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1. PRELIMINARIES

Let p: I — E3 (where I C R is an interval and E3 is the 3-dimensional Euclidean space, endowed
with the Euclidean scalar product, < (z1,z2,23), (y1,¥2,¥y3) > = x1y1 + T2y2 + 23y3) be a Frenet curve
and denote by s its canonical parameter, i.e. ||p(s)|| = 1; then p is a unit speed curve.

At any point p(s), there exists a Frenet basis {t(s),n(s),b(s)} such that the following Frenet formulae
hold:

b(s) = —7(s)n(s),
where t(s) = p(s) is the unit tangent vector field, n(s) is the unit principal normal vector field, b(s) is
the unit binormal vector field, b(s) = t(s) x n(s), k(s) is the curvature of p(s), 7(s) is the torsion of p(s)
and dot denotes the first derivative.

Remark that for a Frenet curve k(s) > 0, Vs € I. We suppose 7(s) # 0, i.e. the curve is not a plane
curve.

A space curve p : I — E2 whose position vector always lies in its rectifying plane, i.e.
p(s) = (s)t(s) + pu(s)b(s),

for some functions v and p, is called a rectifying curve (see [1]). Such curves were recently characterized
by their involutes and evolutes by some of the present authors ([2]).

Recall that two curves p and p* are called Bertrand curves if they have common principal normal
lines in corresponding points M on p and M™* on p*; then n(s) = £n*(s*).

Motivated by the definition of Bertrand curves, in this paper we will consider mate space curves, p(s)
and p*(s*), where s is the canonical parameter for p and, respectively, s* is the canonical parameter of
p*, in the following situations (cases):

Case 1) n(s) = £n*(s*)
Case 2) n(s) = £b*(s*)
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Case 3) n(s) = £t*(s*)

Case 4) b(s) = £b*(s*)
Case 5) b(s) = £n*(s*)
Case 6) b(s) = +t*(s*)
Case 7) t(s) = +t*(s*)
Case 8) t(s) = £n*(s%)
Case 9) t(s) = +b*(s*),

where {t*(s*),b*(s*),n*(s*)} is the Frenet basis of p*.
Remark 1.1. we consider in all cases 1)-9) common lines.
Obviously, the above case 1) is exactly the case of Bertrand curve mates.
From geometrical point of view, the Bertrand mates have the following two important properties:
Corollary 1.2. The distance between corresponding points M on p and M* on p* is constant.

Corollary 1.3. The angle between corresponding tangent lines t and t*, in M, respectively M*, is
constant.

2. RECTIFYING MATE CURVES

First we investigate the existence of such mate curves.

Theorem 2.1. The cases 3), 4), 6), 7) and 9) are not possible.

Proof. Case 3) n(s) = £t*(s*)

We can write

p"(5) = pls) + als)n(s).
Then Do (5*) ds®
PEDDT (1 afs)k($))Hs) + al)n(s) + a()7()h(s)

But n(s) L t(s) = 1—a(s)k(s) =0 and n(s) L b(s) = a(s)7(s) = 0. Because p is not a plane
curve, in other words, 7 # 0, we get a(s) = 0. Then we get 1 = 0, contradiction.

Therefore there do not exist p and p* satisfying the case 3).

Case 4) b(s) = £b*(s*)
We write

p*(s") = p(s) + B(s)b(s)-

dp;f*) Cilss* = j(s) + B(s)b(s) + B(s)b(s) =

= t(s) + B(s)b(s) — B(s)7(s)n(s).

Then

But 92,067 = (), s0 t°(s*) Lb*(s*) = t*(s*) L b(s),
Then B(s) =0 = B(s) = § = constant, i.e., p*(s*) = p(s) + Bb(s)
It follows that Do (6™ ds®

PN _ i)~ Br(mte).
Calculating the scalar product with #(s) one gets 0 = 1, contradiction.

Case 6) b(s) = +t*(s*)
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We have
p"(5) = pls) + B(s)bi(s).

dp*(s*) ds*

ds* ds

Then
= p(s) + B(s)b(s) + B(s)b(s),

which implies
v déf ) ‘253 = t(s) + B(s)b(s) + B(s)(~7(s)n(s)).

Calculating the scalar product with ¢(s), we get 0 = 1, contradiction.

Case 7) t(s) = £t*(s*)
We have
§(5%) = pls) + 1()E(s).

dp*(s*) ds*
ds* ds

Then

= (1+9()t(s) +7(s))(s),

or equivalently

t*(s*)% = (L+4(s))t(s) +7(s))k(s)n(s).
It follows that v(s))k(s) = 0. Since k(s) # 0, it follows that v(s) = 0, i.e. p* = p.
Case 9) t(s) = £b*(s*)
Then
p*(s™) = p(s) +7(s)t(s) = (s + e+ 7(s))t(s) + pb(s)
dp*(s*) ds*

S (14 59)H(s) + A ()h(s)n(s) = 0.

The same argument as in the case 7) implies p* = p.

and

For the remaining cases, we ask the following question:
If p is a rectifying curve, when its mate, p*, is a rectifying curve too? In case of a positive
answer, under which conditions is the curve p* rectifying?
Because p is rectifying, p(s) = A(s)t(s) + u(s)b(s).
For cases 1), 2), p* can be expressed by
p(s) = pls) + als)n(s).
Then
p(5") = A()t(s) + p(s)b(s) + a(s)n(s).
Similarly, for case 5), p* can be expressed by
p*(s") = As)t(s) + p(s)b(s) + B(s)b(s) = A(s)t(s) + [u(s) + B(s)]b(s).
For case8), p* can be expressed by
p*s%) = As)t(s) + pu(s)b(s) +7(s)t(s) = [A(s) +7(s)] t(s) + u(s)b(s).
Remark 2.2. From [1], one has A(s) = s + ¢, where ¢ is a constant and p(s) = p =constant, i.e. p
will be written as

pls) = (s + )t(s) + ubls).

Case 1) n(s) = £n*(s*) (Bertrand curves)
One can write p*(s*) = p(s) + a(s)n(s) = (s + c)t(s) + ub(s) + a(s)n(s).
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By differentiation, we obtain
dp*(s*) ds*
ds* ds

= p(s) + a(s)n(s) + a(s)n(s) =

But % = t*(s*) which is orthogonal to n*(s*), i.e. t*(s*) is orthogonal to n(s). Then &(s) =
0 = as) =a=constant # 0 (a =0 = p*(s*) = p(s), a is the distance between corresponding
points M and M*).

We obtain p*(s*) = (s + ¢)t(s) + pb(s) + an(s).

Then < p*(s*),n*(s*) > =+ < p*(s*),n(s) > =a #0.

Tt follows that in Case 1), p* is not a rectifying curve.

Remark 2.3. a(s) = o = constant implies the distance between the corresponding points is constant
(see Corollary 1.2).

Remark 2.4. For Bertrand curves, Z(t,t*) = constant (see [3] and Corollary 1.3).

Case 2) n(s) = +b*(s*)
5 (5%) = p(s) + als)nls) =

W) D (1~ a(s)k(s))t(s) + als)n(s) + als)7(s)b(s).

ds* ds

But dp (S t*(s*) orthogonal to b*(s*), i.e. orthogonal to n(s) = a(s) =0 = afs) = a =
constant => p (s*) (s + o)t(s) + ub(s) + an(s) = < p*(s*),n*(s*) > =< (s + )t(s) + pb(s) +
an(s),n*(s*) > = (s +¢) < t(s),n*(s*) > +u < b(s),n*(s*) > +a < n(s),n*(s*) > = (s+¢) <
t(s),n*(s*) > +u < b(s),n*(s*) > +a < £b*(s*),n*(s*) > = —% < H(s),0°(s7) >~y <
M) b(57) > = b (54 Ok(s) — ()] = O, by [1].

Therefore, p* is always a rectifying curve.

*

Remark 2.5. a(s) = a = constant implies that the distance between the corresponding points is
constant.

Case 5) b(s) = n*(s*)
p*(s7) = p(s) + B(s)b(s) =
VI _ sy + Blps) + Bls)is) =
= t(s) + B(s)b(s) — B(s)7(s)n(s)-
But t*(s*) L n*(s*) = t*(s*) Lb(s) = fB(s) =0 = B(s) = = constant.
This plles (+) = (o4 1605+ AB(O) - BH(5) = (5 + o) G DY) — (4 () (1 By (5.
Therefore, < p*(s*),n*(s*) > = £(pu + ).
It follows that p* is rectifying if and only if 8 = —u < p*(s) = (s + ¢)t(s).

Case B) t(s) = £n*(s*)
Then

and
dp*(s*) ds*
ds* ds

= (14 4())H(s) + 1(s)k(s)n(s) = 0.
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= (1 +9(s))t(s)(£n"(s7)) + (sk(s) + ck(s) + y(s)k(s) — p(s))n(s)
= 1+9(s) =0 = ~(s) = —s+d.
Thus, p*(s*) = (c+ d)t(s) + pb(s).
Computing the inner product, we have < p*(s*),n

(%) > = £(c+d)+p < b(s), £n*(s*) > = £(c+d).
So, p* is rectifying < ¢+ d = 0, which implies ~(

(s
s)=—-s—c.

To conclude this section and give answers to our question, we summarize the results in the following
classification theorem.

Theorem 2.6. Let p: I — E3 be a rectifying curve. Then:

1) Its mate p* is not rectifying in case 1).

ii) Its mate p* is always rectifying in case 2).

iii) Its mate p* is rectifying in case 5) if and only if p*(s) = (s + ¢)t(s), with ¢ a real constant.
iv) Its mate p* is rectifying in case 8) if and only if p*(s*) = pb(s), with 1 a real constant.

3. RECTIFYING BERTRAND CURVES

As we have seen in the previous section, if p is rectifying then its Bertrand mate p* is not rectifying,
i.e. they can not be both rectifying.

A natural question is the following: if p and p* are Bertrand curves, is it possible for one of
them to be rectifying?

To answer this, we use once more Theorem 2 from [1] (see the section 2, proof of case 4), for its
statement).

On the other hand, it is known (see [3]) that p and p* are Bertrand if there exist «, § constants such
that ak(s) + 87(s) = 1, with a # 0.

Then ﬁ =a+ B(c1s+ ¢2) = Bers + a+ Bea. Therefore,

()= oy = ) = g
§)=—— 7(s) = ——m——,
As+ B Beis + a+ Bea
where ¢; = ﬁ, co = ﬁ, w# 0.
Without loosing the generality, one can choose p = 1; this implies ¢y =1; ¢ =1 = ¢ =1 and

a = =1. Then k(s) = SJ%Q and 7(s) = ZI%

It follows that we are looking for p(s) with p(s) = t(s) and such that t(s),n(s),b(s) are related by:

t(s) = szn(s),

(3.1) n(s) = —515t(s) + (1 = 53)b(s),

b(s) = (=1 + s35)n(s)-

By using the fundamental theorem of theory of curves, it follows that this system has an unique
solution {t(s),n(s),b(s)} up to some initial conditions (we also refer to the existence and uniqueness of
the solutions of a system of differential equations).

Subtracting the first and second equation, we obtain

(3.2) t(s) — b(s) = n(s),
and then
(3.3) n(s) = #(s) — b(s),

where double dots indicate the second derivative.
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From the first equations of the system and from the relations (3.2) and (3.3), we obtain:

(1~ 512)i(s) + 515b(s) = 0,

(3.4)

t(s) — b(s) = —H%t(s) +(1- SJlrQ)b(s).
From the first equation of (3.4), we get

(3.5) i(s) — b(s) = (s + 2)i(s).
Using (3.5) in the second equation of the system (3.4), we have
. ooy s+1 C(s+2)%, s+2,; 1
(3.6) t(s) + (s +2)t(s) = S+2t(s)+s+2b(s):>b(s)— P t(s)+8+1t(s)+s+1t( ).

By using (3.6) in the first equation of the system (3.4), we get

s . s 2\ .. s 2. s . s . .
! <( ”))t<s>+(+”t<s>+< T2 + 22 () e(s) + —i(s)

t
5+ 2 (S>+3+2

+

s+1 s+ 1 s+1 s+1

where three dots denote the third derivative.
By simplifying the terms, one obtains

(3.7) (s+1)(s+2)%T(s) + (25 + 1) (s + 2)E(s) + [(s + 1)® + 5] £(s) — t(s) = 0.

As a conclusion, the answer of the question posed at the beginning of this section is given by the
following

Theorem 3.1 Let p : I — E3 be a Bertrand curve. Then it is rectifying if and only if its tangent
unit vector field t(s) satisfies the differential equation (3.7).

Remark 3.2. The solutions of the equation (3.7) determine a 3-dimensional linear space. The
components of the vector ¢ belong to this linear space.
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