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COMPLEMENT GRAPHS AND TOTAL INFLUENCE NUMBER
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ABSTRACT. The total influence number is a natural extension of the graph parameter
known as the influence number. The total influence number can be viewed as vertex
labeling problem are concerned with the maximizing the sum of the labels. For a vertex
subset S C V of a graph G = (V, E), the total influence number of a vertex v € S

is, denoted by nr(v) = Z ST ICEOR The total influence number of a vertex subset S
ues 1
is np(S) = ZnT(v) = Z Z SYIOROR The total influence number of a graph G is
ves vES yeS

nr(G) = max nr(S). In this paper, we show how to find a maximum total influence set

on various basic complement graphs.
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1. INTRODUCTION

Graph labeling is the most important problem in the field of graph theory. If the vertices of the graph
are assigned values subject to certain conditions then it is known as graph labeling. Most of the graph
labeling problems have the following three common characteristics: a set of numbers for assignment of
vertex labels, a rule that assigns a label to edge and some condition(s) that these labels must satisfy.

The graph labeling problem that appears in graph theory has a fast development recently. This
problem was first introduced by Alex Rosa [1] around 1967 as means of attacking the problem of cyclically
decomposing the complete graph into the tees. Numerous variations of labeling have been investigated in
the literature such as graceful, harmonious, magic, antimagic, bimagic, cordial and prime etc. [3]. Many
graph labeling problems seek to find the smallest integer label required to satisfy certain constraints.
Other problems seek to minimize the sum of all of the labels. One of the most famous of these problems
is the chromatic sum [2]. A useful survey to know about the numerous labeling methods is by J.A.Gallian
[4].

In this paper, we study the total influence number as a graph parameter. The total influence number
can be viewed as vertex labeling problems are concerned with the sum of the labels. It is another type of
the graph parameter known as the influence number. The concept of the influence number is introduced
as a graph parameter in the social networks. This problem can also be considered in transmitters and
receivers. The applications of the influence number can be extended for the total influence number.
For psycology, we consider the situation when a person is influenced by multiple other people. Using
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transmitters and receivers, we allow the receiver to obtain a boosted signal by using the service of each
transmitter instead of only connecting to the closest transmitter.

The total influence number is a new approach to the concept of graph labeling, introduced Daugherty
and et al. [5]. Although many vertex labeling problems are concerned with the sum of all of the labels
study to minimize the sum, the influence and total influence numbers have the aim of maximizing the
sum. This means that these parameters attempt to maximize the profit associated with each vertex.

Throughout this paper, the following notation will be used. Let G = (V, E) be a simple, connected
graph. The vertex set and edge set of a graph is denoted by V(G) and E(G), respectively. It is assumed
that V(G) will be abbreviated V. For a vertex subset S C V, S =V — S denotes the complement of S
with respect to V.

The shortest distance in G between two vertices u and v will be denoted d(u, v). For any vertex u, let
d(u,S) = IUIlelgl d(u,v). Then d(u,S) =0 if and only if u € S

The total influence number of a vertex v € S is

1
nT(U) = Z 9d(uw)
uesS
The total influence number of a vertex subset S is
1
WT(S) = Z UT(U) = Z Z 9d(u,v) "

veS vES 4e§
The total influence number of a graph G is np(G) = max nr(S). A set S is called nr-set if nr(S) = nr(G)
[5, 6].

The paper proceeds as follows. In section 2, for the total influence number, known results are given.

In section 3, the total influence number of cycle and wheel graph are studied. In section 4, exact values
for the total influence number of some complement graphs are determined.

Definition 1.1. [5] A vertex subset S is called an alternating set if and only if S is either (1) the empty
set or (2) a mazimal independent set such that 3u € S > Vv € S, d(u,v) = 2k for some k € Z.

Theorem 1.2. [7] If f is continious on a closed, bounded set D in R?, then f attains an absolute
mazimum value f(x1,y1) and an absolute minimum value f(x2,y2) at some points (x1,y1) and (T2,y2)
mn D.

To find the absolute maximum and minimum values of a continious function f on a closed, bounded
set D: 1. Find the values of f at the critical points of f in D. 2. Find the extreme values of f on the
boundary of D. 3. The largest of the values from steps 1 and 2 is the absolute maximum value; the
smallest of these values is the absolute minimum value.

2. BAsic REsuLTs ON THE TOTAL INFLUENCE NUMBER

Theorem 2.1. [5]The total influence number of

(a) the complete graph K, is

if n is even,
if n is odd.

nz
77T(Kn) = {:2_1
8
(b) the star K1, is
(n+2)*

e if n is even,
nr(Kin) = {(nfﬁ)(ms)
16

if n is odd.
(c) the double star DS, ,, is
nr(DSpm) = {116n2 +3n+ ggm® + gm+ ggnm+ 5 if n,m are even,

1.2, 3 1,243 1 11 ;
3L + 8n+ ™M + 8m+ 1Gnm—l— 16 otherwise.
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(d) the complete bipartite grapf K m is

mn : m
2 anzj;

2
N7 (Knm) = % if n < 3, mis even,
(2n+m+lié2n+m71) if n < 3, m is odd.

Theorem 2.2. [5] For a path P, (n > 1), a vertex subset S has mazimum total influence if and only if
it is a non-empty alternating set.

Corollary 2.3. The total influence number of path, P, is
(o) 7(10)2_11;6”710 if n is even,

T - —n
" (8)27"+6n-10 ;6"_10 if n is odd.

Theorem 2.4. [5] For any graph G=(V,E), with vertex partitions Vi and Vo and a set S C V let
51:‘/105, SQZVQQS, S:V—S, 51:V1—51 andSQZVQ—SQ. Then,

nr(S) = nr(S1, S1) +nr(S2, S1) + nr(S2, S2) + 1r(S1, S2)

3. ToTaL INFLUENCE NUMBER OF CYCLE AND WHEEL GRAPHS

Theorem 3.1. For a graph C,, with n > 6, total influence number is

_ gl e
12 "2 (5-n)—2 ifnis odd,
— 2n 2no—12 ; n
nr(Cn) = F — F272 if n and % are even,
2n Sno—2o . . n
g2 if n is even and % is odd.

Proof. Consider a cycle C,, with V(C,,) = {v1,vs,...,v,}, a total influence set S and vertex partitions
V1 and V3. The vertex set of C), can be partitioned into two pieces Vi = {v1,va, ...v[%]} and Vo =
{v[%Hl,v(%Hz,...,vn}. V1 U Ve = V(C,). For the vertex subset S, let S; = SNV, So = SNV,
S1=V;— 8 and Sy = Vo — Sy. By Theorem 2.4, we can write the following expression for n7(S).

nr(S) = nr(S1,51) + nr(S1,S2) + nr(S2, S1) + n7(S2, S2).

By Corollary 2.3, we know nr(S1,S1) = nT(P[%]), nr(Se, So) = WT(PLgJ) and by Theorem 2.2, we also
know that S; and S are alternating sets. Let v; be vertex in S;. There are exactly two alternating sets
for S;. For summing unknow terms in the above expression, we have four cases depending on n.

Case 1. Let n is odd and [ ] is odd.

Case 1.1. Let vrn1yy € So. Then 51 = {vl,vg,...,v(%]}, Sy = {v(%Hl,v[%Hgﬂ...,vn_l}. Thus, we get

_ _ L3)
nr(S1,S2) + nr(S2, S1) = Z g

=1
Case 1.2. Let vrnyyy ¢ Sy. Then S = {vl,v37...7v(%]}, Sy = {v[%HQ,U[%H%...,vn}. Thus, we get
_ _ l5]
nr(S1,S2) +nr(S2,51) = > 5.
i=1
It is easy to see that these results are equal.
Case 2. Let n is odd and [F] is even.
Case 2.1. Let vrn1yy € So. Then 51 = {111,113,...,@(%1,1}, Sy = {v[%Hl,v(%Hg,...,vn}. Thus, we get
_ _ Lg]
nr(S1, S2) +nr(S2,51) = 3 %

Case 2.2. Let vfny ¢ Sy. Then S; = {vl,vg,...,v(%],l}, Sy = {U[%]+2,’U"%“+4,...,’Un,]_}. Thus, we get

nr(S1,92) +nr(S2,51) = 3 5

It is easy to see that these results are equal.
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Case 3. Let n is even and % is odd.
Case 3.1. Let vny; € So. Then S = {v1,v3, ...,vg}, Sy = {U%+1,’U%+3, ...y U }. Thus, we get n7(S1, S2) +

_ %) "
nr(S2,51) = 3 55
2
Vn
2

Case 3.2. Let vnyy ¢ S. Then Sy = {vi,vs,...,vn}, So = {vni9,vn44,...;0,-1}. Thus, we get

_ _ L)
nr(S1,82) + nr(S2,51) = > =3 + 2%-
i=1
It is easy to see that second result is smaller than first result.
Case 4. Let n and 3 are even.
Case 4.1. Let vnyy € S, Then S; = {v1,v3, ...,v%,l}, Sy = {v%+1,v%+3, ey Un—1}. Thus, we get

n

nr(S1,S2) +nr(S2, 51) = _ S

1=1
Case 4.2. Let vayy ¢ S. Then S = {v1,v3, ...,v%,l}, Sy = {vg+2,v%+4, oy Upt. Thus, we get
_ _ Lzl
nr(S1,82) +n7r(S2,81) = St —ﬁ-
i=1
It is easy to see that second result is smaller than first result.
By Case 1, 2, 3.1, 4.1, we have

omn _n+1 1 2 . .

?+2 2 (§—n)—§ lf'nlsodd7
n .

%ﬂ — 2?"2*5 if n and 5 are even, O
n . . .

%" — 5?”2*5 if n is even and % is odd.

Lemma 3.2. Consider a wheel graph W1 ,, with n > 6. Let Sy and Sy be total influence sets of Wi .
Assume without loss of generality that the center vertex, labeled c, is in Sy and S3. Let S1 = X1 U
XoU ..U Xy UA{c} such that any element of X; can not be consecutive to any element of X;, where
i # j. Set|Xi| = x1, |Xa2| = xa,..., | X¢| = x4, where t > 2 and x1,x2,..x¢ > 2. Additionally, let
each X; consist of vertices having consecutive indices, where i € {1,2,...,t}. Let So = X U{c} such that
| X|=z1+ 22+ ... + 2 and X consist of vertices having consecutive indices. Then nr(S1) > nr(Sz2).

Proof. We can write the following equalities for S7 and Ss.

1 1 1
nr(S1) :25 + ZZ(n —(r1+z2+ .. +x)— 1)+ Z(xl —2)(n—(x1 + 22+ ... + 1))

+ +2%+2%(n—(x1 +ao+ ... tx)—1)
+ %(:ct —2)(n—(x1+a2+ ... +x)) + %(n —(z1 + 22 + ...my)).
:% + i(xl +xo+ .. t+z)(n— (1 +x2+ ... + 1))
(3.1) +%( — (@1 + 22 + ... + 1))
nr(S2) :2% + 2%(71 —(r1+ze+...+x)— 1)
(3.2) +3(m1 +xo+ ...tz —2)(n— (z1 + 22+ .. + 2¢))
+ %(n — (1t x4 ..+ 14)).
By (3.1), (3.2) and t > 2, nr(S1) > nr(S2). O

Lemma 3.3. Consider a wheel graph W ,, with n > 6. Let S; and Sy be total influence sets of Wi .
Assume without loss of generality that the center vertex, labeled ¢, is in S1 and Sa. Let X1UX,U.. .UXU{c}
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be a partition of S such that any element of X; can not be consecutive to any element of X;, where
i # j. Let | X1| = z1, |Xo| = xo,..., |X¢| = @, where t > 2 and x1,22,.. 0 > 2. Additionally, let
each X; consist of vertices having consecutive indices, where i € {1,...,t}. Let So = Y U {c}, where
Y ={v;: for Yu;,v; € V(Wi,) —{c}, (vi,v;) ¢ E(W1,)}. Then nr(S2) > nr(Sh).

Proof. For S; by (3.1), and for Sy, we have following equalities

t 1
nr(S1) =3 + 1(3:1 +xo+ .. ta)(n— (v1+ 22+ ... + 1))

1
+ i(n — (z1 + 22+ ...1y)).

nr(S2) == (1 + 22+ ... +z)(n— (x1 + 22+ ... + 2¢) +2)

+ e~ =

1
i(n — (1 + 22+ ...1y)).

We prove by induction on the number of sets which have vertices with consecutive indices, t. (t > 2.)
i. fort =2,

1 (81) =1+ 1o+ m)(n — (o1 +72) + 50— (@1 +2).
nr(S2) :i(xl +x2)(n — (21 + 22)) + 2%(%1 + x2) + %(n — (z1 +22))

Since x1, T2 > 2, it is obvious that 17 (S2) > 1 (S1).
ii. We suppose that the claim holds for ¢ = k.

1 1
T]T(Sl) :ik + 1(1‘1 + 29+ ...+ Jfk)(ﬂ — (331 + 2o+ ... + xk))
1
+ §(n — (1 + 22 + ...wp)).

1 1
nr(S2) == (1 + 22+ ... +ap)(n — (1 + x2+ ... + 1)) + 2= (21 + 22+ ... + 1)

4 4
1
+ i(n — (1 + 22 + ...xp)).
Since assuming nr(S2) > nr(S1), we obtain
(3.3) 1+ T2+ ...+ x> k.
iii. fort =k + 1,
1 1
17 (S1) :§(k +1)+ Z(xl +ao+ ..+t xpr)(n—(v1+ 22+ .. +Tp + Tpy1))
1
+ i(n —(z1 + 22+ .z (k+1))).
1
nr(S2) :Z(ml +ao4 .. txp+ i) (n— (21 22+ oo + 2k + Tpg1))
1 1
+ 21(301 + a0+ .+ Tpg1) §(n — (1 + 22 + ... Tht1))-
1
(34) 77T(52)_77T(Sl) = 5(331 + X2+ T+ Tpg1 — k— 1).
By (3.3) and (3.4), it is obvious that nr(S2) > nr(S1). Thus, we point out that a result of Lemma is
that choosing Ss instead of Sy . [l

Theorem 3.4. The total influence number of Wi , with n > 6 is
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n248n—1 ; :
nxen=>  4fn is odd
nT(Wl,n) = {n2+186n ,

15 if n is even.

Proof. Let S is a total influence set of W; ,. By Lemma 3.2 and Lemma 3.3, we must choose S> in
Lemma 3.3 as S. Let |S| = « + 1 such that = is the number of vertices on the cycle of Wi, in S. Let
f(z) :==np(S), thus we have

flx) = 2%334— ix(n—x —2)+ %(n—x)

Bound is 0 < = < [§]. Solving f,(x) = 0 gives x = §. When n is even, we have f(3) = ”zfggn

When n is odd, 2 can be |5 ] or [§]. Since 0 < 2 < [§], we ignore x = [5]. For x = [%], we have

f(”T_l) = %. After examining at the boundaries of z, we get f(0) = Z at z = 0 and also get

n
2
f(5) = ”21%8” when n is even, f(%5%) = % when n is odd at # = [§|. Thus, the total influence

number of W1 ,, is

2 . .
% if n is odd,
nT(WL”) =\ n2+8n
16

if n is even.

4. TOTAL INFLUENCE NUMBER OF SOME COMPLEMENT GRAPHS
Theorem 4.1. For a complement of complete graph K., the total influence number is nr(K,) = 0.

Proof. A complement of complete graph K, contains isolated n vertices. Since these vertices don’t
influence each other, total influence number of K, is 0. (]

Theorem 4.2. For a graph K,, ., the total influence number is

n? +m2 —2

5 if n,m are odd,
— 2 2 .
nr(Knm) = =52 if n,m are even,
2002 9 . . ) .
% if n is even, m is odd or m is even, n is odd.

Proof. A complement of complete bipartite graph me with n < m contains two complete graphs K,
and K, which are not connected to each other. By Theorem 2.1, we know total influence number of K,
and K,,. A set S is an nr-set if and only if it contains exactly | 5] or [5] vertices from K, and exactly
| 2] or [%Z] vertices from K,,. Thus we get n7(Knm) = nr(Kn) + nr(Knp,). O

Theorem 4.3. For a graph K1,,-1, the total influence number is

(n-1)? if n is odd,

nr ?1,n—1 = _8 _
( ) {("18)21 if n is even.

Proof. A complement of star graph K1, 1 contains a complete graph K, 1 and an isolated vertex.
Let S be a total influence set of Fl,n—1~ We know total influence number of K,,_; by Theorem 2.1
and the isolated vertex doesn’t influence any vertices of K, _1, so it can be in S or S. Thus we get

nT(Fl,nfl) = nT(anl)- ]

Theorem 4.4. For the graph tKy with V(tKo) = {v1,va,...,va}, let X and Y be vertex sets such that
X = {v1,v3,..,v20-1}, Y = {va,v4,...,09:} and |X| = |Y| = t. Consider a total influence sets S, let
x=|XNS| and y1 +y2 = |Y N S| such that y; and yo are the number of vertices non-adjacent to one
of = wvertices and adjacent to all of x vertices, respectively. Then S is an nr-set if and only if following
condition or its complement is satisfied:

(z=[L], 3 =15], 92=0).
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Furthermore,

2 . .
= if t is even,

tKo) =< 2
nr(th) {%241 ift is odd.

Proof. Using the definitions of z, y1, yo and f(x,y1,y2) := nr(S), we have

1 1 1
F@,y,y2) = sa(t —a) + 2(z —y) + 5 (@ = Dz —u)
1 1
+ 555(75 —x—y2) + 5(1/1 +y2)(t — (Y1 + y2))
+1 (t )+1 +1 ( 1)+1 (t )
23/1 x 4y2 2y2 Y2 21/2 r—1yY2).

Bounds are 0 < 2z < ¢, 0 < y; < z and 0 < y, < t — z. Solving the system f.(x,y1,y2) = 0,
fun (@, 11,92) =0, fy, (2,91, y2) = 0 doesn’t give a solution. So we search to the maximum of f(x,y1,y2)
by looking at the boundaries for =, y1, y2 and we do this search from Theorem 1.2.

Case 1. For z = 0, we maximize f(0,y1,92) = 31 — 2y2 — y1y2 + y1t + yot — Sy? — y3. Solving the
system f,, (0,y1,y2) =0 and f,,(0,y1,y2) = 0 doesn’t give a solution. So we must seek the maximum of
the function at the boundaries of y; and ys.

Case 1.1. For y; = 0 (11 = @ = 0), we have f(0,0,42) = $y2 — y2(y2 — t) + 2y2(y2 — 1). Solving
F12(0,0,5) = 0 gives yo = %=L and we get f(0,0, 4L ]) = 22==1 " £(0,0, [4=1]) = 2=t From
the boundaries of ya, we have f(0,0,t) = # and f(0,0,0) = 0. Since 0 < |S| < 2t, we can ignore
£(0,0,0) =0.

Case 1.2. For yop =0 and yo =t —x = ¢, since 0 < y; < x and x = 0, y; just takes the value 0. From
examining the boundaries of y2, we have same results as Case 1.1.

By Case 1, the function is maximized at y; = 0 and y, = t.

Case 2. For z = t, we maximize f(t,y1,y2) = f%yf —y1y2 + %yl — %y% — %yg + %tQ — it. Solving the
system f,, (t,y1,y2) = 0 and fy, (¢, y1,y2) = 0 doesn’t give a solution. So must seek the maximum of the
function at the boundaries of y; and ys.

Case 2.1. For y; =0 and y; = x = t, since 0 < yo <t —x and x = t, yo just takes the value 0. So we
have f(¢,0,0) = # and f(t,¢,0) = 0, from the boundaries of y;. Since 0 < |S| < 2t, we can ignore
f(t,t,0) =0.

Case 2.2. For y; = 0 (y = t — 2 = 0), we have f(t,y1,0) = 2t — 2y1 — $(t — 1)(y1 — 1) — Fy1(y1 — ©).
Solving fy, (t,y1,0) = 0, we have y; = %. But this value isn’t integer. From examining the boundaries of
y1, we have the same results as Case 2.1.

By Case 2, the function is maximized at y; = 0 and y, = 0.

Case 3. For y; = 0, we maximize f(z,0,42) = —1(y2 + 2)(2y2 — 4t + 2z + 1). Solving the system
fo(x,0,y2) = 0 and f,,(z,0,y2) = 0 doen’t give a solution. So we must seek the maximum of the
function at the boundaries of x and ys.

Case 3.1. For x = 0, x = t, these cases are equivalent to Case 1.1, 2.1, respectively.

Case 3.2. For y = 0, we maximize f(z,0,0) = tz + 2z(z — 1) + z(t — z). Solving f(x,0,0) = 0 gives
r = =L and we get f([#52],0,0) = L‘f*l, f([%527,0,0) = 2{14. From the boundaries of x, we
have f(¢,0,0) = % and f(0,0,0) = 0. Since 0 < |S| < 2¢, we can ignore f(0,0,0) = 0.

Case 3.3. For yp = t — x, we maximize f(z,0,t) = 1¢(2¢t — 1). From solving f,(z,0,t) = 0, we don’t find
suitable z value. From the boundaries of x, we get f(0,0,t) = % and f(¢,0,t) = 0. Since 0 < |S] < 2t,
we can ignore f(¢,0,t) =0

By Case 3, the function is maximized at x =t and yo =0 or x = 0 and yy = ¢.

Case 4. For a = x, we maximize f(z,x,y2) = yat — iyg — 2yox + 2t — %y% — 222, Solving the system
fz(x,2,y2) = 0 and fy,(z,2,92) = 0 doesn’t give a sloution. So we must seek the maximum of the
function at the boundaries of x and ys.
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Case 4.1. For x = 0, x = t, these cases are same as Case 1.1, 2.1, respectively.
Case 4.2. For yo = 0, we maximize f(z,x,0) = 2z(¢t — ). Solving f,(x,0,0) = 0 gives x = %
only valid when ¢ is even, we need to try both z = [§] = 5% and « = [§] = “! when t is odd.
Consequently, we find the maximum value of this case,

{f(§7§70):t22 if t is even,

_ L
ZL’—QIS

f(t+1 t—l’o) = 221 r ¢ s odd.

2072 4
After examining at the boundaries of x, we don’t obtain a result, since 0 < |S| < 2t.
Case 4.3. For yo = t—x, we maximize f(z,z,t—z) = 1(t—2)(2t+22—1). From solving f,(z,z,t—2z) = 0,
we have x = i. But this value isn’t integer. From the boundaries of z, we get f(0,0,¢) = 2t24_t

f(t,t,0) = 0 but since 0 < |S| < 2t we can ignore f(t,t,0) = 0.
By Case 4, the function is maximized at = [£], 41 = [§] and yo = 0.

and

Case 5. For y, = 0, we maximize f(x,y1,0) = %yl — %x + yit — y1x + tor — %y% — %xQ. Solving the

system fy(z,y1,0) = 0 and fy, (z,91,0) = 0 doesn’t give a solution. So we must seek the maximum of
the function at the boundaries of x and y;. Examinations at x =0, x = t, y; = 0, y; = = are equivalent
to Case 1.2, 2.2, 3.2, 4.2, respectively.

Case 6. For y» = t — 2, we maximize f(z,y1,t — ) = —3(y1 — t)(2y1 + 2t — 1). Solving the system of
fz(x,y1,t —2) =0 and fy, (z,y1,t — ) = 0 doesn’t give a solution and so we must seek the maximum of
the function at the boundaries of  and y;. Examinations at z =0, z = ¢, y; = 0, y; = = are equivalent
to Case 1.2, 2.2, 3.3, 4.3, respectively.

From all the cases, total influence number of K is % when ¢ is even and # when ¢ is odd. (|

Definition 4.5. [5] A double star DS, ., is a tree with exactly 2 non-leaf vertices uw and v such that
deg(u) =n+1 and deg(v) =m + 1.

Theorem 4.6. Consider a complement of double star DiSmm, it contains Kpim graph and exactly two
vertices u and v such that u is adjacent to m vertices, v is adjacent to n vertices of Ky yp,. Let X be
the set of n vertices of Kptm and Y be the set of m vertices of Kpim. |X| =n, |Y] =m. Consider a
total influence set S. Let x = | X NS| and y =|Y NS|. Then S is an nr-set if and only if the following
conditions or their complements are satisfied:

n m u v T Yy
odd | odd cs ¢ 5 n m—n
even | even n<m_ 1
odd | even M1 - 2
even | odd €5 5 " 2
Odd Odd c S ¢ S mg—n 0
even | even |
odd | even mantl 2
even | odd €5 5 2 0

mtn—2
odd | odd cs cs m+(2L_2 ==

even | even 5 n—m
odd | even 0 min—1

even | odd €5 €8 %"_1 6
Furthermore,
m2+2mn+3§n+n2+5n+1 ifn<m-— %’
nT(Disn,m) = m2+2mn+5gl+n2+3n+1 zfn 2 m+ %’

2 2 .
m +2mn+3én+n +3n+2 an = m.

Proof. We examine two cases depending on u and v’s membership in S. Two cases are comprehensive
because other cases are complements of these cases.

48


Galaxy
Text Box
48


ROMANIAN JOURNAL OF MATHEMATICS AND COMPUTER SCIENCE, 2017, VOLUME 7, ISSUE 1, p.41-55

Case 1. Let ue S,v¢ S, z=|XnNS|,y=|YNS|and f(z,y) :=nr(S). In this case, we have

1 1 1 1 1
+ galm —y)+ gylm —y)+ Lyln—2) +
21’m Y 2ym Y 2yn T 4y,

Bounds are 0 < z < n and 0 < y < m. Solving the system f,(z,y) = 0 and f,(x,y) = 0 doesn’t give a
solution and we must seek the maximum of the function at the boundaries of x and y.

Case 1.1. For = 0, we have f(0,y) = %m + %n — %y + %ny + %y(m —y)+ é. Solving f,(0,y) = 0 gives
y = 2m2n=l If p <m4 1, 2miEncl e [0,m] . We need to try both y = | 22420=1 ] and y = [2m42n=1]
depending on n and m.

i: if n is odd, m is odd or n is even, m is even, we have
m+n—2\ _ m>+2mn+3m+n+n—1 m+ny\ _ m242mn+3m4n4n+1
f(ov .2 )_ ] 8 ] and'f(ov 2 )_ 8 N
ii: if n is odd, m is even or n is even, m is odd, we have

2 2 2 2
f(O, TI’L-‘r;’L—l) _m +2mn+38m+n +n+1 and f(O, m+2n+1) _m +2mn+3m+n +n—1.

8
From the boundaries of y, we get f(0,0) = 424E20tL and f(0, m) = 2nt2nddmntl
Case 1.2. For z = n, we have f(n,y) = %er%nf%er%n(mfy)Jr%y(mfy)Jr%. Solving f,(n,y) = 0 gives
y=2m=2n=l Jfn <m— 1, 2m=2n=1 ¢ [0,m]. We need to try both y = [22=22=1] and y = [22=2n=1]
depending on n and m.
i: if n is odd, m is odd or n is even, m is even, we have
f(n7 m—2n—2) — m2+2mn+3gn+n2+5n—1 and f(n7 mQ—n) — m2+2mn+3;n+n2+5n+1.
ii: if n is odd, m is even or n is even, m is odd, we have

2 2 2 2
f(n, m—2n—1) _m +2mn+3én+n +5n+1 and f(n, m—2n+1) _m +2mn+378n+n +5n—l.

From the boundaries of y, we get f(n,0) = 4mddntdmntl and f(pn m) = 2mtdntl

Case 1.3. For y =0, we have f(z,0) = %m + %n + ia: + %mo: + %x(n —x)+ %. Solving f.(x,0) = 0 gives
g = 2mntl qfp > m+ f, 2Zod2ndl € [0 n) . We need to try both @ = | 2204l | g — [2met2ntl]
depending on n and m.

i: if n is odd, m is odd or n is even, m is even, we have
f(mT—&-n’ 0) — m2+2mn+5gn+n2+3n+1 and f(m+2n+270> — mz—&-2mn+5gn+n2+3n—1.

ii: if n is odd, m is even or n is even, m is odd, we have

f( m+;1—1 , 0) — m2+2mn+5g’b+n2 +3n—1 and f( m+én+1 , 0) — m2+2mn+5m+n2+3n+1 .

8
From the boundaries of z, we get f(0,0) = 222241 and f(n,0) = W.

Case 1.4. For y = m, we have f(z,m) = fm+in+fz+im(n—2)+ iz(n—x)+ 5. Solving fy(z,m) =0
gives ¢ = 20=2mtl Ifp > g — 1 20=2mtl ¢ [0 p]. We need to try both @ = | 22=24L | g — [2n=2m-t1]
depending on n and m.

i: if n is odd, m is odd or n is even, m is even, we have
f(n—2m7m) — m2+2mn+7g+n2+3n+1 and f(n—rQrL+27m) — m2+2mn+rg+n2+3n—l.

ii: if n is odd, m is even or n is even, m is odd, we have
f(n—g@—l’m) _ m2+2mn+7§1+n2+3n—1 and f(n—72n+1’m) _ m2+2mn+7g+n2+3n+l .

From the boundaries of z, we get f(0,m) = w and f(n,m) = mﬂ#.

Case 2. Let u,v € S,z =|XNS|,y=|Y NS|and f(x,y) :=nr(S). In this case, we have

Pl y) =5 (n—) + 3 m —y)+ Z(m—y) + 1(n—2)

1 1 1 1
+52(n =)+ ga(m —y) + Jy(n —2) + Sy(m —y).

Bounds are 0 < 2 < n and 0 <y < m. Solving the system f,(z,y) = 0 and f,(z,y) = 0 doesn’t give a
solution and we must seek the maximum of the function at the boundaries of z and .
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Case 2.1. For x = 0, we have f(0,y) = %m + %n — %y + %ny + %y(m — ). Solving f,(0,y) = 0 gives
y = 2E2n=3 Jf p < 3, 2042023 € [0, m]. We need to try both y = | 2242023 | apd y = [2m42n=3]
depending on n, m

i: if n is odd, m is odd or n is even, m is even, we have
f(O, m+2n—2) — m2+2mn+3;n+n2+3n+2 and f(O, m;—n) — m2+2mn+83m+n2+3n.

ii: if n is odd, m is even or n is even, m is odd, we have
f(O, TI’L+;’L—3) — m2+2mn+83m+n2+3n and f(O, m—i—;l—l) — m2+2mn+3gn+n2+3n+2'

From the boundaries of y, we get f(0,0) = 37E3% and f(0,m) = Snt2mn,

1 1
Case 2.2. For x = n, we have f(n,y) = %m - Zy + in(m —y)+ iy(m —y). Solving f,(n,y) = 0 gives

y=2m=20=3 Jfp < m— 3, 2m=2n=3 ¢ [0,m]. We need to try both y = [22=21=3 | and y = [22=2n=3]
depending on n and m.

i: if n is odd, m is odd or n is even, m is even, we have
m—n—2\ __ m2+2mn+3m+n2+3n+2 m—n\ __ m2+2mn+3m+n2+3n
f(n, B===) = 5 and f(n, "5%) = < .
ii: if n is odd, m is even or n is even, m is odd, we have

—_y— 2 2 o 2 2
f(TL, m 2n 3) _m +2mn+§>m+n +3n and f(n, m ;L 1) _m +2mn+3gn+n +3n+2.

From the boundaries of y, we get f(n,0) = 3%E21% and f(n,m) = 0. But since 0 < [S| <n+m+2, we
can ignore f(n,m) = 0.

Case 2.3. For y = 0, we have f(z,0) = 2m+ 2n — 22 + ima + Lz(n — 2). Solving f,(z,0) = 0 gives
g =2 qfp >gp — 3, 2mE2n=3 ¢ [0, n]. We need to try both o = |20420=3 | apq g = [2042n=3]
depending on n and m.

i: If n is odd, m is odd or n is even,m is even, we have
f(m;n,O) — m2+2mn+83m+n2+3n and f(m+2n—2’0) — m2+2mn+3;n+n2+3n+2.
ii: If n is odd,m is even or n is even,m is odd, we have
-1 () — m*+2mn+3m+n+3n+2 +n=3 () — m’+2mn+3m+n’+3
From the boundaries of x, we get f(0,0) = 22432 and f(n,0) = 3mt2mn,
Case 2.4. For y = m, we have f(z,m) = 3n — 32+ im(n — 2) + L2(n — z). Solving f,(z,m) = 0 gives
2n—2m—3 3 2n—2m-—3 2n—2m—3 2n—2m—3
r= =022 Ifn > m+ 5, 2=51== ¢ [0,n]. We need to try both z = [#*=5"==| and x = [ ==
depending on n and m.

i: if n is odd, m is odd or n is even, m is even, we have
f(n—2m7m) — m2+2mn+83m+n2+3n and f(n—gl—27m) — m2+2mn+378n+n2+3n+2.
ii: if n is odd, m is even or n is even, m is odd, we have
F(r=m=l m) = m2+2mn+3g1+n2+3n+2 and f("=m=2 m) = m2+2mn+83m+n2+3n.
From the boundaries of z, we get f(0,m) = 3221 and f(n,m) = 0. But since 0 < |S| < n+m+2, we

can ignore f(n,m) = 0.

By Case 1 and 2, the total influence number of DS, ,,, is

2 2 .
m +2mn+3gn+n +5n+1 lf n S m — %,
_— 2 2 .
N1 (DSnm) = | BF2matdptn 2904l if p > m + 3,
’m2+2mn+3gz+n2+3n+2 lf n=m.

d

Lemma 4.7. Consider a complement of path P,. Let Sy and Sy are total influence sets for P,. Let
X1UXoU...UX} be a partition of S1 such that any element of X; can not be consecutive to any element of
X, where i # j. Let | X1| = a1, | Xo| = @2, ..., | Xi| = x¢, where t > 2 and x1, 22, .7y > 2. Additionally,
let each X, consist of vertices having consecutive indices, where i € {1,...,t}. Let Sy = X such that
| X| =21+ 22+ ... + 2+ and X consist of vertices having consecutive indices. Then nr(S2) > nr(S1).
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Proof. For a complement of path graph with V(P,) = {v1,v2,...,9,}, let u = v; and v = v,, be end
vertices. Moreover, let |V (P,) — V(S1)| = |[V(P,) — V(S2)| = z. We consider three cases, depending on
u and v’s membership in S.

Case i Let u,v € 9,
since |S1| = |S2| = 21 + x5 + ... + 2. We can write the following equalities for nr(S1) and 77 (S2).

1 1 1 1 1 1
nr(S1) =2—+2-(z—1)+ =(x1 —2)z + 21 +2-(z=1)4 =(z2 — 2)z

4 2 2 2 2
+ +21+21( 1)+1( 2)
et 27 5 (2 5 (@t z
t 1
(4.1) :—§+(m1+x2+...+xt)z§.
1 1 1
17 (S2) :21 + 25(2 -1+ i(zl +ao+ ...tz —2)2
1 1
(4.2) :f§+(z1+x2+...+xt)z§.

By (41)7 (42) and t > 2, nT(Sl) < ’I]T(SQ).
Case ii Let u,v ¢ S,
by the equivalence of the complementary sets, this case is equivalent to Case i and so 1y (S1) < 9 (S2).
Caseiil Let u e S,v ¢ S (or u ¢ S,v e S),
let u (or v)€ X7, we can write the following equalities for nr(S1) and nr(S2).

1 1 1 1 1 1 1
nr(S1) =5+t7t 25(2 1)+ 5(3:1 —2)z + 27+ 25(2« —-1)+ 5(:@ —2)z
1 1 1
(4.3) —71+1+1( + T2+ o+ xt)
. = B 1 B I T2 T)z.
(S)—1+1+21(z—1)+1(x +ao+ .0 —2)2
nr(o2 =571 ) B 1 2T . Tt .
1 1
(4.4) =— 1—1—5(@ + a2+ ...+ 1)z
By (4.3), (4.4) and t > 2, np(S1) < nr(S2).
We point out that for total influence number of P,,, we must choose S, instead of ;. O

Theorem 4.8. For a complement of path P, withn > 7, a set S is an np-set if and only if it contains
exactly | 5] or [§] vertices having consecutive indices such that either u or v must be in these vertices.
Furthermore,

— if n is even
Pp) = 8 ’
nr(Pn) {”28_3 if n is odd.

Proof. Let X UY be a partition of V(P,). By Lemma 4.7, we know X consist of vertices having
consecutive indices. Let z = |X| and y = |[Y' N S|, where Y = V(P,,) — X, Y NS = {v; : for V{v;,v;} €Y,
(vi,vj) € E(Py)} and any element of Y NS can not be consecutive to any element of X. We consider
three cases depending on u and v’s membership in S.

Case 1. Let u,v € S and f(z,y) =: nr(S).

f(z,y) :2i+2%(nf:c—yf1)+%(:E72)(n7x7y)

1 1
+21y+§y(nfxfy72).
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Boundsare 2<ax<n—1land 0 <y < [%’4] Solving the system f(x,y) = 0 and f,(z,y) = 0 doesn’t
give a solution. So we must seek the maximum of the function at the boundaries of « and y.

Case 1.1. For x = 2, we have f(2,y) =n— %y — %y(y —n+4)— % Solving fy(2,y) = 0 gives y = "7_5 If
n>5, 22 € [0, [22]].

i: if n is odd, we get f(2, "T_E’) = %

ii: if n is even, we consider y = [25°] and y = [2;2] but they are complements of each other and thus

have the same value. f(2,25%) = f(2,25%) = %.

; ; _ 2n-=5 _ n—3\ _ n’—2n+1
Then searching at the bour;darles of y, we have f(2,0) = =5 at y = 0 and have f(2, "5°) = st
when n is odd, f(2,25%) = 2=2241 when n is even at y = [252].
Case 1.2. For x =n — 1, y just takes the value 0. For y = 0, we only have f(n —1,0) = "T’2
Case 1.3. For y = 0, we have f(z,0) =n —z + 3(n —z)(z — 2) — 3. Solving f,(2,0) = 0 gives z = 2,
e2n—-1]ifn>4
. . . n— n n2—
i: if n is odd, we have f(251,0) = J:(%I,O) =2
n°—4

ii: if n is even, we have f(5,0) = 5
Then searching at the boundaries of z, we have f(2,0) = 252 at z =2, f(n—1,0) = 22 at z =n — 1.
Case 1.4. for y = [252], x just takes the value 0. So we have f(2,252) = 2’22l when n is odd,

2 8
f(2,n4) = M, when n is even.

2 8
n—1 n+1
2

By these subcases, for Case 1 the function is maximized at ¢ = 5= or x = and y = 0 when n is

2
odd; x = § and y = 0 when n is even.

Case 2. Letue S,v¢ Soru ¢ S,veS.
For the vertex u or v, we have tree subcases.
Case 2.1. Let u(or v)e X and f(x,y) := nr(S).

fay) =g+ 3+ 25—z —y—1)+ 5~ 2n—z—y)

4 2
+oty 1y %)
4y 2yn r—y .

Bounds are 2 < x < n—1and 0 < y < ("774] Solving the system of f,(x,y) = 0 and fy(z,y) =0
doesn’t give a solution and we must seek the maximum of the function at the boundaries of x and y.

Case 2.1.1. For x = 2, we have f(2,y) =n— %yf %y(yfn+4) — % Solving the f,(2,y) = 0 gives y = "55
and %52 € [0, [254]], if n > 5.

. . . —_ 27
i: if n is odd, we have f(2, n25) = %'

ii: if n is even, we have f(2, ”T_G) = f(2, %‘4) = %.
Then searching at the boundaries of y, we have f(2,0) = 2"2_5 aty =0, f(2, "7_3) = % when n

is odd and f(2, %52) = % when n is even at y = [252]. But this function is maximized at y = 252

2 2
when n is odd, at y = "7_6 ory = ”7_4 when n is even.
Case 2.1.2. For z = n — 1, y just takes the value 0. So we only have f(n —1,0) = 2";3.
Case 2.1.3. For y = 0, we have f(z,0) =n—xz+ (12 —1)(n—x)— 1. Solving the f,(z,0) = 0 gives z = 2.
Fe2n—-1]ifn>4
i: if n is odd, we have f(23%,0) = ]:("7“,0) = ”26;3
ii: if n is even, we have f(%,0) = 222
Then searching at the boundaries of z, we have f(2,0) = 222 at z = 2 and f(n — 1,0) = 22=3 at
r=n-—1.
Case 2.1.4. For y = ("774], x just takes the value 2. So we only have f(2, f”?*ﬂ)
By Case 2.1, the function is maximized at = = "T_l or r = ”TH and y = 0 when n is odd; at z = 3
and y = 0 when n is even.
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Case 2.2. Let u(or v)e Y, x > 2 and f(z,y) := nr(S). We have

fley) =27+ 25—z —y—1)+ 3~z —y)

4

o+ g Dm—e—y—2)+ L
1 gW T ey 1
1

+§(n—x—y—1).

Boundaries are 2 < x <n—-3and 1 <y < ["7741 Solving the system of f,(x,y) = 0 and fy(z,y) =0
doesn’t give a result and we must seek the maximum of the function at the boundaries of x and y.

Case 2.2.1. For « = 2, we have f(2,y) = 3n—y — (3y — 3)(y — n+4) — 1L, Solving f,(2,y) = 0 gives
y=155 223 ¢ [1,[24]] ifn > 7.

i: if n is odd, we have f(2, 252) = %.

ii: if n is even, we have f(2,25%) = f(2,252) = %.
Then searching at the boundaries of y, we have f(2,1) = 2221 at y = 1, f(2,252) = % when
n is odd and f(2,25%) = % when n is even at y = [252].
Case 2.2.2. For x = n — 3, y just takes the value 1. So in this case, we only have f(n —3,1) = 4’5%“.
Case 2.2.3. For y = 1, we have f(z,1) = 3n— 32— (32— 1)(x —n+1) — §. Solving the f(z,1) = 0 gives
v ="22and 252 € [2,n— 1], if n > 6.

i: if n is odd, we have f(232,1) = f(25+,1) = "22;7

ii: if n is even, we have f(%52,1) = "25;6
Then searching at the boundaries of z, we have f(2,1) = %2221 for z = 2 and f(n — 3,1) = 2~ for
r=mn-—3.

Case 2.2.4. For y = [%5%], x just takes the value 2. Thus we have f(2, %;%) = % when n is even
and f(2,252) = % when n is odd.

By Case 2.2, the function is maximized at x = ”T_B or r = "T_l and y = 1 when n is odd; z = "T_Q

and y = 1 when n is even.

Case 2.3. Let u(or v)e Y, z =0 and f(z,y) := nr(95).

1 1 1 1

fy)=g+5m-—y-+22@y-D+5H -1 -y-2).

Bound is 1 <y < | §]. Solving f,(y) = 0 gives y = n74 and n?fl €1, (2], if n > 3.
i: if n is odd, we have f(251) = %'

ii: if n is even, we have f(252) = f(%) = %~

Then searching at the boundaries of y, we have f(1) = 222 at y = 1 and having f(%5%) = %

when n is odd, f(5) = % when n is even at y = [ 5 ].
By Case 2.3, the function is maximized at y = ”7_1 when n is odd and at y =
is even.
Case 3. Let u,v ¢ S.
Case 3.1. Let x = |X|, y = [Y N S| and 2 > 2. This condition is equivalent to Case 1.

Case 3.2. Let x =0, y = |Y N S| and f(y) := nr(S). We have

n—2 _
o ory =

n

3 when n

1 1
fy) =24y +5y(n—y-2)
. Boundary is 1 <y < [%1 Solving f,(y) = 0 gives y = 251,
iz if n is odd, f(”?—l) — %
i if n is oven, y can be § or 52 Since § ¢ [1,[%52]], we get f(#52) = »52.
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Then searching at the boundaries of y, we have f(1) = % at y = 1 and having ]“("7_1 = "2_%)
when n is odd and f(252) = "2g72” when n is even at y = f”T_j] ]

From all the cases, the total influence number of P, is " 2 when n is even and % = 3 when n is
odd. O

Theorem 4.9. For a complement of cycle graph C,, with n > 6, S is an nr-set if and only if it contains
exactly | 5] or [§] vertices having consecutive indices. Furthermore,
"28_5 if n is odd,

UT(an) = { n?—4

8

if n is even.

Proof. Let X UY be a partition of V(C),). By Case i in Lemma 4.7, we know X consist of vertices

having consecutive indices. Let x = |X| and y = |[Y N S|, where Y = V(C,,) — X and Y NS = {v; : for
Vi, v; €Y, (vi,vj) € E(Cy)} and any element of Y NS can not be consecutive to any element of X. We
consider two cases: first, x > 2 and second, x = 0. These two cases are comprehensive because we ignore
other cases from Case i in Lemma 4.7.

Case 1. Let z = |X|, y = |Y NS|, x > 2 and f(x,y) := nr(S). This case is equivalent to Case 1 in

f([27,0) = ”25;5, when n is odd and

the proof of P,,. For this case, the maximum value is f([%],0)

f(3.0) = ”2874, when n is even.
Case 2. Let | X| =z, |YNS| =y, z=0and f(y) := nr(S). This yields the following equation:

11
fly) =27y + 5y(n —y = 2).

Bound is 1 < y < |2]. Solving f,(y) = 0 gives y = 251 € [0, [2]]. We have f(%5}) = % when n
is odd, f(5) = ”{%2" when n is even.
After examinations at the boundaries of y, the function is maximized at y = "T’l
By Case 1 and 2, the function is maximized at 2 = [ 5| or 2 = [5]. Hence, the total influence number
of C,, is
=5 if g s odd,

WT(én) = {n28_4

if n is even.
O

Corollary 4.10. For a complement of wheel graph W1 ,,, with n > 6, a set S is an nr-set if and only if
it contains exactly | 5] or [§] vertices having consecutive. Furthermore,
n?—5 ; ;
— if n is odd,
mrWin) =23 ,8, .,
5 if n is even.

Proof. A complement of wheel graph W1 ,, contains a complement of cycle graph with n vertices and an

isolated vertex. Since the isolated vertex doesn’t influence any vertices of C,,, the proof is done similar
to Theorem 4.9. O
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