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1. INTRODUCTION, DEFINITIONS AND NOTATIONS.

Let f be an entire function of two complex variables holomorphic in the closed
polydisc
U={(z1,22): |zi| <miy, i=1,2forall 4 >0,75 >0}

and My (r1,re) = max {|f (21, 22)| : |zi| <1y, i =1,2}. Then in view of maximum prin-
cipal and Hartogs theorem {[7], p. 2, p. 51}, My (r1,73) is an increasing functions of 74,
9.

The following definition is well known:

Definition 1.1. {[7], p. 339, (see also [1])} The order ,,py and the lower order ,,A¢ of an
entire function f of two complex variables are defined as

vp (f) R T log log My (r1,72)
1,2)\ (f) 71,r2—00 inf ]og (T1T2) ’

If we consider the above definition for single variable, then the definition coincides
with the classical definition of order (see [13]) which is as follows:

Definition 1.2. [13] The order p(f) and the lower order \(f) of an entire function f
are defined in the following way:

p(1) o sup loglos My (1)
)\(f) r—00 inf lOgT

where My (r) = max {|f (2)| : |z| =r}.
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If f is non-constant then My (r) is strictly increasing and continuous, and its
inverse M, : (|f(0)],00) = (0,00) exists and is such that lim M;~'(s) = co. Bernal
$—00

2, 3] introduced the definition of relative order of g with respect to f, denoted by py (g)
as follows :

pg (f) = inf{pu>0:M;(r) <M, (r*) for all r > o () > 0}

] log M;le (r)
= limsup .
r—o0 logr

The definition coincides with the classical one [13] if ¢ (2) = exp z.

During the past decades, several authors ( see [5, 8, 9, 10, 11, 12]) made close
investigations on the properties of relative order of entire functions of single variable. In
the case of relative order, it was then natural for Banerjee and Dutta [4] to define the
relative order of entire functions of two complex variables as follows:

Definition 1.3. [4] The relative order between two entire functions of two complex vari-
ables denoted by ,p, (f) is defined as:

wpg (f) = mf{p>0:M(ri,r) < My (ri,ry);m > R(p),r2 > R(p)}
. 1OgMg_1Mf (7”1,7“2)
= limsup

71,72 —>00 log (TITQ)

where f and g are entire functions holomorphic in the closed polydisc
U={(z1,22): |z| <ri, i=1,2 forall r1 >0,r5 >0}
and the definition coincides with Definition 1.1 {see [4]} if g (2) = exp (z122) .

Extending this notion, Dutta [6] introduced the idea of relative order of entire
functions of several complex variables in the following way:

Definition 1.4. [6] Let f(z1, 22, ..., 2,) and g(z1, 22, ..., 2,) be any two entire functions of
n complex variables zy, za, ..., z, with mazimum modulus functions My (ri,7a, ...,r,) and
M, (1,79, ...,mn) respectively then the relative order of f with respect to g, denoted by

oy (f) s defined by
onPg (f) =1nf {pe > 02 My (ri, 72, coymn) < My (ri, vk, rh) s
forr; > R(u),i=1,2,....,n}.
The above definition can equivalently be written as

log M P My (11,79, ..\
o (P = timsup 28 A nTe o T)
T1,72,...,Tn—>00 log (’I"ﬂ"g...’l“n)

Similarly, one can define the relative lower order of f with respect to g denoted by ., Ay (f)
as follows :

log M 1My (ry, 79, ...,
o Ag (f) = liminf g My My (s )

T1,72 ey Ty =500 log (r179...75)
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Further an entire function f of several complex variables for which relative order
and relative lower order with respect to another entire function g of several complex
variables are the same is called a function of regular relative growth with respect to g.
Otherwise, f is said to be irregular relative growth.with respect to g.

In this connection just we state the following two definitions which will be needed
in the sequel:

Definition 1.5. [6] The function f(z1, za, ..., 2n) is said to have Property (R) if for any
o > 1 and for all large r1,79,...,7y,

(M} (Tlﬂ“z,---,?“n)]? < My (r{,rg,...,r0) .

For examples of functions with or without the Property (R), one may see [6].
Definition 1.6. A pair of functions f(z1,22,...,2,) and g(z1, 22, ..., 2,) of n complex
variables are mutually said to have Property (X) if for all sufficiently large values of
71,79, ..., T, both

M.y (11,79, s my) > My (11,72, .00, 7))
and

M.y (11,79, i) > My (r1, 79, .0, T0)
hold simultaneously.

One can easily verify that the functions f(z1,z29,...,2,) = exp(2122...2,) and
9(21, 22, ..., 2n) = exp (2122...2,)° have the Property (X).

Here, in this paper, we aim at investigating some basic properties of relative order
and relative lower order of entire functions of several complex variables with respect
to another one under somewhat different conditions. We do not explain the standard
definitions and notations in the theory of entire function of several complex variables as
those are available in [7].

2. LEMMA
In this section we present a lemma which will be needed in the sequel.

Lemma 2.1. [6] Suppose that f be a non constant entire function of several complex
variables, a > 1 and 0 < f < . Then

My (ary, arg, ...;ary) > BMy (1,12, ..., Ty)
all sufficiently large ri,r9, ....;7p.
3. THEOREMS.
In this section we present the main results of the paper.

Theorem 3.1. Let us consider fi, fo and g be any three entire functions of several
complex variables. Also let at least fi or fo is of reqular relative growth with respect to
g1 Then

Un)\gl (fl + f2) < maX{ Un)\gl (fl) ) 'Un)\gl (f2>} :
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The equality holds when ,, Ay, (fi) > v, Ag, (f5) with at least f; is of regular relative growth
with respect to g1 where 1,5 = 1,2 and i # j.

Proof. If , Ay, (f1 £ f2) = 0 then the result is obvious. So we suppose that ,, Ay, (f1 £ f2)
> 0. We can clearly assume that ,, A, (fi) is finite for & = 1,2. Further let max
{ondg1 (f1), wug (f2)} = A and f; is of regular relative growth with respect to g;.

Now for any arbitrary e > 0 from the definition of ,,, Ay, (f1), we have for a sequence
values of 1,79, ..., 7, tending to infinity that

Mfl (7’1, T2, ..ty T‘n) < ‘]\491 (rl( vn)\g1(f1)+€)’T§ 1m>\91(f1)+€)’ » 7"7<L 1;n)\gl(fl)+5))

<3'1) i.e., Mfl (7“1,7“2, "'7Tn) < Mgl <T§A+€)=T§A+E)a -~-7TSLA+E)> .

Also for any arbitrary ¢ > 0 from the definition of ., pg, (f2) (= v, Ay (f2)), We
obtain for all sufficiently large values of ry, 79, ..., 7, that

Mf2 (7’1,7"2, ...,Tn) <

M,

g1 1 s 12 syt

( ( vnAgy (f2)+5) T( vnAgy (f2)+5) 7“< vn gy (f2)+5))

(3'2) i.e., Mf2 (7‘1,7’2, "'>Tn) < Mgl <T§A+€)aréA+E), ...,7”7(1A+E)> .

Since My, x4, (11,72, ... 1) < My, (r1,79, .., 0) + My, (11,72, ..., 75, for sufficiently
for large ry,ro, ..., 1, we obtain from (3.1) and (3.2) for a sequence values of ry,ry, ..., 1,
tending to infinity that

(33) Mflifz (7’1, T2, 7“”) < 2M91 <T§A+E)7 TéAJrE), ey 7“7(1A+8)> .

Therefore in view of Lemma 2.1, we obtain from (3.3) for a sequence values of
ri,T2, ..., T, tending to infinity that

MflifQ (Tl, 712, Y rn) < Mgl <3r:(LA+E)7 3TéA+S)) ey 3T7(’LA+E)>

A+3e)  (A+3e) (A+3¢)
y T'o y ey Ty .

i.e., Mg 1y, (11,72, 00s1) < My, (Tg

Since € > 0 are arbitrary, we get from above that
vg (i £f2) SA =max{u, A (1), v.Ae (f2)} -

Similarly, if we consider that f; is of regular relative growth with respect to g; or
both f; and fy are of regular relative growth with respect to ¢g;, then one can easily verify
that

(3‘4> vn/\gl (fl + f2) < A = max {'Un>\gl (fl) ) vn/\gl (f2)}
(

Now let ,, A, (f1) > v, Mg (f2) and at least f5 is of regular relative growth with
respect to g;. Also let f = fi=£ fo. Then in view of (3.4) we get that , Ay, (f) <, A (f1)-
As, fi = (f £ f2) and in this case we obtain that ,, Ay, (fi) < max{,, Ay, (), v g (f2)}-
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As we assume that ,, Ay, (f2) < v, A (f1), therefore we have , Ay (f1) < », Ay (f) and
hence

vn)‘g1 (fl + f2) > Un)\gl (fl) = mmax {Un/\g1 (fl) ) Un>‘91 (fQ)}

Further if we consider ,, Ay, (f1) < v, Ag (f2) and at least f; is of regular relative growth
with respect to g;, then one can also verify that

(3.5) vadg (f1 £ f2) 2 A =max{,, Ay (f1), v, Aq (f2)}-
So the conclusion of the second part of the theorem follows from (3.4) and (3.5). O

Now we state the following theorem due to Dutta [6] :

Theorem 3.2. [6] Let us consider fi, fo be any two entire functions of several complex
variables with relative order ., pg, (f1) and ., pg, (f2) with respect to another entire function
g1 of several complex variables. Then

vaPgi (1 £ fo) Smax{ v, pg (1) v.pg (f2)}-
The equality holds when ., pg, (f1) # v,Pg (f2)-

Theorem 3.3. Let fi, g1 and go be any three entire functions of several complex variables
such that ,, Ay, (f1) and ,, Ay, (f1) exits. Then

”n)\gli92 (fl) = min{ Un)\gl (fl) ) vn/\g2 (fl)} :
The equality holds when ,, Ay, (f1) # vaAgs (f1)-

Proof. 1f ,, Ay, 44, (f1) = 00, then the result is obvious. So we suppose that ,, Ag, 14, (f1) <
oo. We can clearly assume that ,, A, (f1) is finite for £ = 1,2. Further let ¥ = min
{on g1 (f1), waAg (f1)}. Now for any arbitrary € > 0 from the definition of ,, Ay, (f1), we
have for all sufficiently large values of ry, 79, ..., 7, that

M, (TE vn A (fl)—a)’rg vn o (fl)—a)’ “g vn Ao, (f1)—s)> _

]\4]01 (7’1,’/“2, ...,’l“n)

where k£ =1, 2.
Therefor from above we get for all sufficiently large values of rq, 7, ..., 7, that
(3.6) M,, (rg‘I’—E)’ ré\lf_a), ...,rﬁf"a)> < My, (r1,72,...,7n) where k =1,2.

Since My, g, (11,72, o0y ) < My, (11,72, ooy ) + My, (11,72, ..., 7,) for sufficiently
for large ry,ry, ..., 7, we obtain from above and Lemma 2.1 for all sufficiently large values
of r1, 7y, ...,r, that

Y (A R ) T FUS U

yerey Iy

+M92 |:T§\I,_E)7 Té‘l’—@’ [ERE) T(\II_S)]

n

i.e., Mg tg, (r%q’_a), Té\l’_e), o rflq’_e)> < 2My, (11,79, .. Ty)
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, N\ o (1N (pe 1\ oy
i.e., My 1 ((§> i), (§> r{79 (g) (¥ )) < My, (r1,72, ooy T)

.., Mg 1, <r§qj_3g),réqj_3€), ...,T(\I’_?’a)> < My, (11,72, ..., T9)

n

Since € > 0 are arbitrary, we get from above that

(3.7) o Agitgy (f1) > W =min{ ,, Ay (f1), v Mg (f1)}-

Now let ,, Ay, (f1) < v, Ag, (f1) and g = g1 £ go. Then in view of (3.7) we get that
on g (f1) = v, Agy (f1) . Further, g1 = (g £ g2) and in this case we obtain that ,, Ay, (f1) >
min {,, Ay (f1), v, Ag (f1)}. As we assume that ,, Ay, (f1) < v, Ag, (f1), therefore we have
w1 (f1) > v, Ay (f1) and hence

Un>‘g1ﬂ:g2 (fl) Z’Un >‘g1 (fl) = min{ Un)\gl (fl) ) Un>\g2 (fl)}

Similarly, if we consider ,, Ay, (f1) > v, Ay, (f1), then one can also derive that

(3'8> vn)‘glﬁ:gz (fl) <V = min{ vn/\gl (fl) ) 'Un)\QQ (fl)} :

So the conclusion of the second part of the theorem follows from (3.7) and (3.8). [

Theorem 3.4. Let fi, g1 and gs be any three entire functions of several complex variables
such that ., pg, (f1) and ., pg, (f1) ezits. Also let fi is of reqular relative growth with respect
to at least any one of g1 or go. Then

vonPgitg (f1) = min {vnpzh (f1), vnPga (f)} -

The equality holds when v, pg, (f1) < v,pg; (f1) with at least f is of regular relative growth
with respect to g; where i,7 = 1,2 and ¢ # j.

We omit the proof of Theorem 3.4 as it can easily be carried out in the line of
Theorem 3.3.

Theorem 3.5. Let fi, fa, g1 and go be any four entire functions of several complex
variables. Then

vnPg1tg2 (fl + f2) <

max [min {Unpgl (fl) » vnPga <f1>} > min {Unpgl (fQ) » vnPga (fQ)}]

when the following two conditions holds:

(7) voPg; (f1) < vnpg, (1) with at least fy is of reqular relative growth with respect to g; for
i=1,2,7=12andi+# j; and

(i1) v, Pg; (f2) < w.pg; (f2) with at least fy is of reqular relative growth with respect to g;
fori=1,2,j=12andi#j.

The equality holds when , pg, (fi) < v.pgr (f;) and v, pg, (fi) < v,pg, (f;) holds simultane-
ously fori=1,2; 5 =1,2 and i # j.
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Proof. Let the conditions (i) and (77) of the theorem hold. Therefore in view of Theorem
3.2 and Theorem 3.4 we get that

max [min { o, pg, (f1), v.Pg, (f1)},min{ o, pg, (f2), 0,09, (f2)}]

= max [ vn Pg1£g2 (fl) » vnPgitgs <f2>]
(3.9) 2 v, Pgrxg: (J1 £ f2)-

Since 4, pg, (fi) < v,Pgr (f5) and o, pg, (fi) < v, pg, (fj) hold simultaneously for i =
1,2; j = 1,2 and i # j, we obtain that

either mln{ v Pg1 (fl)v vnPga (fl)} > mln{ vn Py (f2) » vnPgs (fQ)} or

min { v, g, (f2); v.Pg, (f2)} > min{ o, pg, (f1), v.Pg, (f1)} bolds.
Now in view of the conditions (i) and (ii) of the theorem, it follows from above
that

either 4, Og, +g, (fl) > v, Pgitgo (f2) OT v, Pg1+g2 (f2) > wpPgitge (fl)
which is the condition for holding equality in (3.9).
Hence the theorem follows. U

Theorem 3.6. Let f1, fo, 91 and go be any four entire functions of several complex vari-
ables. Then

Un>‘91:t92 (fl + f2) >

min [max { ,, Ag, (/1) 5 vaAgr (f2)},max{ o, Ag, (f1)5 wn g (f2)}]

when the following two conditions holds:

(1) va g (fi) > wa g, (fj) with at least f; is of reqular relative growth with respect to gy for
i1=1,2,7=1,2 and i # j; and

(1) v, gy (fi) > wn gy (f) with at least f; is of reqular relative growth with respect to gs
fori=1,2,7=1,2andi+# j.

The equality holds when ,, Ay, (f1) < v, Ag; (f1) and o, Ay, (f2) < v, Ag; (f2) hold simultane-
ously fori=1,2; j=1,2 and i # j.

Proof. Suppose that the conditions (i) and (i7) of the theorem holds. Therefore in view
of Theorem 3.1 and Theorem 3.3, we obtain that

min [max { v, Ag, (f1), v, Ag (f2)}, max{ o, Ag, (f1) v, Ags (f2)}]
=min [ 4, Ag, (/1 = f2) 0, Ago (f1 = f2)]
(3.10) > v gt (f1 £ f2)
Since o, Ag, (f1) < v Mg, (f1) and o, Ay, (f2) < v, Ag; (f2) holds simultaneously for
1=1,2; 7 =1,2 and 7 # j, we get that
either max { ,, Ay, (f1), v Ag (f2)} <max{ , Ag (f1), v Ag (f2)} or

ma‘X{ Un>\g2 (fl) ’ 'Un)\92 (f2)} < ma’X{ 'Un)\gl (fl) ) Un>\gl (f2)} holds.
Since condition (i) and (i¢) of the theorem holds, it follows from above that

cither o, Agy (f1 £ f2) < wAgs (1 £ o) 08w hgy (fi £ f2) < u Ay (1 % o)
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which is the condition for holding equality in (3.10).
Hence the theorem follows. U

Now we state the following two remarks which are immediately follows from our
previous discussion:

Remark 3.7. Let f1, fo and g1 be any three entire functions of several complex variables.
Also let both fi and fo are of reqular relative growth with respect to g1 with ,,pg, (f1) #

vn Py (f2) Then
'Un)\gl (fl + f2) = wPg (fl + fQ) = max {'Unpgl (f1)> vn Py (fQ)}

Remark 3.8. Let fi, g1 and go be any three entire functions of several complex variables.
Also let fi is of reqular relative growth with respect to both of g1 and go with ., pg, (f1) #

wnPgs (f1). Then
'Un)\gliQQ (fl) = wvnPgitge (fl) = min {vnpgh (fl) y vnPga (fl)} :

Theorem 3.9. Let fi, fo and g1 be any three entire functions of several complex variables.
Also let at least fi or fy is of reqular relative growth with respect to g,. Then

onAgy (f1- f2) Smax{ v, A, (f1), v Ag (f2)}
provided g, has the Property (R). The equality holds when fi and fy satisfy Property (X).

Proof. Suppose that ,, Ay, (f1 - f2) > 0. Otherwise if ,, Ay, (f1 - fo) = 0 then the result
is obvious. Let us consider that f; is of regular relative growth with respect to g;. Also
suppose that max {,,Ag, (f1) v, Agy (f2)} = A. We can clearly assume that ,, Ay, (fi) is
finite for k = 1,2. Since My,.g, (11,72, ..., 7n) < My, (11,72, ..y 7)) - My, (71,72, ..., 7p,) for all
large 71,79, ..., 7, we have from (3.1), (3.2) for a sequence values of ry, s, ..., 7, tending
to infinity that
2
My, g, (11,79, 1) < [Mgl <T’§A+€),T‘§A+8) T(A+6)>]

sy Iy

Also in view of Definition 1.5, we obtain from above for any 6 > 1 and for a
sequence values of rq, 79, ..., 7, tending to infinity that

My, g, (11,79, ooy Tn) < My, (r‘ls(A+6),7’g(A+€), ...,T‘S(A+€)> ,

n

since g; has the Property (R). Since € > 0 is arbitrary, now letting § — 17, we get from
above that

'Un)\gl (fl : f2> < A = max {Un/\gl (fl)’ 'Un)\gl (fQ)}

Similarly, if we consider that f; is of regular relative growth with respect to g; or
both f; and f5 are of regular relative growth with respect to gy, then also one can easily
verify that

(3.11) g (1 f2) S A =max{ Ay (1) vadar (f2)} -

Now let f; and f, are satisfy Property (X), then of course we have My, g, (1,72, ..., 7) >

My, (11,79, ...;1m) and My,.p, (11,72, ...;7) > My, (11, 72,...,7,) for all sufficiently large
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values of 71,73, ...,7,. Therefore from the definition of relative lower order, we get for a
sequence values of rq, 79, ..., 7, tending to infinity that

Mfl (7’1,7”2, ...,Tn) < Mfl'f2 (Tl,’/’g, ...,’I’n)

< ]\/[g1 <7~$ vn gy (f1~f2)+5)’ 7“2( vnAgy (f1-f2)+a)’ » 7A7(L vnAgy (f1-f2)+a)) .

Since € > 0 are arbitrary, we get from above that ,, A, (f1- f2) > v, Ay (f1). Similarly
wdgt (f1+ f2) = v, g, (f2) and therefore
(3.12) onAg (f1+ f2) = A =max{,, A, (f1), vaAg (f2)}-

Hence the theorem follows from (3.11) and (3.12). O
Remark 3.10. In Theorem 4.1 (i) of [6], Dutta [6] said nothing about the condition of

equality but the equality of Theorem 4.1 (ii) of [6] holds when fi and fs are satisfying the
Property (X) which can easily be derived in the line of Theorem 3.9.

Theorem 3.11. Let fi, g1 and go be any three entire functions of several complex
variables. Also let Ay, (f1) and Ay, (f1) exists. Then

vn>‘g1'92 (fl) > min {vn)\gl (fl) ) 'Un>\92 (f1>}
provided gy - go has the Property (R). The equality holds when g, and go satisfy Property

(X).

Proof. Suppose that ,, Ay, (f1) < co. Otherwise if ,, Ay, .4, (f1) = oo then the result is
obvious. Also suppose that min {,, Ay, (f1) . Ags (f1)} = ¥. We can clearly assume that
vn g, (f1) s finite for k = 1,2.

As My, g, (11,72, 0y T) < My, (71,72, o0y 1)-My, (11,72, ..., 1y, for all large 71, 79, ..., 7y,
we get in view of (3.6) for all sufficiently large values of r1, 79, ..., 7, that

My, .q (r?_a),ré\y%), ...,rﬁl\p_a)> < [My, (11,79, ...,Tn)]2

1

[MQI.QQ <r§\1’_6), rém_e), . rﬁf”e))] ’ < My, (11,72, oy T) -

Now in view of Definition 1.5 we obtain from above for any § > 1 and for all
sufficiently large values of rq,rs, ..., 7, that

(T—¢) (T—¢) (U—¢)
o B 5
Mg g {11 ° 79 5T < My, (r1,79,.0i7)

since g1 - go has the Property (R). Since £ > 0 is arbitrary, now letting § — 17, we obtain
from above that

(3.13) vn g1 g2 (f1) > ¥ = min { vn g1 (f1), vn g (f1)}-

Now let gy and g are satisfy Property (X), then of course we have My, ., (r1, 72, ..., Tn) >
Mgy, (11,79, ...;1) and Mg, .4, (r1,72, ..., 7n) > My, (71,72, ..., ) for all sufficiently large val-
ues of 71,79, ...,7,. Therefore from the definition of relative lower order, we get for all
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sufficiently large values of 7,7y, ..., 7, that

]\491 (Tl( Un)‘91'92 (f1)7€>,7’2( vn)‘91‘92(f1)*5)7 o 7"7(1 Un)‘91'92 (fl)g)) <
Mgl.92 (7’1( vn)\gl-gz(fl)—f)7r2( vnAngQ(fl)_E)’ - Tr(L vn)\gl-gg(fl)_f)) < Mfl (7’1, I rn) .

Since ¢ > 0 are arbitrary, we get from above that ,, Ay, (f1) > v, Ag1.g, (f1). Similarly
onAgs (f1) > v, Ag1-g (f1) and therefore

= vy

(3‘14) ”Un)‘gl'g2 <f1> SV = min{ Un>\gl (fl) ) 'Un)\g2 (fl)} :
Hence the theorem follows from (3.13) and (3.14). O

Theorem 3.12. Let fi, g1 and g, be any three entire functions of several complex vari-
ables. Also let f is of reqular relative growth with respect to at least any one of g1 or gs.
Then

vnPagr-ge (J1) Zmin{ o, 0, (f1) s .09, (f1)}
provided gy - go has the Property (R). The equality holds when g, and gy satisfy Property
(X).

We omit the proof of Theorem 3.12 as it can easily be carried out in the line of
Theorem 3.11.

Now we state the following two theorems without their proofs as those can easily
be carried out with the help of Remark 3.10, Theorem 3.9, Theorem 3.11 and Theorem
3.12 and

in the line of Theorem 3.5 and Theorem 3.6 respectively.

Theorem 3.13. Let fi, fo, g1 and g2 be any four entire functions of several complex
variables. Also let gy - g2 be satisfy the Property (R). Then,

vnParge (J1+ f2) =

max [min { o, pg, (f1) s 0,05 (1)} min{ v, 05 (f2); v.Pg ()}
when the following four conditions holds:
(7) f1 is of reqular relative growth with respect to at least any one of g1 or ga;
(ii) fo is of regular relative growth with respect to at least any one of g1 or gs;
(7i1) f1 and fo satisfy Property (X); and
(iv) g1 and gy satisfy Property (X).

Theorem 3.14. Let fi, fo, g1 and g2 be any four entire functions of several complex
variables. Also let g1 - g2, g1 and go be satisfy the Property (R). Then,

Un)\gl'QQ (fl ) f2) =

min [max { ,, Ag, (/1) vaAgr (f2)}, max{ o, Agy (/1) vade (f2)}]

when the following four conditions holds:
(1) At least f1 or fo is of regular relative growth with respect to gy,
(11) At least fi or fo is of regqular relative growth with respect to go;
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(7i1) f1 and fo satisfy Property (X); and
(1v) g1 and gy satisfy Property (X).
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