Romanian Journal of Mathematics and Computer Science Issue 1, Vol. 13 (2023)

A NOTE ON EXTENSIONS OF OPEN SETS BY IDEALIZATIONS
AHU ACIKGOZ AND TAKASHI NOIRI

ABSTRACT. Recently, Abbas [1] has introduced and investigated the notion of h-open
sets in a topological space. As a generalization of h-open sets, in [2] we introduced hl-
open sets in an ideal topological space (X, 7, I) and obtained some properties of hI-open
sets. In this paper, we introduce and investigate h*-open sets on an ideal topological
space. We show that h*-open sets lie between open sets and hl-open sets and h*-open
sets are indepenent of h-open sets.
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1. ITRODUCTION

In 2020, Abbas [1] introduced the notion of h-open sets in a topological space (X, 7) as a generaliza-
tion of open sets (see also [5]). Acikgoz et al. [3] showed that the family of all h-open sets in (X, 7) is a
topology for X (see also [4]).They introduced h-local functions in an ideal topological space (X, 7, I) and
obtained their fundamental properties. Quite recently, Acikgoz and Noiri [2] introduced and investigated
the notions of hl-open sets, hl-continuous functions and hl-irresolute functions.

In this paper, we introduce h*-open sets in (X, 7, ), h*-continuous functions and h*-irresolute func-
tions. We show that h-open sets and h*-open sets are independent of each other and they both are
stronger than hl-open sets. It is also shown that continuity and h*-irresoluteness are independent of
each other and they both imply A*—continuity.

2. PRELIMINARIES

Let (X, 7) be a topological space. The notion of ideals has been introduced in [7] and [8] and further
investigated in [6].

Definition 2.1. A nonempty collection I of subsets of a set X is called an ideal on X if it satisfies the
following two conditions:

(1) A€ I and B C A implies B € 1,

(2) Ac I and B €I implies AUB € I.

A topological space (X, 7) with an ideal I on X is called an ideal topological space and is denoted by
(X, 7,I). Let (X, 7,I) be an ideal topological space. For any subset Aof X, A*(I,7)={x € X : UNA¢ 1
for every U € 7(x)}, where 7(z) = {U € 7 : © € U}, is called the local function of A with respect to 7
and I [6]. Hereafter A*(I,7) is simply denoted by A*. It is well known that C1*(A) = AU A* defines a
Kuratowski closure operator on X and the topology generated by Cl1* is denoted by 7*.
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Definition 2.2. Let (X, 7,I) be an ideal topological space. A subset A of X is said to be
(1) h-open [1] if A C Int(AU V) for every V € 7 such that ) #V # X,
(2) hl-open 2] if A C Int(AUCI*(V)) for every V € 7 such that § #V # X.

Lemma 2.3. ([2]) Every h-open set is hI-open but the converse is not true.

Definition 2.4. A function f: (X, 7,I) — (Y, 0) is said to be
(1) h-continuous [1] if for every open set V in Y, f~1(V) is h-open in X,
(2) hI-continuous [2] if for every open set V in Y, f~1(V) is hl-open in X.

Lemma 2.5. ([2]) Every h-continuous function is hl-continuous but the converse is not true.

3. h*-OPEN SETS

Definition 3.1. Let (X, 7,I) be an ideal topological space. A subset A of X is said to be
(1) h*-open if A C Int(AU V™) for every V € 7 such that § #V # X,
(2) h*-closed if X \ A is h*-open.

Let (X, 7,1) be an ideal topological space. I is said to be codense if 7N I = {).

Lemma 3.2. ([6]) Let (X, 7, 1) be an ideal topological space. Then the following properties are equivalent:
(1) I is codense;
(2) V. C V* for every open set V of X.

Theorem 3.3. Let (X, 7,1) be an ideal topological space. Then the following properties hold:
(1) If I is codense, then h*-open sets and hl-open sets are equivalent,
(2) The following diagram holds:

open sets = h*-open sets

4 ¢

h-open sets = hl-open sets

(8) h-open sets and h*-open sets are independent of each other.

Proof. (1) Let V be any open set of X such that ) # V' # X. Then, since I is codense, by Lemma
3.1V CcV*and CI*(V) =V UV* =V*. Hence h*-open sets and hl-open sets are equivalent.

(2) Tt is obvious that every open set is h-open and h*-open. Since CI*(V) = V U V*, every h*-open
set is hl-open. It is known in [2] that every h-open set is hl-open.

(3) Tt follows from the following two examples that h-open sets and h*-open sets are independent of
each other.

Example 3.4. Let X = {a,b,c}, 7 = {0, X, {b},{b,c}},I = {0,{c}} and A = {a,b}. Then A is h*-open
and not h-open. For any open set V € 7 such that § # V # X, V* = X and A C Int(4A U V*) for every
open V such that ) # V # X. Therefore, A is h*-open. There exists an open set {b} such that A is not
contained in Int(A U {b}) = {b}. Hence A is not h-open.

Example 3.5. Let X = {a,b,c},7 = {0, X, {a},{a,b}},I = {0,{a}} and A = {b,c}. Then A is h-open
and not h*-open. For any open set V € 7 such that § £V # X, Int(AUV) = X. Therefore, A is h-open.

There exists an open set {a} such that {a}* = () and A is not open. Therefore, A is not contained in
Int(AU{a}*) = 0. Hence A is not h*-open.

Let (X, 7,I) be an ideal topological space. The family of all h*-open sets in (X, 7,I) is denoted by
h*O(X,I) or simply h*O.

Theorem 3.6. Let (X, 7,1) be an ideal topological space. Then h*O is a topology for X.

Proof. (1) It is obvious that 0§, X € h*O.
(2) Let V1, V5 € h*O. We show that V; NV, € h*O. Let G be any open set of X such that () # G # X.
Since V1, V5 € h*0, Vi C Int(V1 UG*) and V3 C Int(VoUG*). Hence Vi NVa C Int(V3 UG*) NInt(Vo UG*)
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= Int{(V1 U G*) N (VQ U G*)} C Int{(V1 N V2) U G*)} Therefore, V1 NV, € h*O.

(3) Let V,, € h*O for each @« € A and G be any open set of X such that § # G # X. Then
Vo C Int(V, U G*) for each o € A. Then we have V,, C Int(Vy UG*) C Int((UaeaVa) U G*) for each
a € A. Hence Upea Ve, C Int((UpenVa) U G*). This shows that UpeaVy € A*O.

Definition 3.7. Let (X, 7,I) be an ideal topological space and A a subset of X. The set U{U : U C
AU € h*O(X,I)} is called the h*-interior of A and is denoted by Inty«(A).

Theorem 3.8. Let (X,7,I) be an ideal topological space. Let A and B be subsets of X. Then the
following properties hold:

(1) If A C B, then Intp«(A) C Intp«(B),

(2) Intps (A) C A and Inty« (A) is h*-open,

(8) Inty,« (Inty,~ (A)) = Intp« (A),

(4) A is h*-open if and only if A = Intp-(A),

(5) Intp= (A) N Intp« (B) = Inty (AN B),

(6) Intp+(A) U Intp-(B) C Intp+ (AU B).

Proof. The proof is obvious.

Definition 3.9. Let (X, 7, 1) be an ideal topological space and A a subset of X. Theset "{F : AC F, F
is h*-closed } is called the h*-closure of A and is denoted by Clp«(A).

Theorem 3.10. Let (X, 7,I) be an ideal topological space. Let A and B be subsets of X. Then the
following properties hold:

(1) If A C B, then Cl»(A) C Clp«(B),

(2) A C Clp+(A) and Cly«(A) is h*-closed,

(3) Clps (Clps (A)) = Clpx (4),

(4) A is h*-closed if and only if A = Cly«(A),

(5) Clp« (AN B) C Clp« (A) N Cly« (B),

(6) Clp« (AU B) = Clp,« (A) U Clp« (B).

Proof. The proof is obvious.
Theorem 3.11. Let (X, 7,I) be an ideal topological space and A be a subset of X. Then the following
properties hold:

(1) X \ Clp«(A) = Intp« (X \ A),

(2) X \ Intps (A) = Clp« (X \ A).

Proof. The proof is obvious.

4. h*-CONTINUOUS FUNCTIONS

Definition 4.1. A function f: (X,7,I) — (Y, 0) is said to be h*-continuous if for every open set V in
Y f~4(V) is h*-open in X.

Remark 4.2. For a function f: (X, 7,I) — (Y, 0), the following implications hold:

continuity = h*-continuity

4 4

h-continuity = hl-continuity
In the above diagram, h*-continuity and h-continuity are independent of each other as shown by the
following examples.
Example 4.3. Let X = {a,b,c},7 = {0, X,{a},{a,b}},I ={0,{a}}, Y = {a,b,c} and o = {0,Y, {b, c}}.
Then the identity function f : (X,7,I) — (Y,0) is h-continuous and not h*-continuous. Because, by
Example 3.2, {b, ¢} is h-open and not h*-open in X.
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Example 4.4. Let X = {a,b,c},7 = {0, X, {b},{b,c}},I = {0,{a}},Y = X and o = {0,Y, {a,b}}.
Then the identity function f: (X,7,1) — (Y, 0) is h*-continuous and not h-continuous. Because, {a, b}
is h*-open and not h-open in X.

Lemma 4.5. Let (X,7,I) be an ideal topological space and A be a subset of X. Then the following
properties are equivalent:

(1) A is h*-closed;

(2) CHAN (X \V*)) C A for every open set V of X such that 0 #V # X.

Proof. (1) = (2): Let A be h*-closed. Then X \ A is h*-open. By Definition 3.1, (X \ 4) C
Int{(X\ A)UV*} for every open set V of X such that ) # V # X. Therefore, A D X \Int{(X\A)UV*} =
CIIX \ {(X\ A)uV*}] = Cl[AN (X \ V*)]. Therefore, we obtain C1(AN (X \ V*)) C A.

(2) = (1): Suppose that CI(AN (X \V*)) C A for every open set V of X such that § # V # X. Then
X\VACX\ClAN(X\V?) =Int[ X\ {AN(X\V*)}] =Int[(X \ A) UV*]. Threfore, X \ A is h*-open
and hence A is h*-closed.

Theorem 4.6. For a function f: (X, 7,1) = (Y,0), the following properties are equivalent:

(1) f is h*-continuous;

(2) For each x € X and each V € o such that f(x) € V, there exists an h*-open set U containing
such that f(U) CV;

(3) For each closed set F in'Y, f~*(F) is h*-closed;

(4) For each closed set F in' Y, CI(f~Y(F)N (X \V*)) C f~X(F) for every open set V of X such that
V£V #X;

(5) For each subset B of Y, C1(f~1(CI(B))N (X \V*)) C f~1(CIB)) for every open set V of X such
that 0 £V # X;

(6) For each subset A of X, f(CL(AN (X \V*))) C CI(f(A)) for every open set V of X such that
0+£V #£X;

(7) For each B of Y, Cl (f~Y(B)) C f~Y(CI(B));

(8) For each B of Y, f~'(Int(B)) C Intp-(f~1(B)).

Proof. (1) = (2): Let  be any point of X and V any open set of Y containing f(z). Set U = f~1(V),
then U is an h*-open set containing = such that f(U) C V.

(2) = (1): Let V be any open set of Y. For any z € f~1(V), f(z) € V. By (2), there exists an h*-open
set U, containing z such that f(U,) C V. Since z € U, C f=3(V), f~}(V)=U{U, : z € f~1(V)} and
f~1(V) is h*-open in X.

(1) = (3): Let F be any closed set of Y. Then Y \ Fisopenin Y and X \ f~Y(F) = f~X (Y \ F) is
h*-open in X. Hence f~1(F) is h*-closed in X.

(3) = (4): Let F be any closed set in Y. Then f~}(F) is h*-closed in X. By Lemma 4.1,
Cl(f~Y(F)N (X \ V*)) C f~Y(F) for every open set V of X such that § #V # X.

(4) = (5): Let B be any subset of Y. Then CI(B) is closed in Y and by (4) C1[f~1(CI(B))N(X\V*)) C
f~Y(CI(B)) for every open set V of X such that ) £V # X.

(5) = (6): Let A be any subset of X. Let B = f(A) in (5). Then Cl[AN (X \ V*)] C
Cl[f~YH(CI(f(A))) N (X \ V*)] C fYCI(f(A))). Hence f(Cl(AN (X \ V*) C CI(f(A)) for every
V € 7 such that § £V # X.

(6) = (1): Let V be any open set of Y. The Y \ V is closed in Y. By (6), for every V € 7
such that ) # V # X, f(CIIf 7{(Y \ V)N (X \V*)] C CIf(f~L(Y\V)) Cc CY \V) =Y \V
and hence CI[f 7L (Y \ V)N (X \V*)] Cc f~2(Y \V) = X\ f~1(V). Therefore, we have f~(V) C
X\CIfTF Y\ V)N(X\VH] = Int[ X\ {f2Y\ V)N (X\VH} = Int(f~1(V) U V*). Therefore,
f71(V) is h*-open.

(3) = (7): Let B be any subset of Y. Then CI(B) is closed in Y and by (3) f~1(Cl(B)) is h*-closed.
Since f~Y(B) C f~}(CI(B)), we obtain Cl,-(f~*(B)) C f~1(CI(B)).
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(7) = (8): Let B be any subset of Y. Then we have f HInt(B)) = f~YY \ CI(Y \ B)) =
XS HCIY\B) € X Che (10 \ )= X, Ol (X 20 = Tt (11 (5)

(8) = (1): Let V be any open set of Y. By (8), f~1(V) C Intp-(f~1(V)) C f~Y(V) and
Ity (f~1(V)) = f~5(V). This shows that f~*(V) is h*-open.

Definition 4.7. A function f : (X,7,I) — (Y,0,J) is said to be h*-irresolute if for every h*-open set
VinY f~1(V) is h*-open in X.

Remark 4.8. For a function f: (X,7,1) — (Y, 0,J), the following implications hold:

continuity = h*-continuity

)

h*-irresoluteness

Remark 4.9. In the above diagram, continuity and h*irresoluteness are independent of each other as
shown by the following two examples.

Example 4.10. Let X = {a,b,c},7 = {0,X,{b},{b,c}},I = {0,{a}}, = {a,b,c} and 0 =
{0,Y,{a,b}},J = {0,{c}}. Then the identity function f : (X,7,I) — (Y, J) is h*-iresolute and
not continuous.

Proof. 1) Since {b}* = {b,c}* = X, for every subset A of X, we have A C Int(AU V™) for every open
set V such that ) # V # X. Therefore, every subset of X is h*-open in X. On the other hand, since
{a,b}* =Y, for every subset A of Y, we have A C Int(AUV™*) for every open set V such that ) #V #Y.
Therefore, every subset of Y is h*-open in Y. Threfore, the identity function f is h*-irresolute.

2) There exists an open set {a, b} such that f=!({a,b}) = {a,b} is not open in X. Therefore, f is not
continuous.

Example 4.11. Let X = {a,b,c},7 = {0,X,{a},{a,0}},I = {0,{a}}, Y = {a,b,c} and o =
{0,Y,{a,b}},J = {0,{c}}. Then the identity function f : (X,7,I) — (Y,0,J) is continuous and
not h*-iresolute.

Proof. 1) It is obvious that f is continuous.
2) By Example 4.3, A = {b,c} is h*-open in Y. By Example 3.2, f~1(A) = A = {b,c} is not h*-open
in X. Hence f is not h*-iresolute.

Remark 4.12. In the diagram of Remark 4.2, the converse implications are not always true as shown
by the following two examples.

Example 4.13. 1) By Example 4.2, every h*-continuous function is not always h-continuous and hence
every h*-continuous function is not always continuous.

2) Suppose that h*-continuity implies h*-irresoluteness. Then continuity implies h*-irresoluteness.
This is contrary to Example 4.4.

Theorem 4.14. A function [ : (X, 7,1) — (Y, 0,J) is h*-irresolute if and only if f : (X,h*O(X,I)) —
(Y, h*O(Y, J)) is continuous.

Proof. By Theorem 3.2, h*O(X,I) and h*O(Y, J) are topologies and the proof is obvious.

Theorem 4.15. For a function f: (X, 7,1) — (Y,0,J), the following properties are equivalent:

(1) fis h*-irresolute;

(2) For each x € X and each h*-open set V in'Y such that f(x) € V, there exists an h*-open set U
containing x such that f(U) C V;

(3) For each h*-closed set F in'Y, f~1(F) is h*-closed in X;

(4) For each B of Y, Cly(f~Y(B)) C f~1(Clp+(B));

(5) For each B of Y, f~!(Inty«(B)) C Inty- (f~1(B)).
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Proof. The proof is similar to Theorem 4.1.

Definition 4.16. A function f: (X,7) — (Y, 0,J) is said to be
(1) h*-closed if for every closed set F' in X, f(F') is h*-closed in Y,
(2) h*-open if for every open set U in X, f(U) is h*-open in Y.

Theorem 4.17. For a surjective function f: (X, 7) — (Y,0,J), the following properties hold:

(1) f is h*-closed if and only if for each subset S C'Y and each open set U in X containing f~1(S),
there exists an h*-open set V in'Y such that S C'V and f~*(V) C U.

(2) f is h*-open if and only if for each subset S C'Y and each closed set U in X containing f~1(S),
there exists an h*-closed set V in'Y such that S C'V and f~1(V) C U.

Proof. (1) Let S be any subset of Y and U any open set in X containing f~1(S). Then X \ U C
X\ fYS) = f LY \S). Hence f(X\U)CY\ S and f(X \U) is h*-closed. Set V =Y \ f(X \U),
then V is h*-open in Y, S C V and f~1(V) C U.

Conversely, for any closed set F' in X, set U = Y\ f(F). Then f~1(U) C X\ F and X \ F is open in X.
Therefore, there exists an h*-open set V in Y such that U C V and f~*(V) C X\ F. Since U =Y\ f(F),
Y\f(F)cVand f7Y(Y\ f(F)) C f7Y(V)C X\ F. Hence F C X\ f~1(V) C f~Y(f(F)). Since f is
surjective, f(F) C Y \V C f(F) and hence f(F) =Y \ V is h*-closed.

(2) The proof of (2) is similar with (1).

Remark 4.18. The assumption ”"surjective” in Theorem 4.4 is necessary for the proof of sufficiency.
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