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Abstract

The rainbow game domination subdivision number of a graph G is defined
by the following game. Two players D and A, D playing first, alternately mark
or subdivide an edge of G which is not yet marked nor subdivided. The game
ends when all the edges of G are marked or subdivided and results in a new
graph G’. The purpose of D is to minimize the 2-rainbow dominating number
v2(G") of G' while A tries to maximize it. If both A and D play according
to their optimal strategies, v,2(G’) is well defined. We call this number the
rainbow game domination subdivision number of G and denote it by 7,4(G).

In this paper we initiate the study of the rainbow game domination sub-
division number of a graph and present sharp bounds on the rainbow game
domination subdivision number of a tree.

Keywords: rainbow domination number, rainbow game domination subdivi-
sion number

MSC 2010: 05C69, 05C05

1 Introduction

In this paper, G is a simple graph with vertex set V(G) and edge set F(G) (briefly V'
and F). The number of vertices of a graph G is its order n = n(G). For every vertex
v € V, the open neighborhood Ng(v) = N(v) is the set {u € V(G) | wv € E(G)} and
the closed neighborhood of v is the set Ng[v] = N[v] = N(v) U{v}. A subdivision of
an edge uv is obtained by removing the edge uv, adding a new vertex w, and adding
edges uw and wv. A vertex of degree one is a leaf and a support vertex is a vertex
that is adjacent to at least one leaf. A vertex v € V is said to dominate all the
vertices in its closed neighborhood N[v]. A subset D of V' is a dominating set of G if
D dominates every vertex of V'\ D at least once. The domination number v(G) is the
minimum cardinality among all dominating sets of G. Similarly, a subset D of V is
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a 2-dominating set of G if D dominates every vertex of V' \ D at least twice. The 2-
domination number v,o(G) is the minimum cardinality among all 2-dominating sets of
G. We refer the reader to the books [7, 10] for graph theory notation and terminology
not defined here.

The game domination subdivision number of graph G, introduced by Favaron et
al. in [6], is defined by the following game. Two players A and D alternately play
on a given graph G, D playing first, by marking or subdividing an edge of G. An
edge which is neither marked nor subdivided is said to be free. At the beginning of
the game, all the edges of G are free. At each turn, D marks a free edge of G and A
subdivides a free edge of G by a new vertex. The game ends when all the edges of
G are marked or subdivided and results in a new graph G’. The purpose of D is to
minimize the domination number v(G’) of G’ while A tries to maximize it. If both A
and D play according to their optimal strategies, v(G’) is well defined. This number,
denoted by ~,45(G), is called the game domination subdivision number of G.

For a positive integer k, a k-rainbow dominating function (kRDF) of a graph G is a
function f from the vertex set V(G) to the set of all subsets of the set {1,2, ..., k} such
that for any vertex v € V(G) with f(v) = @ the condition U, v, f(u) = {1, 2,... . k}
is fulfilled. The weight of a kRDF f is the value w(f) = > .\ [f(v)|. The k-rainbow
domination number of a graph G, denoted by 7,(G), is the minimum weight of a
kRDF of G. A 7,1(G)-function is a k-rainbow dominating function of G with weight
7k (G). Note that 4,1(G) is the classical domination number (G). The k-rainbow
domination number was introduced by Bresar, Henning, and Rall [1] and has been
studied by several authors (see for example [2, 3, 4, 5, 8, 9, 11, 12]).

Following the ideas in [6], we propose a similar game based on the rainbow domi-
nation number. Two players A and D alternately play on a given graph G, D playing
first, by marking or subdividing an edge of G. An edge which is neither marked nor
subdivided is said to be free. At the beginning of the game, all the edges of G are
free. At each turn, D marks a free edge of G and A subdivides a free edge of G by
a new vertex. The game ends when all the edges of G are marked or subdivided and
results in a new graph G’. The purpose of D is to minimize the 2-rainbow domination
number 7,9(G") of G" while A tries to maximize it. If both A and D play according
to their optimal strategies, 7,2(G’) is well defined. We call this number the rainbow
game domination subdivision number of G and denote it by 7,4(G). As the 2-rainbow
domination number of any graph obtained by subdividing some of its edges is at
least as large as the 2-rainbow domination number of the graph itself, we clearly have
112(G) < 70yl

The purpose of this paper is to initiate the study of the rainbow game domination
subdivision number of a graph. We first determine ,,(G) for some classes of graphs,
and then we establish some bounds on it when G is a tree.

We make use of the following results in this paper.

Proposition A. ([2]) For n > 2, 7,2(P,) = [2].

Proposition B. ([2]) For n >3, v,2(C,) = | 2| + [%] — |2].
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The following lower bound for the 2-rainbow domination number of any graph is
proved in [8].

Proposition C. For any graph G of order n and maximum degree A > 1,

2n
2 (G) > .
Corollary 1. Let G be an r-regular graph of order n with r > 2. Then

WONMECIEN

Proof. The graph G has (rn)/2 edges. Therefore player A subdivides |(rn)/4| edges.
It follows that the resulting graph G’ has maximum degree r and n+ | (rn)/4| vertices.
Using Proposition C, we deduce that

10a(C) = 712G > [

2(n + L(M)MJ)W
r+2 ’

2 Exact value for some classes of graphs

In this section we determined the exact value of the rainbow game domination sub-
division number for some classes of graphs.

Example 1. For n > 2, v,,(Ki,-1) = [22].

Proof. Clearly A subdivides exactly L"T’lj edges of K ,_1 and hence v,,(K7,—1) =
25 2= 252, -

The subdivision graph S(G) is the graph obtained from G by subdividing each edge
of G. The subdivision star S(K; ) for t > 2, is called a healthy spider S;.

Example 2. For every integer t > 2, 7,,(S(K7,)) = 2t.

Proof. Let v be the central vertex of S(K; ;) and let N(v) = {vy,...,v;}. Assume v,
is the leaf adjacent to v;. The strategy of A is as follows. When D marks an edge
in {v;u;, vu;}, then A subdivides the other edge in {v;u;, vv;}, for each 1 < i <¢t. It
follows that 7,4(S(K7,)) > 2t. On the other hand, since player D began the game,
he can marks an edge in {v;u;,vv;} for each i. Hence ~,,(S(K1.)) = 2t. O

Example 3. For n > 2, v,4(P,) = [2] + [“£].

Proof. In the game on a path, all the strategies of D and A are equivalent since
subdividing any edge of a path results a new path with one more vertex. If G =
P,, then A subdivides |%!] edges and G' = P, with n’ = n+ | |. Applying

2
Proposition A, we have y,2(Py) = [%52

Yrg (Pr) = [#] =[2]+ [" - ﬂ .

| and therefore
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Using Proposition B and an argument similar to that described in the proof of
Example 3 we obtain the next result.

Example 4. For n > 3, ,,(C,,) = %] + (3n8—1w _ L%J

If C, is a cycle of order n = 8k, then Proposition 4 shows that

g (C) = %Tn _ F(n—i— Lfn)/élj)-‘ '

Therefore Corollary 1 is sharp, at least for r = 2.
The Dutch-windmill graph, K. ém), is a graph which consists of m copies of K3 with
a vertex in common.

Example 5. For every positive integer m, 7, (K{™) = 14 [2] 4 2|2 ].

Proof. Clearly 7,,(K3) = 2 and so we assume that m > 2. Let v, u;, w; are the vertices

of the i-th copy of K3 in K ém) (v is the common vertex). In the graph K. ?Em)/ obtained
at the end of the game, let p and ¢ be the numbers of cycles whose at most one edge
respectively, exactly two edges are subdivided. Then clearly 7,9 (K ?Em) ,) =1+p+2q.

The strategy of D is as follows. When some edge remains free after A has plaid,
D marks a free edge in a cycle whose two edges are subdivided if possible, otherwise
a free edge of cycle that all its edges are free if possible, otherwise a free edge in
the cycle whose one edge is marked and one edge is subdivided if possible, otherwise
a free edge in the cycle still having free edges. On this way, the number of cycles

with exactly two subdivided edges is | % | and the number of cycles with at most one

subdivided edge is [2] and hence 7 (K§™) = 7,0 (K™) < 14 [2] + 2|2,

The strategy of A is as follows. When some edge remains free after D has plaid, A
subdivides a free edge in a cycle whose one edge is marked and one edge is subdivided
if possible, otherwise a free edge in a cycle with two marked edges if possible, otherwise
a free edge of cycle that all its edges are free if possible, otherwise a free edge in the
cycle still having free edges. On this way, the number of cycles with at least two

subdivided edges is | %] and the number of cycles with one subdivided edge is [%].
Hence %g(Kém)) = %2(K§m)l) > 1+ [%]+2[%] and the proof is complete. O

For two positive integers p and ¢, we call a double star DS, , the graph obtained
from two stars K, of center u and K, of center v by adding the edge uv.

Example 6. For the double star DS, 4 of order n =q+ 3 > 5,

1
Yrg(DS14) =2+ VL—F J )

2

Proof. By assumption, ¢ > 2. Then, Player D cannot prevent A to subdivide some

edge of the star K, If ¢ = 2, then clearly 7,4(DSi5) = 5 = 2+ [*H]. Assume

henceforth ¢ > 3. Player A subdivides L‘ZJQF—QJ edges that among them ¢ are edges

of the star K, with 0 < ¢ < L%J < q. Therefor, the resulting graph DS] , has
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2-rainbow domination number ¢’ + 3 if ¢ = 42| and ¢’ + 4 when ¢’ < [4] . Hence
D tries to mark and A to subdivide the largest possible number of edges of the star
Ky 4. At the end of the game, as D began, |2] edges of the star are subdivided and
w2(DS,) = 4] +4 =[] +2 B

Example 7. For the double star DS, , of order n =p+q+2 with 2 < p < g,

n+1 3 1
22 4+ 2 if nis odd n+1
pr— 2 =
Yrg(DSp.q) { 543 if n is even { 2 —‘ e

Proof. Let p’ and ¢’ be the numbers of edges which have been subdivided in the
stars K, and K 4 respectively, in the graph DS  obtained at the end of the game.
Moreover, let n = 1 if uv is subdivided, n = 0 otherwise. Clearly p' + ¢’ +1n = [%5*]
and p' +¢ < |%5] <n—2=p+gq. Then

T2(DS, ) =9 +q' +4= VTJ —n+4

The strategy of A is as follows. When some edge remains free after D has plaid, A
subdivides a free edge in a star already containing marked edges if possible, otherwise
a free edge of the star still having the maximum number of free edges if possible,
otherwise the edge uv. On this way, A never simultaneously subdivides uv and all
the edges of a star. Hence 7,9(DS), ) > [ %5 | +4. Moreover if n is even, then A does
not subdivide wv, p’ < p, ¢ < ¢, p'+¢ = 25, and Yr2(DS, ) =0 +q' +4 = 4=
"T’Q +4 = §+3. If nis odd, the total number of edges is even and if D never marks uv,
A is obliged to subdivide it. Hence n = 1 and v,2(DS), ) = [*7] +3 =22 +2. O

3 2-domination number

In this section we present some sharp bounds on the rainbow game domination sub-
division number of graph which deal with to 2-domination.

Proposition 2. Let X be an independent set of G such that V'\ X is a 2-dominating
set. Then 7,4(G) < 2(n—|X]). In particular, if §(G) > 2 then 7,,(G) < 2(n—a(G)).
Proof. Let X = {x1,...,2x} and let z;2}, x;27 € E(G). First Player D marks an
edge in E(G) — {z;z}, x;z? | 1 <i < |X|} if any, otherwise any edge, and continues
as follows. When A subdivides an edge in {z;z}, z;2?} then D marks the other free
edge in {w;r}, x;x?} if any, otherwise any free edge. Assume that G’ is the graph
obtained from G at the end of the game. Obviously, the function f : V(G') —
{0,{1},{2},{1,2}} defined by f(u) = {1,2} for each v € V(G) — X and f(u) = ()
otherwise, is a 2-rainbow dominating function of G’ of weight 2(n — |X|). Hence
105(G) = 12l G) < 2(n — |X)). .

The next result is an immediate consequence of Proposition 2.

Corollary 3. If G is a bipartite graph with 6(G) > 2, then v,,(G) < n(G).
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Proof. If G is a bipartite graph, then a(G) > n(G)/2. It follows from Proposition 2
that 7,4(G) < 2(n(G) — a(G)) < n(G). O

Proposition 4. If p and ¢ are two integers with 2 < p < ¢, then

[ﬂp+Q+L@®ﬂ”W;§%4K

< 2p.
7+ 2 p,q)—p

In particular, v,4(Ks,) = 4.

Proof. 1t follows from Proposition 2 that v,,(K,,) < 2p.

The graph G = K, , has pq edges. Therefore player A subdivides exactly |(pq)/2]
edges. Let G’ be the graph obtained at the end of game. Then G’ has maximum
degree ¢ and p+ q + [(pq)/2] vertices. Using Proposition C, we deduce that

2@+q+t@®ﬂhw
q+2 ‘

11a(G) = 712G > [

Now it is easy to see that

F@+q+KmV%)
q+2

1 >p+2,

when ¢ > 3 and when p = 2 and ¢ > 2. This implies that v,,(K>,) = 4 when ¢ > 2,
and 7,4(K29) = 4 follows from Example 4. ]

Next we present a sharp upper bound on the rainbow game domination subdivision
number of trees.

Remark 5. Consider the variant of the game defined by the same rule with the ex-
ception that in one turn of the game, D is allowed to mark two free edges instead of
one. For this variant, the rainbow game domination subdivision number =, satisfies

Trg(G) < g (G).
For a vertex v in a rooted tree T, let D(v) denote the set of descendants of v and

Dv] = D(v) U {v}. The mazimal subtree at v is the subtree of T" induced by D|v],
and is denoted by T,.

Theorem 6. For any tree T of order n > 2 different from P,
20y (T) < 295(T) — 2.
Furthermore, this bound is sharp for healthy spider.

Proof. The proof is by induction on n. The statement is obviously true for n < 3.
For the inductive hypothesis, let n > 4 and suppose that for every nontrivial tree T,
different from Ps, of order less than n the result is true. Let T be a tree of order n. If
T is a star Ki,_1, then 15(T) = n — 1 and, by Example 1, 7,4(T) = [2£2]. It follows
that v,4(T) < 272(T) — 2. If T = Py, then clearly v,,(T) = 3 < 4 = 2y (T) — 2. If
T is a double star DS; , with n = 3 + ¢ > 5, then (7)) = n — 1 and, by Example
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6, V(1) = 24 |*]. This implies that 7,4(T) < 279(T) — 2. If T is a double star
DS, , then by Example 7, v,,(T) < 272(T") — 2. Thus, we assume that 7" is not a star
or double star. Then diam(7T") > 4. Assume that P = v1v,... v, k > 5, is a longest
path of T. Let degy(vg—1) = t and let D be a minimum 2-dominating set of 7" not
containing v,_;. Obviously, such a minimum 2-dominating set exists. We consider
two cases. In each of them, we define a subtree T3 of order at least two of T" and a
strategy for D. We denote by 7" and T7 the trees obtained from 7" and 77 at the end
of the game.

Case 1. t > 3.

Root T at v; and let vy, uy,...,u;_o be the leaves adjacent to vx_;. Then the set

D\ {vg,uq,...,u_2} is a 2-dominating set for the tree 7y =T — T, , and hence
Y2(Th) < 7(T) — (t —1). (1)

If Ty = P, then it is easy to see that v,,(T") < 2v,(T")—2. Let Ty # Ps. Player D plays
the game according to an optimal strategy on 77 as long as A subdivides an edge of
Ty. If A subdivides a free edge in F' = {vy_oUk_1, Vk_1Uk, Ug_1U1, - - - , Up_1Us_o} then
D marks a free edge in F', if any, and otherwise an arbitrary free edge in 77, if any. It
follows from Remark 5 that v,2(77) < 7,4(T1). We can extend each ~,2(77)-function,
f, to a 2-rainbow dominating function of 7" by assigning {1, 2} to v;y_; and assigning
{1} to each leaf at distance 2 from v;_;. Thus
t—1

Bo(T) < 3l(T') S (T 424 57 ] < (1) 24 |2 )

By the induction hypothesis and (1), we have

olT) < (D) +2 4 28] < (29a(T) —2) 124+ |15 < 200(1) — 2.

Case 2. t = 2.

Since vg—1 ¢ D, {vg,vr—2} € D and D \ {v} is a 2-dominating set of the tree
T, =T — {v,vr_1}. Hence y(T1) < %(T) — 1. If Ty = P3, then T' = P5 and it
follows from Example 3 that v,,(7T") < 272(T) — 2. Let Ty # Ps.

Player D plays the game according to an optimal strategy on 77 as long as A
subdivides an edge of T} and when A subdivides one edge in {vy_ovg_1, Vk_1vx} then
D marks the second edge in {v,_ovp_1, vk 10k }. We may assume, without loss of
generality, that A subdivides the edge vx_1v; by a new vertex z. We can extend each
Yro(T])-function, f, to a 2-rainbow dominating function of 7" by assigning {1, 2} to
z. Hence

g1 < 70y (T1) + 2. @)

It follows from the induction hypothesis and (2) that
Vrg(T) < Yrg(Th) +2 < 27%(Th) — 2+ 2 < 29%(T) — 2.

This completes the proof. O
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4 Trees

In this section we present lower and upper bounds on the rainbow game domination
subdivision number of a tree.

Theorem 7. For any tree T of order n > 2,

) 2 [,

if and only if T'= P5 or T is a star.

Moreover, 7,4(T) = [%£2]
Proof. The proof is by induction on n. Obviously, the statement is true for n < 3.
Assume the statement is true for all trees of order less than n, where n > 4. Let T be a
tree of order n. If T"is a star, then the result follows from Example 1. If T is a double
star, then we deduce from Examples 6 and 7 that ~,4(T) > [2£2]. Suppose T is not
a star or double star. Then diam(7") > 4. Let P = v1v,... vy be a diametral path in
T and let d = degy(vx_1) and t = degp(ve). Assume that wuy, us, ..., uq 2, vy are the
leaves adjacent to vy if d > 3 and uf,u},...,u;_,, vy are the leaves adjacent to vy
when t > 3. In what follows, we will consider trees T7 formed from 7' by removing a
set of vertices. We denote by 7" and 77 the trees obtained from 7" and T} at the end
of the game. We proceed further with a series of claims that we may assume satisfied
by the tree.

Claim 1. d =2 or dis odd.

Suppose d > 3 and d is even. Let T} = T'—{vg_1, Uk, U1, . .., uq_o}. Player A plays the
game according to an optimal strategy on 77 as long as D marks an edge of T. If D
marks a free edge in F' = {vy_ovk_1,U1Vk_1, - - ., Ug_2Vk_1, Vgp_1Vx } then A subdivides
a free edge in F'. Suppose that 7" is the tree obtained at the end of the game.
Obviously, A subdivides %l edges in F. Let {2, 29, ..., 24 } be the subdivision vertices
used to subdivide the edges in F. Then T" — {vx_1, v, U1, ..., Ug_2, 21, 22, - - - ,z%} is
the tree 77 obtained from T; at the end of the game and ,,(71) = v2(17).

We show that 7,2(T") > 72(T7) + 4 + 1. Let f be a y,2(T”)-function. If A has
subdivided the edge vg_ovk_1, then f must assign {1,2} to vy_; and {1} to %— 1 leaves
at distance 2 from v;_; and hence f assigns () to the subdivision vertex of the edge
Ug—1Uk—2. It follows that the restriction of f to 7] is a 2-rainbow dominating function
on T} implying that v.o(T") > 7,9 (T{)+g+1. Let A don’t subdivide the edge vy _ovi_1.
Then A has subdivided %l pendant edges incident to vx_;. Then f must assign {1, 2}
to vk—1 and {1} to % leaves at distance 2 from v,_;. Then the function g defined by
g(vg—2) = {1} and g(v) = f(v) for each v € V(T]) —{vx_2} is a 2-rainbow domination
function on T} of with w( f7;)+1. It follows that 7,9(T") = w(g)+%+1 > o (T])+5+1.
Thus 7,2(T") > VTQ(T{)+§+1. Then v,4(T) > g (T —{ V1, Vi, ug, - . . ,Ud_g})+%l+1
and it follows from inductive hypothesis that

f}/rg(T) Z erg(T - {,Uk*17vk7 U, .- J/U’d*Z}) + g +1

> (g dgg

v

(=54 > [232].
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Similarly, we may assume that t =2 or ¢ > 3 and ¢ is odd.

Claim 2. d =2 or n is odd.
Suppose d > 3 and n is even. Then by Claim 1, d is odd. An argument similar to
that described in Claim 1, shows that 7,4(7) > [2=427] 4+ &1 4 1. Since n is even,
n —d—+ 2 is odd and we have

n—d+3 d-1 n+2 n—+2 n+2

(T > 1= 1= 1
(@2 e e = e = s 1

1.

Claim 3. d=2.
Let d > 3. Then by Claims 1 and 2, the integers d and n are odd. Since t = 2 or
t > 3 and t is odd, we consider two Cases.

Case 3.1. t=2.
If diam(7T) = 4 and deg;(v3) = 2, then n is even which is a contradiction. Hence, we
may assume diam(7") > 5 or degp(vs) > 3. Let Ty = T — {v1, Ug—1, Vg, U1, - . ., Ug—2}.
The strategy of A is that he plays the game according to an optimal strategy on 77 as

long as D marks edges of 77. When D marks an edge in F' = {ujvg_1,. .., Ug—2Vk_1, Vk_1Uk

then A subdivides a free edge in F' and when D marks an edge in {vjvg, vx_ovg_1, },
then A subdivides the other edge in {vivy, vy_ovk_1, }. Assume that Z is the set of
subdivision vertices used to subdivide the edges not in T;. Suppose that 7" is the tree
obtained at the end of the game. Then 7" — (ZU{wvy, vg_1, vk, U1, . . ., ug_2}) is the tree
T} obtained from T; at the end of the game and ~,,(71) = 7-2(77). Using an argument
similar to that described in Claim 1, we can see that v,2(T") > v,2(T7) + 45+ + 2. It
follows from induction hypothesis that 7,o(7") > [2=2t] 4 &1 4 2 > [2£2],

Case 3.2. t>3is odd.
If diam(T) = 4 and degy(vs) = 2, then it is easy to verify that v,,(T) = 4+ S +51 >
[2£2]. Let diam(T) > 5 or degy(vs) > 3 and let Ty = T — ({vy, 02,1}, ..., uj_,} U
{Vk—1, VK, u1,...,uq—2}). The strategy of A is that he plays the game according to
an optimal strategy on T} as long as D marks edges of 7;. When D marks an edge
in Fy = {uvg_1,...,Ug—2Vk_1,Vk_10x } then A subdivides a free edge in Fy, when D
marks an edge in Fy = {ujvy, ..., u} 5vs, 0901} then A subdivides a free edge in Fy
and when D marks an edge in {v3vy, vp_2vk_1, }, then A subdivides the other edge
in {vsve, vk_oug_1, }. Let Z be the set consists of all subdivision vertices used to
subdivide the edges not in 77 and let 7" be the tree obtained at the end of the game.
Then 7" — (Z U{vy,v9, 0], . .. us_o } U{vg_1, Vg, U1, ..., uq—2}) is the tree 7] obtained
from 77 at the end of the game and 7,4(71) = ¥,2(77). Using an argument similar to
that described in Claim 1, one can see that 7,2(T") > v,2(T]) + & + 51 + 3. By
inductive hypothesis we have v,5(T") > [2=CH2] 4 a1 4 21 4 3 5 [nd2]
Claim 4. t=2.
Let t > 3. Then t is odd. Using an argument similar to that described in Case 1 of
Claim 3, we can see that v,5(T") > [%£2].
Claim 5. degg(vg_2) = 2.
Let degg(vg—2) > 3. We consider three Cases.

Case 1. degp(vk—2) > 3 and vy_s is adjacent to a support vertex zo & {vk_3, Vg_1}.
By Claims 1, 2, and 3, we may assume deg,(22) = 2. Let z; be the leaf adjacent
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to zo and let Ty = T — {wg_1, Uk, 21, 22}. Player A plays according to an optimal
strategy on T} as long as D marks edges of T}, and when D marks an edge in
{Vk—2Uk_1, Vk_1vx } then A subdivides the other edge in {vg_ovk_1, vi_1vx } with vertex
wy and when D marks an edge in {vx_222, 2021} then A subdivides the other edge in
{vr_229, 2021} with vertex wy. Let T” be the tree obtained at the end of the game.
Then T — {21, 29, w1, Wy, Vg_1, vk} is the tree T] obtained from 77 at the end of game
and 7,(T}) = 2(T)).

Let f be a 4o(T")-function. Clearly |f(w1)| + |f(ve—1)| + | f(vr)| = 2, |f(wa)] +
|f(22)|+|f(21)| = 2, and the function g : V(T]) — P({1,2}) defined by g(vy_2) = {1}
and g(z) = f(z) for each x € V(T]) — {vr—2}, is a 2RDF of T} of weight w(f) — 3.
Hence nya(T) = w(f) = w(g) + 3 > 1a(T) + 3 > [1=H2] 1 3 > [222].

Case 2. degy(vg_2) > 3 and vi_s is adjacent to two leaves zy, zs.

Let Ty = T — {vg_1, v, 21, 22}. Player A plays according to an optimal strategy on
Ty as long as D marks edges of 77, and when D marks an edge in {v_ovg_1, Vk_10x}
then A subdivides the other edge in {v;_ovx_1, vk 10x} and when D marks an edge
in {vg_229,Ug_221} then A subdivides the other edge in {vx_o22,v5_221}. Let T be
the tree obtained at the end of the game. As above, one can see that v,o(7") >
(25421 + 3 > [%2].

Case 3. deg;(vg_2) = 3 and vi_» is adjacent to the leaf z;.

Let Ty = T — {vk_2,vx_1, Vg, 21 }. Player A plays according to an optimal strategy on
T; as long as D marks an edge of T}, and when D marks an edge in {vy_ovg_1, Vg_10x }
then A subdivides the other edge in {vx_ovg_1,vx_105} and when D marks an edge
in {vp_ovk_3,Vk_221} then A subdivides the other edge in {vg_ovy_3,v5 221} If T" is
the tree obtained at the end of the game then as above, we can see that v,.o(7") >
(=520 + 3 > [242].

Similarly, we may assume deg(vs) = 2.

We now return to the proof of theorem. If diam(7") = 4, then 7' = P5 and clearly
Yog(T) = 4 = [22]. If diam(T") = 5 or diam(7T") = 6 and deg(vs) = 1, then T' = Py, Py
and 7,4(T) > [%2] by Example 3. Let diam(7) > 6 or deg(vs) > 3. Suppose
Ty =T — {vy,v9,v3, Vg2, V51, vx }. Player A plays according to an optimal strategy
on T; as long as D marks edges of T}, and when D marks an edge in {vx_ovg_1, Vg_10x }
then A subdivides the other edge in {vg_ov_1, vk 10}, when D marks an edge in
{v1v9, v9v3} then A subdivides the other edge in {vjve,vov3} and when D marks
an edge in {vg_ovk_3,v3v4} then A subdivides the other edge in {vy_ovk_3,v304}.
If T" is the tree obtained at the end of the game, then it is not hard to see that
o (T7) > [2452] 4+ 3 > [222],

All in all, we have 7,5(7") > [%£2] with equality if and only if T = Ps or T is a
star. This completes the proof. O

A support vertex is said to be end-support vertex if all its neighbors except one of
them are leaves.

Theorem 8. For any tree T of order n > 2,

Vrg (T) <n.
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Proof. The proof is by induction on n. If n = 2,3, then obviously, 7,4(T) = n. Let
n > 4. Assume that the result is true for any non-trivial tree of order less than n, and
let T' be a tree of order n. If T is a star, then 7,,(7") < n by Example 1 and n > 4.
If T is a double star, then it follows from Examples 6 and 7 that v,,(7") < n with
equality if and only if ' = DS; 2 or DSs5. Assume that 7" is not a star or a double
star. Then diam(7T") > 4. Let x be an end-support vertex of degree degp(xz) =t of T,
yl,y?, -,y ! the leaves attached at x, and z the neighbor of x of degree at least 2.
The tree Ty = T — {x,y",y* -+ ,y"~'} has order at least two. In the following three
cases, we define a strategy for D and denote by 7" and 77 the trees obtained from 7’
and T at the end of the game.

Case 1. The tree T has an end-support vertex of degree at least 5.

Player D plays following its best strategy on 77 as long as A subdivides edges of
Ti. When A subdivides an edge of {xz,zy',... zy'~'}, then D marks a free edge in
{ay', ... xy' '} Tt is easy to see that v,2(T") < y2(T7) + [£] + 2. Hence, by the
induction hypothesis and t > 5,

t

t
2J+2§n—t+L§J+2<n.

ro(T) = 12(T7) < alT0) + [] 42 = 7y (T + |
Case 2. T admits two end-support vertices z, 2’ of degree 4.
Assume that y't, 92,y are the leaves attached at z’, and 2’ the neighbor of 2/ of
degree at least 2. Suppose that Ty = T — {z,y*, v, o>, o',y v%, v} Ut Ty = K,
then z = 2’ and it is easy to see that ,4(T") < n. Let T3 have order at least two. The
strategy of D is that he plays its best strategy on T5 as long as A subdivides edges of

1,71 1,02

T,. When A subdivides an edge of {zy', zy? zy?, 'yt 2'y?, 2'y"*}, D marks a free
edge of {xy!, xy? xy?, o'yt 'y, 2'y*} and when A subdivides an edge in {zz,2'2'},
D marks the other edge in {xz,2'2'}. Clearly v,.2(T") < ~,2(T3) + 7. By the inductive

hypothesis, we have
P)/rg(T) = ’)/7”2(T/) S 7r2(T2/) + 7= 7rg(T2) + 7 S n—38 + 7 <n.

Case 3. All the end-support vertices of T" have degree at most 4 and at most one of
them has degree 4.

Let x be an end-support vertex of degree t. Player D plays following its best strat-
egy on T as long as A subdivides edges of 7;. When A subdivides an edge of
{zy*, zy?, -+ oyt~ w2z}, D marks an edge of {xy', zy? -+, xy'~'} if possible, oth-
erwise the edge xz if still free, otherwise any other free edge of T;. At the end of
the game, at most |£] edges of zy', xy?,--- ,zy'"! are subdivided. It is easy to see
that v,2(T") < %2(T7) + 2 when ¢ = 2 and 7,2(T") < 72(T7) + 2+ | 5] when t = 3,4.
It follows from induction hypothesis that 7,4(7) < 72(7") < n and the proof is
complete. O
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