], A. Rauf conjectured that sdepthS(I) ≥
sdepthS(S/I) + 1. We prove that this inequality holds, if sdepthS(I) = sdepthS[y1](I, y1),
see Remark 1.7. In the first section we also give some corollaries of Theorem 1.3.

In section 2, we consider the general case, when I, J ⊂ S are two arbitrary monomial ide-
als. In Theorem 2.2, we give lower bounds for sdepthS(I+J), sdepthS(I∩J), sdepthS(S/(I+
J)) and sdepthS(S/(I ∩ J)). Also, we prove that if I ⊂ S is a monomial ideal, and v ∈ S a
monomial, then sdepthS(S/(I : v)) ≥ sdepthS(S/I), see Proposition 2.7. As a consequence,
we give lower bounds for sdepthS(I : J) and sdepthS(S/(I : J)), where I, J ⊂ S are mono-
mial ideals, see Corollary 2.12. Also, if I ⊂ S is a monomial ideal, we give some bounds
for sdepthS(I) and sdepthS(S/I), in terms of the irreducible irredundant decomposition
of I, see Corollary 2.13, and in terms of the primary irredundant decomposition of I, see
Corollary 2.14.

In section 3, we give several equivalent forms of Stanley Conjecture for I and S/I,
where I ⊂ S is a monomial ideal. See Propositions 3.1, 3.3, 3.4 and 3.7.

1The support from the UEFISCDI grant 247/2011 of Romanian Ministry of Education, Research and
Innovation is gratefully acknowledged.
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1 The case of ideals with disjoint support

We denote S = K[x1, . . . , xn] the ring of polynomials in n variables, where n ≥ 2. For a
monomial u ∈ S, we denote supp(u) = {xi : xi|u}. We begin this section by recalling the
following results.

Proposition 1.1. Let I ⊂ S ′ = K[x1, . . . , xr], J ⊂ S ′′ = K[xr+1, . . . , xn] be monomial
ideals, where 1 ≤ r < n. Then, we have the following inequalities:

(1) sdepthS(IS ∩ JS) ≥ sdepthS′(I) + sdepthS′′(J). ([7, Lemma 1.1])
(2) sdepthS(S/(IS + JS)) ≥ sdepthS′(S

′/I) + sdepthS′′(S
′′/J). ([10, Theorem 3.1])

(3) depthS(S/(IS∩JS))−1 = depthS(S/(IS+JS)) = depthS′(S
′/I)+depthS′′(S

′′/J).
([7, Lemma 1.1])

Lemma 1.2. Let u, v ∈ S be two monomials and Z,W ⊂ {x1, . . . , xn}. Then uK[Z] ∩
vK[W ] = lcm(u, v)K[Z ∩W ] or uK[Z] ∩ vK[W ] = (0).

Proof. Assume uK[Z] ∩ vK[W ] 6= (0) and consider 0 6= w ∈ uK[Z] ∩ vK[W ] a monomial.
It follows that w = u · α and w = v · β, where α ∈ K[Z] and β ∈ K[W ] are two
monomials. Since u|w and v|w, it follows that lcm(u, v)|w and therefore w = lcm(u, v)γ
where γ ∈ K[Z] ∩ K[W ] = K[Z ∩W ]. In particular, lcm(u, v) = v/γ ∈ uK[Z] ∩ vK[W ]
and thus lcm(u, v)K[Z∩W ] ⊂ uK[Z]∩vK[W ]. On the other hand, since w was arbitrarily
chose, it follows that uK[Z] ∩ vK[W ] ⊂ lcm(u, v)K[Z ∩W ].

Theorem 1.3. Let I ⊂ S ′ = K[x1, . . . , xr], J ⊂ S ′′ = K[xr+1, . . . , xn] be monomial ideals,
where 1 ≤ r < n. Then, we have the following inequalities:

(1) sdepthS(IS) ≥ sdepthS(IS+JS) ≥ min{sdepthS(IS), sdepthS′′(J)+sdepthS′(S
′/I)}.

(2) sdepthS(S/IS) ≥ sdepthS(S/(IS ∩ JS)) ≥ min{sdepthS(S/IS), sdepthS′′(S
′′/J) +

sdepthS′(I)}.

Proof. (1) For the first inequality, let IS+JS =
⊕r

i=1wiK[Wi] be a Stanley decomposition
of the ideal IS + JS ⊂ S. Note that (IS + JS) ∩ S ′ = IS ∩ S ′ = I, since JS ∩ S ′ = (0).
Therefore, I =

⊕r
i=1(wiK[Wi] ∩ S ′). If wi ∈ S ′, we have wiK[Wi] ∩ S ′ = wiK[Wi ∩

{x1, . . . , xr}], by Lemma 1.2. On the other hand, if wi /∈ S ′, we have wiK[Wi] ∩ S ′ =
(0). Thus, I =

⊕
wi∈S′ wiK[Wi ∩ {x1, . . . , xr}]. It follows that IS =

⊕
wi∈S′ wiK[Wi ∪

{xr+1, . . . , xn}]. Therefore, sdepthS(IS + JS) ≤ sdepthS(IS).
In order to prove the second inequality, we consider the Stanley decompositions S ′/I =⊕r

i=1 uiK[Ui] and J =
⊕s

j=1 vjK[Vj]. It follows that S/IS =
⊕r

i=1 uiK[Ui∪{xr+1, . . . , xn}]
and JS =

⊕s
j=1 vjK[Vj ∪ {x1, . . . , xr}] are Stanley decompositions for S/IS, respectively

for JS. We consider the decomposition of K-vector spaces:

(∗) IS + JS = ((IS + JS) ∩ IS)⊕ ((IS + JS) ∩ S/IS) = IS ⊕ (JS ∩ S/IS).

Note that JS ∩ (S/IS) ∼= (JS + IS)/IS, as Zn-graded K-vector spaces, and therefore
JS ∩ (S/IS) has a natural structure of Zn-graded S-module.

We have JS ∩ S/IS =
⊕r

i=1

⊕s
j=1 uiK[Ui ∪ {xr+1, . . . , xn}]∩ vjK[Vj ∪ {xr+1, . . . , xn}].

Since ui ∈ S ′ and vj ∈ S ′′ for all (i, j)′s, by Lemma 1.2, it follows that JS ∩ S/IS =
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⊕r
i=1

⊕s
j=1 uivjK[Ui ∪ Vj] and therefore sdepthS(JS ∩ S/IS) ≥ sdepth′′S(J). Thus, by (∗),

we get the required conclusion.
(2) For the first inequality, let S/(IS+JS) =

⊕r
i=1 wiK[Wi] be a Stanley decomposition

of S/(IS + JS). As in the proof of (1), we get S/IS =
⊕

wi∈S′ wiK[Wi ∪ {xr+1, . . . xn}]
and thus we get sdepthS(S/IS) ≥ sdepthS(S/(IS ∩ JS)). In order to prove the second
inequality, we consider the decomposition:

S/(IS ∩ JS) = (S/(IS ∩ JS) ∩ S/IS)⊕ (S/(IS ∩ JS) ∩ IS) = S/IS ⊕ ((S/JS) ∩ IS)

and, as in the proof of (1), we get sdepthS((S/JS) ∩ IS) ≥ sdepthS′(I) + sdepthS′′(S
′′/J)

and thus we obtain the required conclusion.

Lemma 1.4. Let I ⊂ S ′ = K[x1, . . . , xr], J ⊂ S ′′ = K[xr+1, . . . , xn] be monomial ideals,
where 1 ≤ r < n. Then, depthS(IS∩JS) = depthS(IS+JS)+1 = depthS′(I)+depthS′′(J)
and depthS((IS + JS)/IS) = depthS(IS + JS).

Proof. The first equality is a direct consequence of Proposition 1.1(3). The second follows
by Depth Lemma for the short exact sequence 0→ I → I + J → (I + J)/I → 0.

Remark 1.5. If I ⊂ S is a monomial ideal, we define the support of I to be the set
supp(I) =

⋃
u∈G(I) supp(u), where G(I) is the set on minimal monomial generators of

I. With this notation, we can reformulate Proposition 1.1 and Theorem 1.3 in terms of
two monomial ideals I, J ⊂ S with supp(I) ∩ supp(J) = ∅. The conclusions should be
also modified, as follows. If I, J ⊂ S are two monomial ideals with disjoint supports, then
sdepthS(I ∩ J) ≥ sdepthS(I) + sdepthS(J)− n etc.

With the above notations, we may consider the short exact sequences 0 → I → I +
J → (I + J)/I → 0 and 0 → I/(I ∩ J) ∼= (I + J)/J → S/(I ∩ J) → S/J → 0. It
follows that sdepthS(I + J) ≥ min{sdepthS(I), sdepthS((I + J)/I)} and sdepthS(S/(I ∩
J)) ≥ min{sdepthS(S/I), sdepthS((I + J)/J)}. Note that (I + J)/I = J ∩ (S/I) and
(I + J)/J = I ∩ (S/J). From the proof of Theorem 1.3(1), we get sdepthS((I + J)/I) ≥
sdepthS(J) + sdepthS(S/I)− n, if supp(I) ∩ supp(J) = ∅.

We recall the facts that if I = (u1, . . . , um) ⊂ S is a monomial complete intersec-
tion, then sdepthS(I) = n − bm/2c, see [3, Theorem 2.4] and [12, Theorem 2.4] and
sdepthS(S/I) = n−m, see [11, Theorem 1.1]. On the other hand, if I = (u1, . . . , um) ⊂ S is
an arbitrary monomial ideal, then, according to [6, Theorem 2.3], sdepthS(I) ≥ n−bm/2c
and according to [2, Proposition 1.2], sdepthS(S/I) ≥ n−m. Using these results, we proved
the following:

Corollary 1.6. Let I ⊂ S ′ = K[x1, . . . , xr] be a monomial ideal and J = (u1, . . . , um) ⊂
S ′′ = K[xr+1, . . . , xn] be a monomial ideal. Then:

(1) sdepthS(IS) ≥ sdepthS(IS + JS) ≥ min{sdepthS(IS), sdepthS(S/SI)− bm/2c}.
(2) sdepthS(IS ∩ JS) ≥ sdepthS(IS)− bm/2c.
(3) sdepthS(S/IS) ≥ sdepthS(S/(IS∩JS)) ≥ min{sdepthS(S/IS), sdepthS(IS)−m}.
(4) sdepthS(S/(IS + JS)) ≥ sdepthS(S/IS)−m.
(5) If J is complete intersection, then:
depthS(S/(IS ∩ JS))− 1 = depthS(S/(IS + JS)) = depthS(S/IS)−m.
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Remark 1.7. Let I ⊂ S = K[x1, . . . , xn] be a monomial ideal. If we denote S̄ =
S[y1, . . . , ym], then, by Corollary 1.6(1), we have

sdepthS(I) +m ≥ sdepthS̄(I, y1, . . . , ym) ≥ min{sdepthS(I) +m, sdepthS(S/I) + dm/2e}.

Assume sdepthS(I) + m > sdepthS̄(I, y1, . . . , ym). It follows that sdepthS(I) + m >
sdepthS(S/I) + dm/2e and therefore sdepthS(I) ≥ sdepthS(S/I) + bm/2c + 1. In par-
ticular, if m = 1 and sdepthS̄(I, y1) = sdepthS(I), then sdepthS(I) ≥ sdepthS(S/I) + 1
and thus we get a positive answer to the problem put by Asia in [10].

Corollary 1.8. With the notations of Theorem 1.3, we have the followings:
(1) If the Stanley conjecture hold for I and J , then the Stanley conjecture holds for

IS ∩ JS.
(2) If the Stanley conjecture hold for S ′/I and S ′′/J , then the Stanley conjecture holds

for S/(IS + JS).
(3) If the Stanley conjecture hold for I, J and S ′/I or for I, J and S ′′/J , then the

Stanley conjecture holds for (IS + JS).
(4) If the Stanley conjecture hold for S ′/I, S ′′/J and I or S ′/I, S ′′/J and I and J , then

the Stanley conjecture holds for S/(IS ∩ JS).

Proof. (1) It is a direct consequence of Proposition 1.1(1) and Lemma 1.4. (2) It is a direct
consequence of Proposition 1.1(2) and 1.1(3).

(3) Assume the Stanley conjecture hold for J and S ′/I. According to Theorem 1.3(1), we
have sdepthS(IS) ≥ sdepthS(IS+JS) ≥ min{sdepthS(IS), sdepthS′′(J)+sdepthS′(S

′/I)}.
If sdepthS(IS+JS) = sdepthS(IS), then, by 1.4, we get sdepthS(IS+JS) ≥ depthS(IS) =
depthS′(I) + n− r ≥ depthS′(I) + depthS′′(J) > depthS(IS + JS).

If sdepthS(IS+JS) < sdepthS(IS), it follows that sdepthS(IS+JS) ≥ sdepthS′′(J) +
sdepthS′(S

′/I) ≥ depthS′′(J) + depthS′(S
′/I) = depthS(IS + JS). In the both cases, the

ideal IS+JS satisfies the Stanley conjecture. The case when I and S ′′/J satisfy the Stanley
conjecture is similar. (4) The proof is similar with the proof of (3), using Theorem 1.3(2)
and Proposition 1.1(3).

Note that, by the proof of Corollary 1.8(1), if sdepthS(IS + JS) = sdepthS(IS) and
if Stanley conjecture holds for I, then sdepthS(IS + JS) ≥ depthS(IS + JS) + n − r −
depthS′′(S

′′/J). Analogously, if sdepthS(S/(IS ∩ JS)) = sdepthS(IS) and if Stanley con-
jecture holds for S ′/I, then sdepthS(S/(IS ∩ JS)) ≥ depthS(S/(IS ∩ JS)) + n − r −
depthS′′(S

′′/J).

Corollary 1.9. Let Ij ⊂ Sj := [xj1, . . . , xjnj
] be some monomial ideals, where k ≥ 2,nj ≥ 1

and 1 ≤ j ≤ k. Denote S = K[xji : 1 ≤ j ≤ k, 1 ≤ i ≤ nj]. Then, the following
inequalities hold:

(1) sdepthS(I1S ∩ · · · ∩ IkS) ≥ sdepthS1
(I1) + · · ·+ sdepthSk

(Ik).
(2) sdepthS(I1S + · · · + IkS) ≥ min{sdepthS1

(I1) + n2 + · · · + nk, sdepthS2
(I2) +

sdepthS1
(S1/I1)+n3+· · ·+nk, . . . , sdepthSk

(Ik)+sdepthSk−1
(Sk−1/Ik−1)+· · ·+sdepthS1

(S1/I1)}.
sdepthS(I1S + · · ·+ IkS) ≤ min{sdepthS(IjS) : j = 1, . . . , k}.
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(3) sdepthS(S/(I1S∩· · ·∩IkS)) ≥ min{sdepthS1
(S1/I1)+n2+· · ·+nk, sdepthS2

(S2/I2)+
sdepthS1

(I1) + n3 + · · ·+ nk, . . . , sdepthSk
(Sk/Ik) + sdepthSk−1

(Ik−1) + · · ·+ sdepthS1
(I1)}

sdepthS(S/(I1S ∩ · · · ∩ IkS)) ≤ min{sdepthS(S/IjS) : j = 1, . . . , k}.
(4) sdepthS(S/(I1S + · · ·+ IkS)) ≥ sdepthS1

(I1S) + · · ·+ sdepthSk
(IkS).

(5) depthS(I1S ∩ · · · ∩ IkS) = depthS(I1S + · · ·+ IkS) + (k − 1) = depthS1
(I1) + · · ·+

depthSk
(Ik).

Proof. We use induction on k ≥ 2 and we apply Proposition 1.1 and Theorem 1.3.

Corollary 1.10. With the notations of the previous Corollary, we have:
(1) If I1, . . . , Ik satisfy the Stanley Conjecture, then I1S ∩ · · · ∩ IkS satisfies the Stanley

Conjecture.
(4) If S/I1, . . . , S/Ik satisfy the Stanley Conjecture, then S/(I1S + · · · + IkS) satisfies

the Stanley Conjecture.
(2) If 1 ≤ l ≤ n is an integer and the Stanley conjecture hold for Ij for all 1 ≤ j ≤ n

and for S/Ij for all j 6= l then, the Stanley Conjecture holds for I1S + · · ·+ IkS.
(3) If 1 ≤ l ≤ n is an integer and the Stanley conjecture hold for Sj/Ij for all 1 ≤ j ≤ n

and for Ij for all j 6= l then, the Stanley Conjecture holds for S/(I1S ∩ · · · ∩ IkS).

Proof. (1) We use induction on k and apply Corollary 1.9(1).
(4) We use induction on k and apply Corollary 1.9(4).
(2) We use induction on k ≥ 2. If k = 2, we are done by . Now, suppose k ≥ 2. We

may assume that l = k. Denote S ′ = K[xji : 1 ≤ j ≤ k − 1, 1 ≤ i ≤ nj] and consider the
ideal I ′ := I1S

′ + · · · + Ik−1S
′ ⊂ S. By (4), it follows that the Stanley Conjecture holds

for S ′/I ′. Also, by induction hypothesis, the Stanley Conjecture holds for I ′.We denote
I = I1S+ · · ·+ IkS. According to Corollary 1.9(3), since Stanley conjecture hold for S ′/I ′,
I ′ and Ik and since I = I ′S + IkS, it follows that the Stanley Conjecture holds for I.

(3) The proof is similar to the proof of (2).

Corollary 1.11. With the notations of 1.9, if all nj ≤ 5 and all I ′js are squarefree, then
I1S ∩ · · · ∩ IkS, I1S + · · · + IkS, S/(I1S ∩ · · · ∩ IkS) and S/(I1S + · · · + IkS) satisfy the
Stanley Conjecture.

Proof. Indeed, if I ⊂ K[x1, . . . , xn] is a squarefree monomial ideal with n ≤ 5, then both I
and S/I satisfies the Stanley Conjecture, see [8] and [9]. Therefore, I ′js and Sj/I

′
js satisfy

the Stanley Conjecture. By Corollary 1.10 we are done.

Example 1.12. Let I = (x11, . . . , x1n1) ∩ (x21, . . . , x2n2) ∩ · · · ∩ (xk1, . . . , xknk
) ⊂ S, where

k ≥ 2,nj ≥ 1, 1 ≤ j ≤ k and S = K[xji : 1 ≤ j ≤ k, 1 ≤ i ≤ nj]. According to Corollary
1.9(1), sdepthS(I) ≥ dn1/2e+ · · ·+ dnk/2e. Note that sdepthS(I) ≥ depthS(I) = k. Also,
according to Corollary 2.8 or [5, Theorem 1.1], sdepthS(I) ≤ min{n−bnj/2c : 1 ≤ j ≤ k}.

Now, we want to estimate sdepthS(S/I). According to Corollary 1.9(3), we have:

sdepthS(S/I) ≥ min{n2 + · · ·+ nk, dn1/2e+ n3 + · · ·+ nk, dn1/2e+

+ dn2/2e+ n4 + · · ·+ nk, . . . , dn1/2e+ · · ·+ dnk−1/2e+ nk}
Note that sdepthS(S/I) ≥ depthS(S/I) = k − 1. Also, according to Corollary 2.8 or

Corollary 1.9(3), we have sdepthS(S/I) ≤ min{n− nj : 1 ≤ j ≤ k}.
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2 The general case

In the following, we consider 1 ≤ s ≤ r + 1 ≤ n three integers, with n ≥ 2. We denote
S ′ := K[x1, . . . , xr], S

′′ := K[xs, . . . , xn] and S := K[x1, . . . , xn]. Let p := r − s+ 1.

Lemma 2.1. Let u ∈ S ′ and v ∈ S ′′ be two monomials, Z ⊂ {x1, . . . , xr} and W ⊂
{xs, . . . , xn} two subsets of variables. We denote Z̄ := Z ∪ {xr+1, . . . , xn} and W̄ := W ∪
{x1, . . . , xs−1}. If L := uK[Z̄] ∩ vK[W̄ ], then L = (0) or L = lcm(u, v)K[(Z ∪W ) \ Y ],
where Y ⊂ {xs, . . . , xr} and |(Z ∪W ) \ Y | ≥ |Z|+ |W | − p.

Proof. If L 6= (0), according to Lemma 1.2, L = lcm(u, v)K[Z̄ ∩ W̄ ]. In order to complete
the proof, it is enough to notice that Z̄ ∩ W̄ = (Z ∪W ) \ Y , where Y ⊂ {xs, . . . , xr} is a
subset of variables.

Now, we are able to prove the following theorem, which generalize some results of
Proposition 1.1 and Theorem 1.3.

Theorem 2.2. Let I ⊂ S ′ and J ⊂ S ′′ be two monomial ideals. Then:
(1) sdepthS(IS∩JS) ≥ sdepthS′(I)+sdepthS′′(J)−p = sdepthS(IS)+sdepthS(JS)−n.
(2) sdepthS(S/(IS + JS)) ≥ sdepthS′(S

′/I) + sdepthS′′(S
′′/J)− p = sdepthS(S/IS) +

sdepthS(S/JS)− n.
(3) sdepthS(IS + JS) ≥ min{sdepthS(IS), sdepthS′′(J) + sdepthS′(S

′/I) − p} =
= min{sdepthS(IS), sdepthS(JS) + sdepthS(S/IS)− n}.

(4) sdepthS(S/(IS∩JS)) ≥ min{sdepthS(S/IS), sdepthS′′(S
′′/J)+sdepthS′(I)−p} =

= min{sdepthS(S/IS), sdepthS(S/JS) + sdepthS(IS)− n}.

Proof. (1) We consider I =
⊕a

i=1 uiK[Zi] and J =
⊕b

j=1 vjK[Wj] two Stanley decomposi-

tion for I, respective for J . Then IS =
⊕a

i=1 uiK[Z̄i], where Z̄i = Zi ∪ {xr+1, . . . , xn} and

JS =
⊕b

j=1 viK[W̄i], where W̄j = Wj ∪{x1, . . . , xs−1}. We have IS ∩ JS =
⊕a

i=1

⊕b
j=1 Lij

a Stanley decomposition for IS ∩ JS, where Lij := uiK[Z̄i]∩ vj[W̄j]. According to Lemma
2.1, Lij = {0} or Lij = lcm(ui, vj)K[(Zi ∪ Wj) \ Yij], where Yij ⊂ {xs, . . . , xr} and
|(Zi ∪Wj) \ Yij| ≥ |Zi|+ |Wj| − p. Therefore, we are done.

(2) The proof is similar with the proof of (1).
(3) We consider S ′/I =

⊕a
i=1 uiK[Zi] and J =

⊕b
j=1 vjK[Wj] two Stanley decomposi-

tion for S ′/I, respective for J . Then S/IS =
⊕a

i=1 uiK[Z̄i], where Z̄i = Zi∪{xr+1, . . . , xn}
and JS =

⊕b
j=1 viK[W̄i], where W̄j = Wj ∪ {x1, . . . , xs−1}. We use the decomposition:

IS + JS = ((IS + JS) ∩ IS)⊕ ((IS + JS) ∩ (S/IS)) = IS ⊕ (JS ∩ (S/IS)).

If follows, that sdepthS(IS + JS) ≥ min{sdepthS(IS), sdepthS(JS ∩ (S/IS))}. We have
JS ∩S/IS =

⊕a
i=1

⊕b
j=1 Lij a Stanley decomposition for IS ∩ JS, where Lij := uiK[Z̄i]∩

vj[W̄j]. By Lemma 2.1, it follows that sdepthS(JS∩(S/IS)) ≥ sdepthS′(S
′/I)+sdepthS′′(J)

and therefore we are done.
(4) The proof is similar with the proof of (3).
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Remark 2.3. Note that the results of the previous Theorem do not depend on the numbers
r and s. Therefore, we can reformulate the Theorem 2.2 in terms of arbitrary monomial
ideals I, J ⊂ S. Also, if I, J ⊂ S are two monomial ideals, the minimal number p which
can be chosen, by a reordering of the variables, is p = | supp(I) ∩ supp(J)|.

Also, as in Remark 1.5, we have sdepthS((I +J)/I) ≥ sdepthS(J) + sdepthS(S/I)−n.
Therefore, in particular, if I ⊂ J , then sdepthS(J/I) ≥ sdepthS(J) + sdepthS(S/I)− n.

Using the previous remark, we have the following Corollary.

Corollary 2.4. If I, J ⊂ S are two monomial ideals and |G(J)| = m, then:
(1) sdepthS(I ∩ J) ≥ sdepthS(I)− bm/2c.
(2) sdepthS(I + J) ≥ min{sdepthS(I), sdepthS(S/I)− bm/2c}.

sdepthS(I + J) ≥ sdepthS(I)−m.
(3) sdepthS(S/(I + J)) ≥ sdepthS(S/I)−m.
(4) sdepthS(S/(I ∩ J)) ≥ min{sdepthS(S/I), sdepthS(I)−m}.

sdepthS(S/(I ∩ J)) ≥ min{n−m, sdepthS(S/I)− bm/2c}.
(5) sdepthS((I + J)/I) ≥ sdepthS(S/I)− bm/2c.

sdepthS((I + J)/J) ≥ sdepthS(I)−m.

Proof. We apply Theorem 2.2 and use the facts that sdepthS(J) ≥ n − bm/2c, see [6,
Theorem 2.3] and sdepthS(S/J) ≥ n−m, see [2, Proposition 1.2].

Corollary 2.5. If I ⊂ S is a monomial ideal and u ∈ S a monomial, then:
(1) sdepthS(I ∩ (u)) ≥ sdepthS(I).
(2) sdepthS(I, u) ≥ min{sdepthS(I), sdepthS(S/I)}.
(3) sdepthS(S/(I, u)) ≥ sdepthS(S/I)− 1.
(4) sdepthS(S/(I ∩ (u))) ≥ sdepthS(S/I).

A. Rauf [10] proved that depthS(S/(I : u)) ≥ depthS(S/I), for any monomial ideal
I ⊂ S and any monomial u ∈ S \ I, see [10, Corollary 1.3]. We will prove that similar
results hold for sdepthS(I : u) and sdepthS(S/(I : u)). In order to show that, we use
Corollary 2.5 and the following result from [2].

Theorem 2.6. [2, Theorem 1.1] Let I ⊂ S be a monomial ideal such that I = v(I : v), for
a monomial v ∈ S. Then sdepthS(I) = sdepthS(I : v), sdepthS(S/I) = sdepthS(S/(I : v)).

Proposition 2.7. If I ⊂ S is a monomial ideal and u ∈ S a monomial, then:
(1) sdepthS(I : u) ≥ sdepthS(I). ([8, Proposition 1.3])
(2) sdepthS(S/(I : u)) ≥ sdepthS(S/I).

Proof. (1) Note that I ∩ (u) = u(I : u). By Theorem 2.6 and Corollary 2.5, it follows that
sdepthS(I : u) = sdepthS(I ∩ (u)) ≥ sdepthS(I). See another proof in [8].

(2) By Theorem 2.6 and Corollary 2.5, sdepthS(S/(I : u)) = sdepthS(S/(I ∩ (u)) ≥
sdepthS(S/I).
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Note that if P ∈ Ass(S/I) is an associated prime, then there exists a monomial v ∈ S
such that P = (I : v). Using the above Proposition, we obtain again the results of Ishaq
[5] and Apel [1] .

Corollary 2.8. If I ⊂ S is a monomial ideal, with Ass(S/I) = {P1, . . . , Pr}. If we denote
di = ht(Pi), we have:

(1) sdepthS(I) ≤ min{n− bdi/2c : i = 1, . . . r}. (Ishaq)
(2) sdepthS(S/I) ≤ min{n− di : i = 1, . . . r}. (Apel)

Proof. (1) It is enough to notice that sdepthS(Pi) = n− bdi/2c. See also [5, Theorem 1.1].
(2) It is enough to notice that sdepthS(Pi) = n− di. See also [1].

Corollary 2.9. Let I ⊂ S be a monomial ideal minimally generated by m monomials, such
that there exists a prime ideal P ∈ Ass(S/I) with ht(P ) = m. Then sdepthS(S/I) = n−m.

Proof. It is a direct consequence of Theorem 2.6 and Corollary 2.8(2).

Remark 2.10. Let I ⊂ S be a monomial ideal. Then sdepthS(S/I) = n− 1 if and only if
I is principal. Indeed, I is principal if and only if all the primes in Ass(S/I) have height
1. Therefore, we are done by Corollary 2.8(2).

Corollary 2.11. Let k ≥ 2 be an integer, and let Ij ⊂ S be some monomial ideals, where
1 ≤ j ≤ k. Then:

(1) sdepthS(I1 ∩ · · · ∩ Ik) ≥ sdepthS(I1) + · · ·+ sdepthS(Ik)− n(k − 1).
(2) sdepthS(I1 + · · · + Ik) ≥ min{sdepthS(I1), sdepthS(I2) + sdepthS(S/I1) − n, . . . ,

sdepthS(Ik) + sdepthS(S/Ik−1) + · · ·+ sdepthS(S/I1)− n(k − 1)}.
(3) sdepthS(S/(I1 ∩ · · · ∩ Ik)) ≥ min{sdepthS(S/I1), sdepthS(S/I2) + sdepthS(I1) −

n, . . . , sdepthS(S/Ik) + sdepthS(Ik−1) + · · ·+ sdepthS(I1)− n(k − 1)}.
(4) sdepthS(S/(I1 + · · ·+ Ik)) ≥ sdepthS(S/I1) + · · ·+ sdepthS(S/Ik)− n(k − 1).

Proof. We use induction on k ≥ 2 and we apply Theorem 2.2.

Corollary 2.12. Let I, J ⊂ S be two monomial ideals, such that G(J) = {u1, . . . , uk} is
the set of minimal monomial generators of J . Then:

(1) sdepthS(I : J) ≥ sdepthS(I : u1)+sdepthS(I : u2)+· · ·+sdepthS(I : uk)−n(k−1) ≥
k sdepthS(I)− n(k − 1).

(2) sdepthS(S/(I : J)) ≥ min{sdepthS(S/(I : u1)), sdepthS(S/(I : u2)) + sdepthS(I :
u1)− n, . . . , sdepthS(S/(I : uk)) + sdepthS(I : uk−1) + · · ·+ sdepthS(I : u1)− n(k − 1)} ≥
sdepthS(S/I) + (k − 1) sdepthS(I)− n(k − 1).

Proof. (1) Note that (I : J) = (I : u1) ∩ (I : u2) ∩ · · · ∩ (I : uk). Therefore, the first
inequality is a direct consequence of 2.11(1). The second inequality is a consequence of
Proposition 2.7(1).

(2) Similarly to (1), we use Corollary 2.11(3) and Proposition 2.7(2).
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Now, let I ⊂ S be a monomial ideal and let I = C1 ∩ · · · ∩ Ck, be the irredundant
minimal decomposition of I. If we denote Pj =

√
Cj for 1 ≤ j ≤ k, we have Ass(S/I) =

{P1, . . . , Pk}. In particular, if I is squarefree, Cj = Pj for all j. Denote dj = ht(Pj), where
1 ≤ i ≤ k. We may assume that d1 ≥ d2 ≥ · · · ≥ dk. Using [3, Theorem 1.3], Proposition
2.8 and Corollary 2.11, we obtain, by straightforward computations, the following bounds
for sdepthS(I) and sdepthS(S/I).

Corollary 2.13. (1) n− bd1/2c ≥ sdepthS(I) ≥ n− bd1/2c − · · · − bdk/2c.
(2) n− d1 ≥ sdepthS(S/I) ≥ n− bd1/2c − · · · − bdk−1/2c − dk.

In a more general case, let I = Q1∩· · ·∩Qk be the primary irredundant decomposition
of I, Pi =

√
Qi and denote qj = sdepthS(Qj) and dj = ht(Pj). We may assume that

d1 ≥ d2 ≥ · · · ≥ dk. Note that qj ≤ n − dj/2, since Pj = (Qj : uj), where uj ∈ S
is a monomial, and therefore sdepthS(Qj) ≤ sdepthS(Pj), by Proposition 2.7(1). On the
other hand, we obviously have sdepthS(S/Qj) = sdepthS(S/Pj). Using Proposition 2.8
and Corollary 2.11, we obtain, by straightforward computations, the following bounds for
sdepthS(I) and sdepthS(S/I).

Corollary 2.14. (1) n− bd1/2c ≥ sdepthS(I) ≥ q1 + · · ·+ qk − n(k − 1).
(2) n − d1 ≥ sdepthS(S/I) ≥ min{n − d1, q1 − d2, q1 + q2 − d3 − n, . . . ,

q1 + · · ·+ qk−1 − dk − n(k − 2)}.

Example 2.15. Let I = Q1∩Q2∩Q3 ⊂ S := K[x1, . . . , x7], where Q1 = (x2
1, . . . , x

2
5), Q2 =

(x3
4, x

3
5, x

3
6) and Q3 = (x3

6, x6x7, x
2
7). Denote Pj =

√
Qj. Note that q3 = sdepthS(Q3) =

sdepthK[x6,x7](Q3∩K[x6, x7])+5 = 1+5 = 6. Also, since Q1 and Q2 are generated by powers
of variables, by [3, Theorem 1.3], q1 = 7−b5/2c = 5 and q2 = 7−b3/2c = 6. According to
Corollary 2.14, we have 5 = 7−bd1/2c ≥ sdepthS(I) ≥ q1+q2+q3−14 = 3 and 2 = 7−d1 ≥
sdepthS(S/I) ≥ min{7− d1, q1− d2, q1 + q2− d3− 7} = min{7− 5, 5− 3, 5 + 6− 2− 7} = 2.
Thus sdepthS(I) ∈ {3, 4, 5} and sdepthS(S/I) = 2.

On the other hand, depthS(S/I) ≤ min{n − depthS(S/Pj) : j = 1, 2, 3} = 2. In
particular, we have sdepthS(I) ≥ depthS(I) and sdepthS(S/I) ≥ depthS(S/I). Thus both
I and S/I satisfy the Stanley conjecture. In fact, using CoCoA, we get depthS(S/I) = 2.

We end this section, with the following Proposition.

Proposition 2.16. Let I ⊂ J ⊂ S = K[x1, . . . , xn] be two monomial ideals and denote
S̄ = S[y]. Then:

sdepthS(J/I) + 1 ≥ sdepthS̄((JS̄ + (y))/IS̄) ≥ min{sdepthS(J/I), sdepthS(S/I) + 1}.

Proof. In order to prove the first inequality, we consider
⊕r

i=1 uiK[Zi], a Stanley de-
composition of (JS̄ + (y))/IS̄. Note that ((JS̄ + (y))/IS̄) ∩ S = J/I and therefore,
J/I =

⊕
y-ui

uiK[Zi \ {y}] is a Stanley decomposition.

The second inequality follows from the fact that (JS̄ + (y))/IS̄ = J/I ⊕ y(S/I)[y].
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3 Some equivalent forms of Stanley conjecture

Proposition 3.1. The following assertions are equivalent:
(1) For any integer n ≥ 1 and any monomial ideal I ⊂ S = K[x1, . . . , xn], Stanley

conjecture holds for I, i.e. sdepthS(I) ≥ depthS(I).
(2) For any integer n ≥ 1 and any monomial ideals I, J ⊂ S, if sdepthS(I + J) ≥

depthS(I + J), then sdepthS(I) ≥ depthS(I).
(3) For any integers n,m ≥ 1, any monomial ideal I ⊂ S = K[x1, . . . , xn], if u1, . . . , um ∈

S is a regular sequence on S/I and J = (u1, . . . , um), then if:

sdepthS(I + J) ≥ depthS(I + J)⇒ sdepthS(I) ≥ depthS(I).

(4) For any integers n,m ≥ 1, any monomial ideal I ⊂ S = K[x1, . . . , xn], if u1, . . . , um ∈
S is a regular sequence on S/I and J = (u1, . . . , um), then if:

sdepthS(I + J) = depthS(I + J)⇒ sdepthS(I) = depthS(I).

(5) For any integer n ≥ 1, any monomial ideal I ⊂ S = K[x1, . . . , xn], if S̄ = S[y],
then: sdepthS̄(I, y) = depthS(I)⇒ sdepthS(I) = depthS(I).

Proof. (1)⇒ (2)⇒ (3). Are obvious.
(3) ⇒ (4). Assume sdepthS(I + J) = depthS(I + J). Note that depthS(I + J) =

depthS(I) − m, since u1, . . . , um ∈ S is a regular sequence on S/I. By Corollary 2.4(2),
sdepthS(I+J) ≥ sdepthS(I)−m. Since sdepthS(I) ≥ depthS(I) by (3), we get sdepthS(I) =
depthS(I).

(4)⇒ (5). It is obvious, since y is regular on S̄/IS̄ and we apply (4) for IS̄.
(5) ⇒ (1). Let I ⊂ S be a monomial ideal. If k ≥ 1 is an integer, we denote Ik =

(I, y1, . . . , yk) ⊂ Sk := S[y1, . . . , yk]. Note that y1, . . . , yk is a regular sequence on Sk/Ik
and therefore depthSk

(Ik) = depthS(I). According to Corollary 1.6(1), we have:

sdepthSk
(Ik) ≥ min{sdepthS(I) + k, sdepthS(S/I) + dk/2e}.

It follows that there exists k0 ≥ 1, such that sdepthSk
(Ik) ≥ depthS(I) for any k ≥ k0. If

we chose k0 minimal with this property, we claim that sdepthSk0
(Ik0) = depthS(I). Indeed,

it is enough to notice that sdepthSk
(Ik) ≤ sdepthSk−1

(Ik−1) + 1. Now, by applying (5)
inductively, it follows that sdepthS(I) = depthS(I).

Remark 3.2. Let I ⊂ S = K[x1, . . . , xn] be a monomial ideal such that sdepthS(I) ≥
depthS(I). Let u1, . . . , um ∈ S be a regular sequence on S/I and J = (u1, . . . , um). Note
that, by Proposition 1.1(3), depthS(I∩J) = depthS(I+J)+1 = depthS(I)−m+1. Also, by
Corollary 2.4(1), we have sdepthS(I ∩J) ≥ sdepthS(I)−bm/2c. Assume sdepthS(I ∩J) =
depthS(I ∩ J). It follows that depthS(I) − m + 1 ≥ sdepthS(I) − bm/2c ≥ depthS(I) −
bm/2c ≥ depthS(I)−m+ 1.

Therefore, sdepthS(I) = depthS(I) and bm/2c = m − 1, and thus m ≤ 2. In par-
ticular, if we could find an ideal I ⊂ S such that, by denoting S̄ = S[y1, y2, y3], if
sdepthS̄(IS̄ ∩ (y1, y2, y3)) = depthS(I), then we contradict the Stanley conjecture for I.
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Proposition 3.3. The following assertions are equivalent:
(1) For any integer n ≥ 1 and any monomial ideal I ⊂ S = K[x1, . . . , xn], Stanley

conjecture holds for I, i.e. sdepthS(I) ≥ depthS(I).
(2) For any integer n ≥ 1 and any monomial ideals I, J ⊂ S, if sdepthS(I ∩ J) ≥

depthS(I ∩ J) then sdepthS(I) ≥ depthS(I).
(3) For any integers n,m ≥ 1, any monomial ideal I ⊂ S = K[x1, . . . , xn], if u1, . . . , um ∈

S is a regular sequence on S/I and J = (u1, . . . , um), then:

sdepthS(I ∩ J) ≥ depthS(I ∩ J)⇒ sdepthS(I) ≥ depthS(I).

Proof. (1)⇒ (2) and (2)⇒ (3). There is nothing to prove.
(3) ⇒ (1). Let I ⊂ S be a monomial ideal. For any integer k ≥ 1, we define Ik :=

I ∩ (y1, . . . , yk) ⊂ Sk := S[y1, . . . , yk]. Denote J = (y1, . . . , yk) ⊂ Sk. Note that y1, . . . , yk is
a regular sequence on Sk/ISk. By Corollary 2.4(1), we have sdepthSk

(Ik) ≥ sdepthS(I) +
dk/2e. On the other hand, by Corollary 1.6(5), depthSk

(Ik) = depthS(I)+1. It follows that
there exists a k0 ≥ 1, such that sdepthSk

(Ik) ≥ depthSk
(Ik) for any k ≥ k0, and therefore,

by (3), we get sdepthS(I) ≥ depthS(I).

Proposition 3.4. The following assertions are equivalent:
(1) For any integer n ≥ 1 and any monomial ideal I ⊂ S = K[x1, . . . , xn], Stanley

conjecture holds for S/I, i.e. sdepthS(S/I) ≥ depthS(S/I).
(2) For any integer n ≥ 1 and any monomial ideals I, J ⊂ S, if sdepthS(S/(I ∩ J)) ≥

depthS(S/(I ∩ J)) then sdepthS(S/I) ≥ depthS(S/I).
(3) For any integers n,m ≥ 1, any monomial ideal I ⊂ S = K[x1, . . . , xn], if u1, . . . , um ∈

S is a regular sequence on S/I and J = (u1, . . . , um), then:

sdepthS(S/(I ∩ J)) ≥ depthS(S/(I ∩ J))⇒ sdepthS(S/I) ≥ depthS(S/I).

Proof. (1)⇒ (2) and (2)⇒ (3). There is nothing to prove.
(3) ⇒ (1). Let I ⊂ S be a monomial ideal. For any integer k ≥ 1, we define Ik :=

I ∩ (y1, . . . , yk) ⊂ Sk := S[y1, . . . , yk]. Note that y1, . . . , yk is a regular sequence on Sk/ISk.
By Corollary 2.4(4), sdepthSk

(Sk/Ik) ≥ min{n, sdepthS(S/I)+dk/2e}. On the other hand,
by Corollary 1.6(5), depthSk

(Sk/Ik) = depthS(S/I). It follows that there exists a k0 ≥ 1,
such that sdepthSk

(Sk/Ik) ≥ depthSk
(Sk/Ik) for any k ≥ k0, and therefore, by (3), we get

sdepthS(S/I) ≥ depthS(S/I).

Remark 3.5. Let I ⊂ S = K[x1, . . . , xn] be a monomial ideal such that sdepthS(S/I) ≥
depthS(S/I). Let u1, . . . , um ∈ S be a regular sequence on S/I and J = (u1, . . . , um).
Note that depthS(S/(I ∩ J)) = depthS(S/(I + J)) + 1 = depthS(S/I) −m + 1. Also, by
Corollary 2.4(4), we have sdepthS(S/(I∩J)) ≥ min{n−m, sdepthS(S/I)−bm/2c} Assume
sdepthS(S/(I ∩ J)) = depthS(S/(I ∩ J)).

It follows that depthS(S/I) − m + 1 ≥ min{n − m, sdepthS(S/I) − bm/2c} ≥
min{n−m, depthS(S/I)− bm/2c} ≥ min{n−m, depthS(S/I)−m+ 1} = depthS(S/I)−
m+ 1 and therefore, we have equalities.
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If I is principal, then depthS(S/I) = n − 1 and therefore min{n −m, depthS(S/I) −
bm/2c} = n−m. It follows that depthS(S/I)− bm/2c = n− 1− bm/2c ≥ n−m which is
true for all m. If I is not principal, then by Remark 2.10, depthS(S/I) ≤ n− 2. It follows
that min{n−m, sdepthS(S/I)−bm/2c} = sdepthS(S/I)−bm/2c = depthS(S/I)−m+ 1.
Therefore, sdepthS(S/I) = depthS(S/I) and m ≤ 2.

In particular, if we could find an ideal I ⊂ S which is not principal, such that, denoting
S̄ = S[y1, y2, y3], if sdepthS̄(S̄/(IS̄∩(y1, y2, y3))) = depthS(S/I), we contradict the Stanley
conjecture for S/I.

As a particular case of Example 1.12, we consider the following Lemma.

Lemma 3.6. Let J = (x1, . . . , xn) ∩ (y1, . . . , ym) ⊂ S ′ = K[x1, . . . , xn, y1, . . . , ym] with
n ≥ m. Then:

(1) m ≥ sdepthS′(S
′/J) ≥ min{m, dn/2e}.

(2) depthS′(S
′/J) = 1.

In particular, if n ≥ 2m− 1, then sdepthS′(S
′/J) = m.

Proposition 3.7. The following assertions are equivalent:
(1) For any integer n ≥ 1 and any monomial ideal I ⊂ S = K[x1, . . . , xn], Stanley

conjecture holds for S/I and I.
(2) For any integer n ≥ 1 and any monomial ideals I, J ⊂ S with supp(I)∩supp(J) = ∅,

we have: If sdepthS((I + J)/I) ≥ depthS((I + J)/I), then sdepthS(S/I) ≥ depthS(S/I)
and sdepthS(J) ≥ depthS(J).

Proof. (1) ⇒ (2). Let I, J ⊂ S be two monomial ideals, with supp(I) ∩ supp(J) = ∅.
According to Lemma 1.4, we have depthS((I + J)/I) = depthS(I + J) = depthS(S/I) +
depthS(J)−n. On the other hand, by Remark 1.5 and (1), sdepthS((I+J)/I) ≥ sdepthS(S/I)+
sdepthS(J)− n ≥ depthS(S/I) + depthS(J)− n = depthS((I + J)/I).

(2)⇒ (1). Let I ⊂ S be a monomial ideal. For any positive integer k, we denote Sk =
S[y1, . . . , yk] and Ik = (I, y1, . . . , yk) ⊂ Sk. Assume sdepthS(S/I) < depthS(S/I). Since, by
Remark 1.5, we have sdepthSk

(Ik/ISk) ≥ sdepthS(S/I)+bk/2c and since depthSk
(Ik/ISk) =

depthS(S/I) + 1 for all k, it follows that there exists a positive integer k0 such that
sdepthSk

(Ik/ISk) ≥ depthSk
(Ik/ISk), (∀)k ≥ k0 (∗).. By (2), it follows that sdepthS(S/I) ≥

depthS(S/I), a contradiction.
Now, assume sdepthS(I) < depthS(I), and denote Jk = (y1, . . . , y2k−1)∩(y2k, . . . , y3k−1) ⊂

S3k−1 := S[y1, . . . , y3k−1]. According to Lemma 3.6, we have sdepthS3k−1
(S3k−1/Jk) = n+ k

and depthS3k−1
(S3k−1/Jk) = n+1. Let Ik := IS3k−1+Jk. By Remark 1.5, sdepthS3k−1

(Ik/Jk) ≥
sdepthS(I)+k. On the other hand depthS3k−1

(Ik/Jk) = depthS(I)+depthS3k−1
(S3k−1/Jk)−

n = depthS(I)+1. Therefore, there exists a positive integer k0, such that sdepthS3k−1
(Ik/Jk) ≥

depthS3k−1
(Ik/Jk) for any k ≥ k0. It follows, by (2), that sdepthS(I) ≥ depthS(I), a con-

tradiction.
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