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ABSTRACT. In this paper our aim is to approximate a function with the use of fuzzy
positive linear operators when the fuzzy limit fails by defining the fuzzy analog of P,-
statistical convergence. It is effective to use this type of convergence since a sequence can
still be Pp-statistical convergent while it is neither convergent nor statistically convergent.
By considering fuzzy positive linear operators, we obtain Korovkin type approximation
results for these operators in the sense of Pp,-statistical convergence. The rate of approx-
imation by fuzzy modulus of continuity is also presented.
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1. INTRODUCTION AND PRELIMINARIES

The class of smart boys, the class of clever students or the class of all apples which are red enough
do not construct sets in the usual mathematical sense of these terms. However, the fact lies under such
uncertainly defined sets play significant role in human thinking, pattern recognition, machine learning.
This motivates Zadeh [30] to define fuzzy sets by assigning to each element a grade of membership
ranging from 0 to 1. It is effective to use membership function to overcome the uncertainty. Later,
many researchers have extended the well known concepts of classical set theory to fuzzy setting. There
are also many studies on fuzzy topology since it is applicable to quantum particle physics [21], [22].
Recently the generalizations of fuzzy topology such as intuitionistic fuzzy topology, Pythagorean fuzzy
topology have been studied in [10], [24], [29]. Furthermore fuzzy logic has also been used in different
areas of mathematics, for example, while studying metric and topological spaces [28], matrix and linear
systems [8], [25], approximation theory. Gal has presented some results dealing with approximation
theory in fuzzy setting [18]. Korovkin type approximation results in fuzzy setting by using different
types of convergences instead of ordinary convergence have been presented in [1], [2], [3], [9]. Statistical
approximation of fuzzy trigonometric functions and fuzzy differentiable functions have been studied in
[4], [5], [12], [13]. The corresponding statistical rates in the fuzzy approximation have been obtained in
[14]. In ordinary convergence, all of the terms of the sequence except finite number have to belong to an
arbitrarily small neighborhood of the limit. This is a critical weakness of ordinary convergence and by
flexing this condition only for a majority of elements, statistical convergence has been defined. The aim
of obtaining stronger results than the classical ones, different types of convergences have been defined
and used in approximation theory.

In this study, by considering fuzzy positive linear operators we present some Korovkin type approximation
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results with the use of P,-statistical convergence. We also obtain the rate of this approximation by fuzzy
modulus of continuity. Furthermore we construct examples to show the strength of our results.

Now let us recall the basic definitions and notations.
If the limit

1
= lim —— <k:
0(K) klingok_’_ﬂ{n_k n € K}
exists then it is said to be the density of the subset K C Ny. Here by |.|, we denote the number of the

elements of enclosed set and Ny is the set of all nonnegative integers. If for every € > 0, 6(K.) = 0 where
={n €Ny : |z, — 1] > €}, then it is said that x = (x,) converges statistically to l [16] [17], [26].

Let (p,) be a real sequence such that py > 0, p1, p2, ...> 0, and p(¢ ant" has radius of

n=0
convergence R with 0 < R < oo. If the limit

Z Tpppt" =
t—>R p

exists then it is said that z = (x,,) is convergent to l in the sense of power series method [7], [20]. The
next example shows that ordinary convergence is not as effective as power series method, i.e., power series

1
method is more useful. Let z = (1,—-1,1,—1,...), R = oo, p(t) = € and for n > 0, p, = —- Then we
n!
immediately see that
L mzpt™ . L= (=D)™ 1,
i e 2 T = > e = e =0
n—= n=

Hence while the sequence x = (z,,) converges to 0 in the sense of power series method, it does not converge
in the ordinary sense.

If imz = [ implies P, — lima = [, then it is said that P, is regular [7]. The regularity of power series
method is equivalent to

nt"”
LU
t—Rr- p(t)
holds for each n € Ny [7].
Let P, be regular and K C Ny. If the limit
op (K) := nt"
Pr ( ) t%R p ZP

exists then it is said to be the P,-density of K.
The sequence z = (x,,) of real numbers Pp,-statistically converges to [ if for every € > 0, ép, (K.) =0
that is for every € > 0

t%R p Z pn

An example of a sequence such that statistical convergent but not P,-statistical convergent and an
example of a sequence such that P,-statistical convergent but not statistically convergent have been
presented in [27].

If the followings are satisfied for a function v : R — [0, 1]

e v is normal, i.e., there exists xg € R such that v(xzg) = 1,

e v is convex, i.e., v(Ax + (1 — N)y) > min{v(x),v(y)}, for all z,y € R, v € [0,1]
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e upper semi-continuous on R and

e the closure of the set supp(v) is compact, where
supp(v) :={zx € R:v(z) >0}

then v is said to be a fuzzy number and Ry denotes the set of such elements.
Let

W ={zcR:v(x)>0}and [v]" :={x cR:v(x) >7r},(0<r <1).
Recall from [19] that, for each r € [0, 1], the set [v]" is an interval which is closed and bounded in R. For
any ¢,s € Ry and v € R, the operations sum ¢ & s and product v ® g can be defined uniquely as follows:
lg@s]"=1g]" +[s]" and [y © ¢]" =~[g]", 0 <7 < 1.

The interval [q]" can be denoted by [q_ ,qi)] where q(_r) < qE:) and q(_r),qsrr) € R for r € [0,1]. Then
define the following for ¢, s € Ry

qjs<—>q(f)§s(f) andqg)gs(f), forall0<r<1.

On the other hand consider the following metric
d:Rp x Rp — R+
by

dlg,s) = sup max{lg” — s, jgf” — 50},
r€(0,1]

Note that (Rp,d) is complete. Then for the fuzzy number valued functions f, g defined on [a,b], the
distance is introuced by

d*(f,9)= sup sup max{|f") — g}, |77 —g\]}.
z€[a,b] r€[0,1]
By using this metric, the statistical convergence has been introduced in fuzzy setting in [23] as follows:
Let (vp)nen, be a sequence of fuzzy numbers. If for every € > 0,
n <Ek:d(v,,v) > ¢l
k E+1
holds then it is said that (v, )nen, converges statistically to v and we denote it by

st — limd(vy,, v) = 0.

=0

Then in [3], A-statistical convergence has also been defined in fuzzy setting as follows: we say that (v, )nen
converges A-statistically to v € Rp and we denote it by

sta — limd(v,,v) =0,

if for every € > 0
lim ajn =0
! n:d(;,wza
holds. If A = (4, the Cesdro matrix of order one, then we get statistical convergence recalled above.
Again in the case A is the identity matrix, then we get fuzzy convergence.
The main tool of the paper is P,-statistical convergence and now we are ready to define it in fuzzy setting.

If
t—>R p Z pn

holds for every € > 0 then it is denoted by stp, — hm d(l/n, v) =0 where K, = {n : d(v,,v) > ¢}.
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2. Fuzzy KOROVKIN THEORY IN F,-STATISTICAL SENSE

This section is devoted to our main results dealing with Korovkin type approximation and the P,-
statistical rate of approximation. We also provide examples to illustrate that it is still possible to approx-
imate a function by fuzzy positive linear operators when the fuzzy limit fails. Therefore it is benefical to
recall some of the well known concepts in fuzzy setting.

Let f be a function defined on [a, b] with fuzzy number values. Then the fuzzy continuity of f at z¢ € [a, ]

is defined as follows: if z,, — xg, then d(f(z,), f(z0)) — 0 as n — oco. If f is continuous at every point

x € [a,b], then it is said that f is fuzzy continuous on [a,b]. Cg[a,b] is the set of all fuzzy continuous

functions on [a,b]. It is important to recall that Cgla,b] is not a vector space but a cone. Now let

T : Crla,b] — Crgla, b] be an operator. If for every «, 8 € R, f, g € Cfla,b] and z € [a, b],
Tlaofepogr)=a0T(fiz)® o T(gz)

holds then it is said that 1" is fuzzy linear. Also T is called fuzzy positive linear operator if it is fuzzy

linear and T'(f;x) < T'(¢g; x) whenever f, g € Crla,b], and all z € [a,b] with f(z) < g(x).

The following Korovkin type theorem in fuzzy setting has been given by Anastassiou [2].

Theorem 2.1. Let T, be fuzzy positive linear operators for everyn € N from Cg|a, b] into itself. Suppose

that there exists a corresponding positive linear operators T, from Cla,b] into itself with the property

{Tuf50)} = AT} )
for all x € [a,b], r €[0,1],n €N, f € Cgla,b]. If
lim {7, } (o) — '] = 0,1 = 0,1,
then for all f € Cgla,b], we have
limd" (T, (1), ) = 0.

Anastassiou and Duman have given the A-statistical analog of this theorem in [3]. Now it is time to
give our main result.

Theorem 2.2. Let P, be reqular and T,, be fuzzy positive linear operators for every n € Ny from Crla, b]

into itself. Suppose that there exists a corresponding positive linear operators T, from Cla,b] into itself
with the property

(T2} = (T} (s )
for all x € [a,b], r € [0,1],n € Ny, f € Cgla,b]. If

stp, —lim [|{T,,}(z*) — 2°|| = 0,i = 0,1,2,
then for all f € Crla,b], we have
stp, —limd*(T,,(f), f) = 0.

Proof. Let f € Cgla,b], © € [a,b] and r € [0,1]. For every € > 0, there exists 6 > 0 such that
£ (y) — £ (2)| < € holds for every y € [a, b] satisfying |y — x| < & since f\"”) € Cla,b]. As in classical
Korovkin theory, we have that

(y —x)?
52

holds for all y € [a, b] where 2H¥) = ||2f¥) |. {T,,} is positive and linear,
T 2) = 1 @) AT () = 15 0) + HEOHT ) (152) - 1

17 () = 17 (@) < e+ 20

. .
S et (et HOUTY(150) 1)+ 2 (Tl — )% )

holds for each n € Ny and it implies
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~ r r r H(T)
HT (U 2) = (A5 2) | < e+ e+ HY 4 202 =) (T} (15 2) — e

() (r)
e |{T}<m>—x\+zH T} (1% ) — 22|

where h := max{]al, |b|}. Pick

2 HY H(”
o A2}

H(ir)(e) = max{e + H(ir) + 2h?
and take supremum over x € [a, b], then we have that

T3 = 1) < e+ HO @{HT Q) — 1)) + {Tu}(2) — ]| + [{T }(2?) — 22|}

Then, by the property in hypothesis, we obtain that
d*(Tn(f)v f) = Sup d(Tn(fa (E) - f(if))

z€la,b]

sup sup max{{T,}(f"2) — £ @), {T (s 2) — 117 (2))

z€la,b] r€[0,1]

sup max{|{T,.}(f") — (F), T3 (A7) — (£

rel0,1]

Considering the above inequalities, we obtain that
d*(To(£), f) < e+ HEUT D) = 1| + [{Ta} (@) — 2] + {Tu} (=) — 221}

where H () := sup,.¢[o ] max{H(f) (5),HJ(:) ()}. Now for a given ', choose ¢ > 0 such that 0 < ¢ < &
and also define

K :={neNy:d(T.(f),f) >},

Koi={n € Nos [{T} (1) = 1 2 5775
€I*6

Ky = {n € No s T H@) = 2l 2 g5
—€

Kai= {n € No: [{T}a?) = 2% 2 5=

Using the above inequalities, we have K C KO U K71 U Ky which implies that
1 n n Tl
P {ZPnHZPnHZPnt
nekK neKy nek, neKs

By taking limit as 0 < ¢ — R~ on the both sides and using the hypothesis, we immediately obtain that

0<t%R p Z Pn

Hence the proof is completed. O

Example 2.3. Let the sequences (p,) and (ay) defined as follows:

I n =2k |0, n=2k+1
Pr=%0 , n=2k+1" TV 1 ., n=2%

One can immediately obtain that the method P, is reqular and

op,(K2) =0
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where K. = {n € Ny : |a, — 1| > €} holds for every e > 0. That is
stp, —lima, = 1. Notice that (a,) is neither convergent in the ordinary sense nor statistically convergent.
Now construct the fuzzy Bernstein-type operators as follows

= [ @O0 —e)" e f(R) , neN
S S =0

where f € Cr[0,1], = € [0,1].
In this case, one can also write

F(f )V = . 3 _ gy g0 K
T = (L) = a0 3 ()= 00
where fj(!) € C[0,1]. Notice that
{T.}(152) = ag,
{ﬁb}(t7x) = ZTQnp,

(L)) = (o2 + 22

- lan.

Then ~ ‘ .
stp, —lim [{T, }(z") —2'[| = 0
holds for i =0,1,2 then
stp, —limd* (T, (f), f) =0
holds for all f € Crla,b] follows from our main result. Notice that since the sequence (ay) is not conver-

gent, {TE(f)}nen, is not fuzzy convergent to f.
Example 2.4. Let (p,) and (ay) be defined as follows:

1, n =2k 0 , n =2k
p":{o , n=2k+1 " a”:{1 , n=2k+1

It is easy to see that P, is reqular and
K.={neNg:la, —0/>e} C{n=2k+1:keNy}

holds for every e > 0. Then we have

Sp,(K.) = Z put”
0<t~>R p

e., that (ay,) is Py-statistically convergent to 0. Construct the following fuzzy Bernstein-type operators:

n—=k
T7(fr0) = { AT an) @ 8i()a" 1 —2)"F 0 f(5) , neN
f(z) , n=0
where f € Cy[0,1], = € ]0,1].
Notice that since the sequence (ay) is not convergent, {T% (f)}nen, is not fuzzy convergent to f but still
one can approzimate f by TE (f) with the use of P,-statistical convergence.

Now recall the modulus of continuity in fuzzy setting. Let f be a function defined on [a, b] and fuzzy
number valued. Then the fuzzy modulus of continuity of f is defined in [18] as follows:
wy = sup d(f(2), f(y)
z€[a,b]:|z—y|<d
for any 0 < 6 < b — a. The rates of this approximation have been presented in [3] by this notion.
Statistical rate of convergence has been defined and studied in [11], [15]. By modificating these concepts,
P,— statistical rate of convergence has been introduced in [6].
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Definition 2.5. Let (ay) be a positive non-increasing sequence of real numbers and let P, be regular. A
sequence x = (x,,) is Pp-statistically converges to the number | with rate o (ay) if for every e >0

1
0<torR- p(t) Z P

ni|z,—l|>ean
and we denote it by x, — 1l = stp, — 0(ay,), as n — oo.

Theorem 2.6. Let P, be reqular and T,, be fuzzy positive linear operators n € Ny from Crla, b] into itself.
Suppose that there exists a corresponding positive linear operators T, of from C [a,b] into itself with the
property

{To(f;0} ) ={T},(f s 0)
for all x € [a,b], r € [0,1],n € No, f € Crla,b]. If (an), (by) are positive non-increasing sequences and
also the operators {Zl:n} satisfy the following conditions:

HT}(1) = 1| = stp, — oan)

w} (f,vn) = stp, = o(bn),
then for all f € Cgla,b], we have
d*(Tu(f), f) = stp, — o(cn).

Here vy, = \/I{T.} ()|, o(y) = (y — x)2 for each = € [a,b] and ¢, = max{an,bp,anby}, for every
n e No.

Proof. By Theorem 3 of [2], one can get, for each n € Ny and f € Cg|a, b], that

A" (To(f), £) < HI{T31) = 1| + {Tu} (1) + Lwi (f, vn)
where H := d*(f, xo0) and xo denotes the neutral element for @. Then we have that

d*(Ta(f), f) < HI{Ta }(1) = L + [{Tu (1) + Ljwy (f, va) + 207 (f, )
By using the similar idea in Lemma 4 in [11] and taking care of the right hand side of the following
equality we obtain the desired result. Therefore the proof is completed. O

3. CONCLUSION

The fact lying under uncertainly defined sets play important role in human thinking, pattern recog-
nition and machine learning and this motivates Zadeh to introduce fuzzy sets by attaching a grade of
membership to each element. Since it is effective to overcome uncertainty, fuzzy theory has become an
active area of research. Fuzzy logic and fuzzy settings of well-known concepts have been studied. In the
present paper, by considering fuzzy positive linear operators we have obtained Korovkin type approxi-
mation results via P,-statistical convergence. We have also studied the rate of this approximation with
the use of fuzzy modulus of continuity. It is important to mention that our results are stronger than
the results in the existing literature since P,-statistical convergence is flexing the critical weakness of
ordinary convergence. In order to show the strength of our results, we have provided some examples.
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ric (or non-archimedean) field, which is complete under the valuation of K. Sequences,
infinite series and infinite matrices have their entries in K. The purpose of the present
paper is to introduce A-regular matrices and prove the Steinhaus theorem for A-regular
matrices in K.

Mathematics Subject Classification (2010): 40C05, 40D05, 40H05, 46510.
Key words: Ultrametric (or non-archimedean) field, A-conservative matrix, 7-multiplicative
matrix, A-regular matrix, the Steinhaus theorem.

Article history:

Received: March 9, 2022

Received in revised form: October 2, 2022
Accepted: October 3, 2022

1. INTRODUCTION AND PRELIMINARIES

In the present paper, K denotes a non-trivially valued, ultrametric (or non-archimedean) field, which
is complete under the valuation of K. Entries of sequences, infinite series and infinite matrices are in K.
For a given sequence x = {z;} in K and an infinite matrix A = (ank), any € K, n,k =0,1,2,...,
define
o0
(Ax), = Zanka, n=0,1,2,...,
k=0
where we suppose that the series on the right converge. A(z) = {(Ax),} is called the A-transform of the
sequence & = {xy}.
If X,Y are sequence spaces, we write

A= (ank) € (X,Y),

if {(Az),} € Y, whenever x = {2z} € X. In what follows, ¢, ¢ respectively denote the ultrametric
Banach spaces of convergent and null sequences in K under the ultrametric norm

[#[| = sup |zx|, © = {ax} € ¢,co.
k>0
Following [1], the author of the present paper introduced the analogues in ultrametrix analysis of the
concepts of A-convergence, A-boundedness etc. and made a study in [5, 6, 7]. We make a further study
in the present paper. For an extensive study of the above concepts of A-convergence, A-boundedness etc.

in the classical case, a standard reference in [1].
To make the paper self-contained, we recall the following definitions [5, 6, 7].

Definition 1.1. Let A = {\,} be a sequence in K such that

0 < |Ap] /o0, n— 0.
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A sequence {z,,} in K is said to be convergent with speed A or A-convergent if {z,} € ¢ with lim z, = s
n—oo
(say) and
lim A, (x, — ) exists.
n—oo
Let ¢* denote the set of all A-convergent sequences in K. From the definition, we have,
A Ce
We note that the sequences e, = {0,0,...,0,1,0,...}, 1 occurring in the kth place only, k = 0,1,2,...;
e={1,1,1,... };

1 1
A
e _{/\07)\17“.}7

Definition 1.2. A sequence {z,} in K is said to be bounded with speed X or A-bounded, if x = {z,} € ¢

with lim x, = s and the sequence
n—oo

and

all belong to c*.

{A\n(zn — s)} is bounded.
Let m?» denote the set of all &-bounded sequences in K. Note again that
Acmtce.
We need the following results, which can be easily proved.

Theorem 1.3 (see [4]). A = (ank) € (co,co) if and only if

(1.1) sup |ank| < 00;
n,k
and
(1.2) Bm aps =0, k=0,1,2,....
n—oo
Theorem 1.4 (Kojima-Schur) (see [4]). A = (ank) € (c,¢), i.e., A is conservative or convergence
preserving if and only if (1.1) holds,
(1.3) lim apr =awr, k=0,1,2,...;
n—oo
and
(1.4) nl;rrgcz ank = a.
k=0
In such a case,
(1.5) nl;lgo(Ax)n = Zak(xk —s) + sa,
k=0

where x = {z}} € c with lim z = s.
k—o00

Let pt = {un} be a sequence in K such that
0 < |pn| /00, n — o0.

The following characterization of the matrix class (¢*,c*) was proved in [5].

10
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Theorem 1.5 (see [5]). A = (ank) € (¢*,c*) if and only if

(1.6) Ale), A(eM), Aler) € ¢, k=0,1,2,...;
(1.7) sup nk | 00;
n,k k
and
(1.8) Snu,ﬁ) %}:%) < o0,

where lim app =ax, k=0,1,2,....
n—oo

Definition 1.6. If A = (a,;) € (¢*,¢), A is said to be A-convergence preserving or \-conservative.

Remark 1.7. Note that we get a characterization of A-conservative matrices by putting u = A, i.e.,
tn = An, n=0,1,2, ... in Theorem 1.5. Thus A = (a,) is A-conservative if and only if

(1.9) A(e), A(e*), A(er) € &, k=0,1,2,...;
(1.7) holds and

An (ank - ak)

(1.10) sup < 00,
n,k )\k
where lim anx =ag, k=0,1,2,....
n—o0
We need the following characterization too (see [7]).
Theorem 1.8. A = (a,;) € (m*,c*) if and only if
(1.11) Ale), Alex) € ¢*, E=0,1,2,...;
. Ank _ .
(1.12) kllﬁrr;oTk—Q n=0,1,2,...;
(1.13) lim sup Gntlk = Gnk | _ 0;
n—oo k>0 )\k
(1.14) lim 2k "% g —0,1,2,...;
k—o0 Ak
and
(1.15) lim sup Pont1 (@16 = @) = fin(Gnk = ax) =0.

2. CHARACTERIZATION OF A-REGULAR MATRICES AND STEINHAUS THEOREM FOR A-REGULAR
MATRICES

Definition 2.1. A conservative matrix A = (a,) is said to be 7-multiplicative if there exists 7 € K
such that

(A =7l T
z={xx} €c
Theorem 2.2. The matriz A = (any) is T-multiplicative if and only if A € (co,co) and
(2.1) nhﬁn;c’ ;ank =T

11
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Proof. Let A = (ayx) be T-multiplicative, i.e.,

lim (Az), =7 lim xy,
n—00 k— o0

x={xp} €c If x ={ax} € co, then
lim (Az), =7.0=0.

n— oo

So A € (cg,cp). For the sequence z = {z1}, 2, =1, k=0,1,2,..., klim xp, = 1. For this sequence,
— 00

nli)n;o(Ax)n =7l=r,

o0
i.e., lim g Apk = T,
n—oo
k=0

i.e., (2.1) holds.
Conversely, let A € (cg,cp) and (2.1) holds. Let x = {x1} € ¢ with klim xp = s (say). Consider the
— 00

sequence y = {y}, where yp =z, — s, k=0,1,2,.... Then y = {yx} € ¢o. Since A € (co, ),

lim (Ay), =0,
n—oo
oo
ie., nlgr;O];Jankyk =0,

oo
ie., lim E ank(xE —s) =0,

S o
i.e., lim E ATk — S E Ank = Oa
n—00 P =0

ie, lim (Az), — st =0, using (2.1),

n—oo

ie., lim (Az), =7s,
n—oo

(Az)n
ie, lim (Az), =7 lim ay,
n—o00 k— o0

i.e., A is T-multiplicative, completing the proof of the theorem. (I

Remark 2.3. A = (a,) is regular if and only if it is 1-multiplicative.

Definition 2.4. A A-conservative matrix A = (a,z) is said to be A-regular if for any = = {3} € ¢*,

(2.2) lim (Az), =0 if and only if lim x, = 0;
n— 00 n—roo

and

(2.3) nll)rr;o dp(z) =0 if and only if nh_}rr;o bp(z) =0,

where,

bn(x) = Ay, {xn — lim xn}

n—oo

and
dn(z) = A\ {(A:z:)n ~ lim (A:c)n} .

n—oo

We now have the following characterization of A-regular matrices in K. The proof of this characteri-
zation is very similar to that of its analogue in the classical case (for details, see [2]).

12
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Theorem 2.5. A matriz A = (ank) is A-reqular if and only if (1.2) holds;
(2.4) Ale) € AM\2?
and the infinite matric B = (bny), defined by

AnGnk
Ak

bpr = ,n,k:O,1,2,...

18 T-multiplicative, where T is defined by
> a
T nk
T=tim e S

2= {ac ={xr} € co/{bn(x)} € c} .

As a consequence of Theorem 1.8 and Theorem 2.5, we prove the Steinhaus theorem for A-regular
matrices in K.

Theorem 2.6. A \-reqular matriz A = (a,;,) cannot belong to the class (m*,c*).

Proof. Suppose A = (a,}) is A-regular and belongs to the class (m*, c¢*). In view of (1.14) with g, = Ay,
n=012,...,
An410n+1,k — AnGnk — 0,n — oo, uniformly with respect to k,

ie., Apank — 1 (say),n — oo, uniformly with respect to k.

However, for z = e, k=0,1,2,...,

nh_}rrgo(ek)n = 0.

Since A is A-regular,

lim (Aey), = 0.

n—oo
Also for this sequence = = ey,

lim b, (z) =0.

n—oo
Since A is A-regular,
nh—>Holo dn(z) =0,
ie, lim A,(Aeg), =0,
n—oo

ie.,, lim Aya,r. =0, k=0,1,2,....

n—oo

Consequently,
(2.5) Anlnk — 0,n — oo, uniformly with respect to k.
Now,

= \na = Ana

T ni)ngoz v an_{r;o D 0, using (2.5),

k=0 k=0 :

which is a contradiction, proving the theorem. ([l
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ABSTRACT. In this paper we have generalized the classical Pell, Pell-Lucas, and Mod-
ified Pell numbers. The new numbers are named Pell, Pell-Lucas, and Modified Pell
numbers with an exponential grower factor, respectively. Moreover, we have listed their
first ten terms, then we have found the families of generating functions with some of
their particular graphs, their Binet’s formulae, their related basic identities and sums.
Our results covers all basic results for classical Pell numbers, Pell-Lucas numbers, and
Modified Pell numbers obtain previously by others.
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1. INTRODUCTION
Since the nth Fibonacci number F;, is defined recursively by
(1.1) F,=F,1+F, 2 nec{2,3,...},

with initial terms Fy = F; = 1, there are several other well-known of the Fibonacci type numbers defined
by linear recurrence relation.

Let us recall some of them.

1° Lucas numbers:

(1.2) Ly=Lp1+Lno ne{23,.. .}

with initial terms Fy = 2, F; = 1.
2° Pell numbers:

(1.3) P, =2P, 1+ Py_s, nei{23,.. .}

with initial terms Py =0, P = 1.
3° Pell-Lucas numbers:

(14) Qn - 2Qn—1 + Qn—27 ne {2737 s }7

with initial terms Q¢ = Q1 = 2.
4° Let k > 1 be an integer. The k-Pell numbers (see [1]):

(15) P}Qn = 2Pk,n71 + ]{Pk’nfg, n e {2,37 . },

with initial terms Py o =0, Py 1 = 1.
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5° Generalization of one-parameter of Pell numbers (see [5]):
(1.6) Pk,n = kPk,n—l + (k‘ — I)Pk7n_2, k>2, ne {2,3, R },

with initial terms Py o =0, Py = 1.
6° Also, the generalized one-parameter Pell-Lucas numbers (see [5]) are defined by:

(17) ka = kam,l + (k’ — 1)Qk,n727 k>2 ne€e {2, 3,... },

with initial terms Qg0 = Qr,1 = 2.

7° In the accessible literature we also encounter (not so rarely) the so-called modified Pell numbers
(see [3)):

(18) qn = 2(]n71 +qn-2, nE€ {273»“'}7
with initial terms ¢ = ¢; = 1.

In this paper, we are going to introduce and study as well a new two-parameter generalization of the
Pell numbers, the Pell-Lucas numbers, and the modified Pell numbers which is the main objective of this
paper.

Let r > 1 be an integer and a > 1 a real number with same meaning throughout this paper. We define
recursively, the two-parameter generalized of the Pell numbers P, ,,, (we named these Pell numbers with
an exponential grower factor), as in the sequel:

(1.9) Poyn=20"Pyyp-1+a 'Pyrno, ne{2,3,...},

with initial terms P, 0 =0, Py 1 = 1.
In the following, we recursively the two-parameter generalized of the Pell-Lucas numbers Qg ,n (we
named these Pell-Lucas numbers with an exponential grower factor) by:

(110) Qa,r,n = 2aTC?a,r,n—l + ar_lQaJ',n—% ne {27 37 s }a

with initial terms Qg 0 = Qa.r1 = 2.
The two-parameter generalized of the Pell-Lucas numbers ¢, ., (we named these Pell numbers with
an exponential grower factor) by:

(111) da,rn = 2QTQa,r,n—1 + QT71Qa,r,n—2a n e {23 3,... }7

with initial terms g4 0 = ¢a,r,1 = 1.

One can observe that putting @ = 1 in our new numbers P, 4, Qr.q.n, and gr 4, We obviously obtain
the classical Pell numbers, the classical Pell-Lucas numbers, and the modified classical Pell numbers,
respectively.

Next, in Table 1, we have shown the first terms of the sequence {P, 4} for a =2, r € {1,2,3,4}, and
n € {0,1,2,3,4,5,6,7,8,9}.

First ten Pell numbers with exponential grow factor 2", r € {1,2, 3,4}

n 01 2 3 4 5 6 7 8 9
Piyn 0 1 2 5 12 29 70 169 408 985
Py, 01 4 17 72 305 1292 5473 23184 98209
Po, 0 1 8 68 560 4616 38048 313616 2585024 21307424
Pz, 0 1 16 260 4224 68624 1114880 18112576 294260736 4780622080
Poyn 0 1 32 1032 33280 540736 17569792 702791680 23613800448 764637347840

TABLE 1

Remark 1.1. Note that numbers in third row of the Table 1 are Pell’s numbers. Also, it is interesting
to observe (in fourth column of the present table) that the sequence Py yo, Pa12, Pano, Paso, Paag,...,
forms a geometric sequence with its quotient 2.
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Table 2 shows the first terms of the sequence {Q,qn} for a = 2, r € {1,2,3,4}, and n €
{0,1,2,3,4,5,6,7,8,9}.

First ten Pell-Lucas numbers with exponential grow factor 27, r € {1, 2, 3,4}

n 01 2 3 4 5 6 7 8 9
Qirn 2 2 6 14 34 82 198 478 1154 2786
Q21 2 2 10 42 178 754 3194 13530 57314 242786
Q22 2 2 20 164 1352 11144 91856 757136 6240800 51440672
Q23n 2 2 40 648 7648 124960 2029952 32979072 535784960 8704475648
Q24 2 2 80 2576 83072 2678912 86389760 2785903616 89840033792 2897168310272

TABLE 2

Remark 1.2. Note that numbers in third row of the Table 2 are Pell-Lucas’ numbers. Also, it is inter-
esting to observe (fourth column of the present table) that the sequence Q21.2, Q2.2,2, @232, Q2.4.2,--.,
forms a geometric sequence with its quotient 2.

The recurrences (1.9), (1.10) and (1.11) generate their characteristic equation
(1.12) s?—2a"s—a""'=0.
Equation (1.12) has two distinct roots
(1.13) s1=a" —Va¥ + a1,
and
(1.14) sy =a" +Va> + a1,

Here we easy can conclude that s1 < 0 < sy and consequently |s1| < [s2|. Also, the following
relationship between s; and sy hold true:

(1.15) 51+ 82 =2d",
(1.16) $1— 89 = —2/a2" + a1,
and

(1.17) 5189 = —a" L.

These equalities are very usable and will be used later in this paper.
Next section is devoted to the generating functions of Pell numbers P, ;. ,,, Pell-Lucas numbers Qg ; n,
and modified Pell numbers ¢, ., with an exponential grower factor, respectively.

2. GENERATING FUNCTIONS OF SEQUENCES { Py ;n}, {Qa,rn}s AND {qa,rn}

Let us find first the generating functions of Pell numbers P, ,, with an exponential grower factor.
Assume that P, , 1 are coefficients of some power series with center at the origin and f, -(z) are the sums
of the these series, i.e.,

(21) fa,r(x) = ZPa,r,kl'ko
k=0

So, the analytic functions f, () are generating functions for the sequences {P,, }. Based on (1.9)
and taking into account the initial conditions P, , 0 =0 and P, ,1 = 1, we get
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fa,r(x) = Z-Pa,r,kxk
k=0

oo
—1 k
= Puro+ Poriv+ Z [QGTPa,T,k—l +a" Pa,r,k—Q] Y
k=2

o0 oo
= x+2dzr E Pamk_lxk_l +a" 12 g Pa)r,k_gmk_g
k=2 k=2

oo oo
= z+2dx E Pa’r,kmk +a" " a? E Pamkxk.
k=0 k=0

So, by (2.1) we find that
fa,'r‘(x) =x+ ZGTI'fa’T((E) + (Lr_ll'2fa,r(1'),

and thus, the generating functions for the sequences {P, .} are

x
1—2a"x —ar—122’

(2.2) far(x)

(a>1, r>1).

The graphs of the functions f, ,(x) for various values of a and r are shown in Figure 1.

@ f.x = i

FIGURE 1. Graphs of generating functions: fi ;(z)(blue), fo1(x)(red), and
f32(x)(green).

Further, we are going to find the generating functions for the sequences {Qq x}. Indeed, similarly
we suppose that Qg . are coefficients of some power series with center at the origin and g, ,(x) are the
sums of the these series, i.e.,

oo

(23) ga,r(x) = Z Qa,r,kxk-

k=0
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Using (1.10) and the initial conditions Qg r0 = Qq.r,1 = 2, we obtain

0
ga,r(x) = Z Qa,r,kxk
k=0

[e'S)
= Qa,r,Oxo + Qa,r,lx + Z [2aT'Qa,r,k71 + ar_lQa,'r,k72:| xk
k=2

00 00
= 242z+ 2a"z E Qa,r,kflxkil + ar71x2 E Qa,r,k72xk72
k=2 k=2

(o] o0
= 2+4+2r+2d"x Z Qaﬂ,,k,xk +a" e Z Qa7r7k:17k.
k=0 k=0
So, by (2.3) we find that
Ja,r(¥) = 2(1 + ) + 20" 290, (¥) + ar_1x2ga7r(x),
and thus, the generating functions for the sequences {Qq 1} are
B 2(1+2)
- 1-2a"x —a 12?2’

(2.4) Ga,r () (a>1, r>1).

Finally, we find the generating functions for the sequences {qq r 1 }. Indeed, let g, , 1 be the coefficients
of some power series with center at the origin and h, ,(x) are the sums of the these series, i.e.,

(25) ha,r(x) = ZQa,r,kak-
k=0

Using (1.11) and the initial conditions ¢4 0 = ¢a,r1 = 2, We obtain

oo
ha,T (‘I) = Z qaﬂ‘,kxk
k=0

[e%S)
0 E -1 k
= d{a,r0T + da,r,1T + [2(1%](1,7«,1@71 + a” qa,r,k72] x
k=2

00 oo

k—1 —-1,.2 k—2

= l+z+2dx E qa,r,k—1T +a" E qa,r,k—2%
k=2 k=2

(o] o0
= 1l4+z+2dz Z qamkzk +a 12 Z qamkxk.
k=0 k=0
So, by (2.5) we find that
hor(x) =142+ 2a"xhe r(x) + ar_leha,r(x),
and thus, the generating functions for the sequences {qq 1} are

_ 1+
T 1—2a"x —ar 122’

(2.6) har(x) (a>1, r>1).

Of course, if we take a =1 in (2.2), (2.4), and (2.6) we clearly obtain functions

S0 = Ty
21+ =2
9w) = 1—(2x—)gc2’
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and
1+x

1—2x — 22’
which, indeed, are the generating functions of the classical Pell numbers (1.3), classical Pell-Lucas numbers
(1.4), and the modified classical Pell numbers (1.8), respectively.

h(z) =

3. SOME EXPLICIT FORMULAE

Here in this section, we are going to prove some very useful explicit formulae for the general terms of
the sequences {Py r i}, {Qa,rk}, and {gqrk}. Then, we will apply them to derive several identities. To
do this, we start with the following theorem.

Theorem 3.1 (Generalized Binet’s formulae). The nth terms of the sequences {Py rn}t, {Qarn},
and {qarn} are of the form

(3.1) Pon = Mj
S§1 — S92
2(]. — 82) 2(]. — 81)
3.2 arn = n_ n
(3.2) Qa,r, 51_5251 81_3252
and

1-— S92 1-— S1

n n

(33) Qa,r,n = §1 — 595
S1 — 82 S1 — 82

where s1 and sa are given in (1.18) and (1.14), respectively.

Proof. For the distinct roots s1, so of the equation (1.2), the numbers s7, s% are linearly invariant and
form the basis for the space of all solutions of the equations (1.9), (1.10), and (1.11). Whence,

(3.4) Poyrn =pst +4qs3, p,q €R,
is the solution of the recurrence (1.9). If we put n = 0 and n = 1 in (3.4) we get p+ ¢ = 0 and

ps1 + gs2 = 1. Subsequently, we find that p = SliSZ and g = fsli‘”. Hence, putting these values to
(3.4) we immediately obtain (3.1).

Similarly, the solution of the recurrence (1.10) is
(3.5) Qa,rn = usy +vsy, u,veR.

If we put Qq.r0 =2 and Qg1 = 2 in (3.5) we get u + v = 2 and us; +vsy = 2. Whence, we find that
u= % and v = 7%_ Thus, putting these values to (3.5) we immediately obtain (3.2).

At the end we prove (3.3). The solution of the recurrence (1.11) is
(3.6) Qa,rm =187 +wsy, t,weR.
If we put g4 0 =1 and P, 1 =1 1in (3.6) we get ¢t + w = 1 and ts; + wse = 1. Hence, we find that

t = 21=%2 and w = —2=2L. Thus, putting these values to (3.6) we immediately obtain (3.3).
$1—82 5182
The proof is completed. O

Using relations (1.13) and (1.14) we have:
Corollary 3.2. The nth terms of the sequences {Py rn}; {Qarn}, and {qarn} are of the form

((LT + Va2 + arfl)n _ (aT — Va2 + arfl)n

Pa,r,n = 9 /7(127, T ar—1 y
Q (1 7a7‘+1/a2r+ar71)(a’f‘+1/a2r+ar71)n
a,r,m  — te

_(]_ —a” — a2 + arfl) (a'f — a2 + arfl)n
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and

(1—a" ++Va? +a 1) (a" + Va2 +a—1)"

qa,r,n

(—a —VEFFT ) (@ - V& Fa)"
o far '

Another consequence, for a =1 and r = 1, is:
Corollary 3.3 (Classical Binet’s formulae). The nth terms of the sequences {P,}, {Qn}, and {¢,}
are of the form
V2[(1+v2)" - (1-V2)"]
4 )
Qu= (143" + (1 V2",

P, =

and
g =2[(1+V2)" + (1-V2)"].
Next we are going to show the relationships between nth terms of the sequences:

(1) {Pa,T,’I’L} and {Qa,r,n}?
(2) {Parn} and {qarn}, and
(3) {Qa,r,n} and {Qu,r,n}-

Corollary 3.4. Foralla>1,r > 1, and n > 0, we have

(1) Qan',n =2 (Pa,r,n + ar_lpaﬂ.,n_l),
(11) Qa,r,n = Larn + arilpa,r,nfly and
(lll) Qa,r,n = QQa,r,n-

Proof. Based on Theorem 3.1 and (1.17) we have

2(1 — 59 2(1 — s
Qa,r,n = ( — )5? - ( — )SS
S1 S92 S1 S92
2 _ _
= [ - ) — sl - )]
1 — 52
n __ on n—1_ _n-—1
- 9 (31 52 _515231 ) )
51 — 82 81— 82

= 2 (Pa,r,n + arilpa,r,n—l) .
Equality (ii) has been proved in very similar way, while (iii) is obvious.

The proof is completed. O

As a special case, for a = 1 and r = 1, we have:

Corollary 3.5 (Basic classical relationships formulae). For all n > 0, we have

(i) Qn = Q(Pn ern—l)}
(ii) gn = Pp + Py—1, and
(iii) Qn = 2¢n.

The following lemma is not important only for itself but also for other applications.
Lemma 3.6. Foralla>1,r>1, and n > 0, we have

lim L”’nﬂ = S9
n—oo a,r,n
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S1

52

n
< 1 implies lim,, (Z—;) = 0, and consequently

Proof. Inequality

n+1 n+1
. a,rn+1 . S1 — Sy
lim = lim s — =53
n—o0 a,rmn n—r00 S1 — So
The proof is completed. (I

Putting a = 1 and » = 1 in this lemma we obtain:

Corollary 3.7. For all n > 0, we have

P,
lim P“ =14+2.

n—oo
We know that the number 1 + /2 is well-known as silver ratio.

Remark 3.8. Note that we can obtain the "silver ratios” as many as we wish. For example, for the
sequence {Py 1.} the "silver ratio” is

Prain
lim 22" — 9 4 /5.

n—oo 21.n
5Ly

Lemma 3.6 enable us to conclude that the radius of convergence of the series (2.1) is % So, we can
write

7’2,7"2

> 11
fa,r(x) = Z Pa,r,kxk7 Vx € <_ > .
k=0

Based on this fact and some prior knowledge we can prove easily next theorem which shows another
form of the numbers P, ;.

Theorem 3.9. Foralla>1,r>1, and n > 0, we have

(0)

Pa,r,n = |
n

)

where fé?:a) denotes the n-th derivative of the function fo ().

4. SOME BASIC RELATED IDENTITIES

Generalized Binet’s formulae (3.1), (3.2), and (3.3) given in the previous section are very useful to
derive some identities for numbers P, , n, Qa,rn, and gqrn. Here we give those in several theorems.

Theorem 4.1 (Generalized Catalan’s identities). For alla>1,r > 1, s> 1, and n > 0, we have

(4.1) Pa,nn—sPa,nn-i-s - P(ir,n = (_ar—l)’ﬂfs 1:)3)”87
_ _ +2—
(4.2) Qarin—sQarnts — Q2 =4(2a" +a" = 1) (=a" )" Q2 ,,
and
. _ _ +2—
(4.3) Ga,rin—sarnts = Qo g = (207 +a""H = 1) (=a" 1) g2

Proof. Let us prove first (4.1). Namely, using (3.1) of Theorem 3.1, (1.16) and (1.17) we get
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2
Pa,r,nfspa,'r,nJrs - P

_ (37 = ST (85 —s70) — (s5 — s1)?
(s2 —51)°
2(s189)" — sHSSh TS ghFeglTS
= 2
(s2 = s1)
_r—l”__r—l"is__(r—l)nis
C2(=a )" = (ma )" ()~ (at )" (2)
(52— 1)
_ (mam)” [S%S —2(s152)" + S%T
(s2 = s1)? (s152)°
_ (e | (s - )
(52 = 51)? | (—alr=D)’
_ ()" s —s3)
(—am=1)* \s2 — 81
=—( a" )" Py,
For the proof of (4.2) first (for short notation) we denote y = % and z = 72211:2). Now using
(3.2) of Theorem 3.1, (1.15) and (1.17) to obtain
Qa,r,nfsQa,r,nJrs - i,r,s
= (ys?™° +2s57°) (ysiH* + 2s5+%) — (yst + zs})?
=yz (s77°s5T" — 257 sl + s1 050 70)
S S
nf (s s
—rtw((5) -2 (5))
S92 S1
1—s9)(1— n (s5—s3)?
) i)
(51— s2) (s152)
g5 — g8 2
= —4(1+ s182 — (81 + 52)) (s182)" ° ( 1 2)
81 — 82
= —4(1—a""' —2a") (—a”*l)n_s ims
=4(2a" + a7t = 1) (fa’”*l)n-m_s (2“78.
Finally, taking into account that g, ,, = %Qamn, we immediately obtain (4.3).
The proof is completed. O

Putting the values @ = 1 and r = 1 into relations (4.1) and (4.2) we obtain the following corollary.
Corollary 4.2 (Classical Catalan’s identities). For all s > 1 and n > 0, we have
Py Ppis— P2 =(=1)"t17° p2,
and

Qn—sQn+s - Qi =38 (_1)n+2—8 ga

and

o
Qn—sqn+s — qyzz =2 (_1)n+ s Q§

Moreover, inserting values a = 1, » = 1, and s = 1 into relations (4.1) and (4.2), imply next corollary.
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Corollary 4.3 (Classical Simpson’s identities [2], [4]). For alln >0, we have
Pnflpnqu - Pg = (71)”4 )
C2n7162n+1 - Q?L =38 (_1)’ﬂ+1 )

and
1
qn—19n+1 — qz =2 (_1)n+ .
Some other identities are given in next theorem.

Theorem 4.4. Let m,n be two positive integers such that m > n > 0. Then, for alla > 1 and r > 1,

we have

(44) Pa,r,mPa,r,n+1 - Pa,r,erlPa,r,n = ( - ar_l)nPa,r,mfn7

(45) Qa,r,mQa,r,n+l - Qa,r,m+1Qa,r,n = 4(1 - a’r71 - 2ar)(*aril)npa,r,m—n;
and

(46) qg,,r,mqa,r,n+1 - qg,,r}mjth%'r,n = (1 - a'r“—l - 2a7‘)(_ar_1)npa,r,mfn-

Proof. For m > n > 0, we have

Pa,r,mPa,r,n+1 - Pa,r,m+1Pa,r,n

(T =) (5 sp ) — (s st (7 — s)

p)
(51— s2)
1 1 1 1
B shsttl — st tlsm 4 g tlsn — gl
= p)
(81— s2)
8785 (sy — s1) — s sh(s2 — 51)
= D)
(51— 82)
m—n m—n
s -5
n°2 1
= (s182)"
S — 81
r—1\"
= ( —a ) Pa,r,m—n~
. 2(1— 2(1— .
As in the proof of Theorem 3.9, let y = % and z = —%. Then, for m > n > 0, we obtain

QarmQarn+1 — QarymtiQa,rn
= (ys7" + 255") (ysT™' + 2s571) — (ys"™ + 25" 70) (ys + 255)
= yz[si"sh(s2 — 1) — 5785 (s2 — 51)]

(I —s2)(1—s1)

= —4 _,r=1\n _ m—n _ m—n
(51 — 52)2 ( a ) (82 81)(82 51 )
r—1 nsgnin — S;nin
=—4(1+s182 — (s1+ 82))(—a" )" =————
S1 — S2
= 4(1 — arfl - QQT)(*aril)nPa,r,m—n-
Relation (4.6) is a direct consequence of (4.5).
The proof is completed. O

For a =r =11in (4.4) and (4.5) we obtain next corollary.
Corollary 4.5 (Classical d’Ocagne’s identities [2], [4]). For all m > n > 0, we have
PmPn+1 - Pm+1Pn = (_1)an—n7

and
Qan+1 - Qm+lQn = 8(_1)7L+1mena
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men+1 — gm+1G9n = 2(*1)n+1pm—n~

Generalized Binet’s formulae (3.1), (3.2), and (3.3), allow us to express the sum of the first terms of
sequences Py, Qq.rn, a0d ¢q rn in a simple form. Namely, we prove the following.

Theorem 4.6. For alla>1,r>1, and n > 0, we have

- ar_lPa'rnJ'_ParnJrl_l

4.7 Pa'r‘ L= ) L) ;
( ) 7:20 3Ty QCLT + ar_l _ 1

- Qam n+1 + ar_lQa n + 4(1 - ar)
4.8 apg = 2T - :
( ) ZQ ] 2ar+ar_1_1

7=0
and
- qa,rmn+1 + alr_l(]a rm T 4(1 - ar)

4.9 i = ) ) .
( ) ]Zoq sTJ 2(20/” +ar71 _ 1)

Proof. Using generalized Binet’s formulae we have

I =, i
Porj = > (s] —sd)

n
Jj=0 Jj=0

_ 1 1— st _1—872L+1
S1 — S92 1-— S1 1— S92
s1— 89 — (771 = s5T1) 4 suso(s] — )
(1 — 81)(1 — 82)(81 — 82)

1 1
1 1 shtl —ght n st — sy
= - S152
1-— (81 +82)+81$2 S1 — S2 51 — 82

1 _
= 2" +ar—1 -1 (ar 1Pa77”7" + Pa,r,n+1 - 1) ’

which proves (4.7).

To prove (4.8) we use once again notations y = @ and z = —M and (3.2). Namely, after
1—S2 51 —S2
some transformations, we have
n n . .
> Quri = > (usl+2sh)
§=0 §=0
_ yl — st +z1 — sptt
1— S1 1-— S92

y+z— (ar+yse) — (ysi™ + zs5™) + susa(yst + zs5)
(1—81)(1 —82) ’

Since

y+z=2
s159 = —a" !,
z81 +ys2 = 2(2a" — 1),

(1 — S]_)(l — 82) =1- CLT_1 — 2ClT,
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then we get

n 2 — Q(QCLT - 1) - Qa,’r,n-‘rl — ar_lQ(lﬂ'vn
Z Qa rj

1—ar—1—2qr

Qa,r7n+l + ar_lQa,T,n + 4(1 - a'r‘)
2a" +a"" 1 -1 '

Relation (4.9) follows from relation (4.8).
The proof is completed. (I

If we take specific values @ = r = 1 in Theorem 4.6, then we obtain next well-known equalities for Pell
and Pell-Lucas numbers.

Corollary 4.7. For allmn > 0, we have

En:Pa P, +Pn+1—1,

7=0
n
_ QnJrl + Qn
Q= =i,
=0
and
n
Z _ It + qn
—_ 1
7=0

Some other interesting relations are shown in next statement.

Theorem 4.8. For alla>1,r>1, and n > 0, we have
(1) Paﬂ“v3" = 4((1 + a" I)Pgr n + 3(70‘7“71)”])0‘»7“7”7
(ii) The sequence {P, 2} is a geometric one with respect to r.
(iii) The following inequality Pyi1 r2 < 2"P, ;2 hods true.

Proof. (i) By Binet’s formula have

3n 3n
S — S
Pa,r,?)n = %
1= 922
- Ao {[s7" — 2(s152)" + s3"] + 3(s152)" }
§1 — 82
2
st — sh
= Pa,r,n{(sl - 52)2 (Sl 32 ) + 3(8182)"}
1 = 92

— Pamn{él(ar +a )men + 3(—ar1)”}.

(ii) By same argument, we also have

51 — 53
Pa,r,2 = =81+ 82 = 2ar’
S1 — 82
and consequently
Pa,r+1,2 — 2
Pa,7‘,2

(iii) It is obvious that
Patrre _ (a+1)"

1 T
= :<1—|—> <2", Va,r>1
Pyyro a” a

The proof is completed. O
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Putting @ = 1 into Theorem 4.8 we obtain:

Corollary 4.9. For alln > 0, we have
(i) Ps, =8P3 +3(—1)"Py,
(ii) The sequence {P1 2} is a geometric one with respect to r with its quotient 2.
(iii) The following equality Py o = 2" P o hods true.
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ABSTRACT. In this note we give some simple proofs for the irrationality of 72 and ed,
where ¢ is a nonzero rational number. We also use some basic ideas of Hermite, Hilbert,
Hurwitz and Lindemann to give simple proofs for the transcendence of e and of e*, where
a is a nonzero algebraic number. In particular we obtain the transcendence of 7. In the
end we apply our previous results to develop a great idea of Wantzel for a complete
solution of the three famous Greek geometrical problem: squaring a circle, duplicate
a cube and trisection of an angle. We also supply all the elementary prerequisites of
algebraic number theory such that the famous Lindemann’s idea be easily understood
even by an undergraduate student with some basic knowledge in Calculus and Algebra.
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1. INTRODUCTION

In this paper we try to present as elementary as possible (with complete and self-contained proofs)
basic results related to the irrationality and transcendence of some fundamental real or complex numbers.
The reader must have some knowledge of mathematics that is taught in the first year of the undergraduate
studies. Namely, he (she) has to know the basic elementary results in differential and integral calculus,
and in Linear Algebra. It would be better if the reader had some knowledge in complex function theory.
However, we do not assume such a knowledge and we reduce everything to usual Riemann integrals for a
real variable function with complex values. We also use a basic and elementary result from finite group
theory.

Trying to make an elementary presentation, the author was inspired by the main ideas of some great
mathematicians like C. Hermite [4], D. Hilbert [5], A. Hurwitz [6] and F. Lindemann [8]. Some other
nice ideas came to us from the enlightened works of A. Baker [2] and M. Waldschmidt [10]. The last but
not the least, we were encouraged by the elegant one page paper of I. Niven [9] and by the inspirational
book Proofs from THE BOOK of Aigner and Ziegler [1].

In Section 2 we make a short introduction in the long history of the attempts to prove the irrationality
and transcendence of e and 7. Here we highlighted Hermite’s contribution to what we call today Hermite-
Padé approximation and the so called Hermite Principle.
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In Section 3 we apply Hermite’s Principle to supply a short and elementary proof for the irrationality
of 72 (as an immediate consequence it comes also the irrationality of ).

In Section 4 we apply the same Hermite’s Principle to prove in a simple way the irrationality of e? for
q € Q\ {0}.

In Section 5 we prove that e is a transcendental number. This proof uses the original Hermite’s idea,
but extended with a very useful Hilbert’s and Hurwitz’s ideas relative to the nonzero property of an
integer which is nonzero modulo p, where p is an arbitrary prime number. In this proof we find the seeds
of the great ideas of Lindemann and Weierstrass for proving the independence over Q (the field of all
algebraic numbers-see Section 6) of a sequence of powers of e, where these powers are distinct algebraic
numbers (see also Section 6).

In Section 6 we introduce in a self-contained manner some elementary facts from algebraic number
theory. Here we assume that the reader has no previous knowledge of this topic. We use all of these for
giving self-contained presentations in sections 7 and 8.

In Section 7 we supply a complete and simple proof for a slight generalization of the famous Linde-
mann’s result [8] relative to the transcendence of 7, namely we prove that e® is a transcendental number,
where « is a nonzero algebraic number. In particular we prove that 7 is a transcendental number. It
is clear enough that the main result of Section 5 is a direct consequence of the main theorem 7.2 from
Section 7. Theorem 7.2 is a particular case of another famous result of Weierstrass and Lindemann (see
[2]) which has a non-elementary proof. We wanted to insist on the natural evolution of mathematical
ideas and not to choose the ”shortest path”, because a clever reader who want to really understand these
deep and beautiful ideas, will enjoy our ”longer, but natural path”.

In Section 8 we apply the results obtained in Sections 6 and 7 to develop an enlightened idea of P. L.
Wantzel [11] to associate to a geometrical construction realized only with a compass and a straight-edge,
a tower of algebraic number fields. Following his idea we give complete answers to the three famous
Greek geometrical problem: squaring a circle, duplication of a cube and trisection of an angle.

2. SOME HISTORICAL NOTES

More than 2300 years ago, Aristotle (384-322 BC) said that the diameter and the circumference of
a circle are not commensurable, i.e. 7 is not a rational number in our modern language. But a first
proof came later in 1761, when J. H. Lambert proved the irrationality of tang for ¢ a nonzero rational
number. So, if 7 was a rational number, then tan(7/4) = 1 would be irrational, a contradiction. Lambert
used the same idea as L. Euler, who proved in 1737 that e is an irrational number by using continuous
fraction expansions. Trying to prove the transcendence of e, C. Hermite [4] discovered in 1873 a new
type of approximation with rational functions for f(z) = €®*, b € N*. Now we call his discovery, Hermite
Principle. Here is a short description of it. Let ng,n1,b be nonzero natural numbers and let z a nonzero

real number. We denote
"o

fz) =

a polynomial of degree N = ng + n; in Q[z], and let us consider the following Riemann integral with a
parameter z:

no! (b B x)"17

b
I =1, n0(2) :/ f(z)e *dx.
0

We integrate it N-times by parts, and finally find:

1

I: _—
ZN+1

[F.(0) — F.(b)e "],

where
Foz)=2Nf(x)+ 2V (@) + 4 2f V(@) + N ().
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Thus,

(2.1) e — F.(b) = N
F(0)  Fx(0)

It is easy to see that F,(b) is a polynomial in z of degree ng, with coefficients in nig!Z[b], and F,(0) is a
polynomial in z of degree ny, with integer coefficients (in Z[b]). Since the derivatives of f(z) at = 0 are
zero up to the order ng — 1 inclusive, the polynomial F.(0) in the variable z has a fixed degree n; and
fixed coefficients (they depend only on n; and b). So, it has a fixed minimal or maximal value on each
interval [A, B].

If we fix n; and make ng — oo, we see that the approximation e*® ~ Iijggg is an approximation of e

(as a function of z) with rational functions in z, i.e.
ZN+16bz
F.(0)
when ng — oo and z € [A, B], a closed and bounded interval which does not contain any root of F,(0)
(see the above explanation on the polynomial F,(0)). Indeed,

I—0,

ZNJrlebz pno pfmo (bM)n1+1
) .C
O |° = ngl inf |FL(0)]
(0) no zel[fi,BH (0)]
where M = sup |z| and C = sup e (=Y Since
2€[A,B] z€[0,b],2€[A,B|
by
NI
inf |F,(0)]
z€[A,B]

is a positive constant K, and since b"f;f!"o — 0, when ng — oo, we see that %I goes uniformly
(relatively to z) to zero, when ny — oo and when z € [A, B]. We also see that I = I, n, (%) itself

uniformly goes to zero, when ng — oo and when z € [A, B]. Hence e ~ gz—% is indeed a uniform

approximation (relative to z) on each real interval [A, B] which does not contain any root of F,(0). Such
type of approximation with rational functions is called Hermite-Padé approximation. If one makes z = 1
in (2.1), one gets:

(2.2) FI(O) . eb - " (b) = ebIn07n1,b(1)'
If we assume that e’ is a rational number c/d, then (2.2) becomes:
(2.3) cF1(0) — dFy(b) = de® Ty, 5(1).

If one could prove that the left side of this last equality is always a nonzero number outside of an interval
(—¢,¢e) for an € > 0, and since the right side goes to zero, when ny — oo, we would obtain a contradiction.
This is in fact an example of the Hermite Principle applied to the problem of the irrationality of e®. In
[4] Hermite proved that the left side of (2.3) is always a nonzero quantity for ng = ny = n — oo, i.e.
|cF1(0) — dFy(b)] > € for an € > 0 and for any n > Ny but, for the transcendence of e, he gives a
very complicated method. He used a complicated asymptotic and obscure method which was extensively
improved by Hilbert [5] and Huwitz [6] (twenty years later) by using a new algebraic idea. Let us explain
Hurwitz’ idea for the above example. For this, we make ny = ng + 1 in the definition of f, and see that
f9)(b) is a multiple of n; for every j = 0,1,..., N = 2ng + 1, while £1)(0) is a multiple of n; only for
§€{0,1,..., N}\{ng}, and f(0)(0) = b™ # 0. Now, if we take n; large enough and such that (cb,n;) = 1
in (2.3), then cFy(0) — dFy(b) € Z \ {0}, whereas de®L,, ,, (1) — 0, when n; — oo.

Using again Hermite Principle, in 1947, 1. Niven [9] gave a one page elegant proof for the irrationality
of 7. For a reader with a more advanced knowledge in number theory, we recommend the deep, but not
elementary study of the transcendental numbers in the book of A. Baker [2].
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3. 2 AND T ARE IRRATIONAL NUMBERS

Lemma 3.1. For any fized n € N*| we consider the following polynomial function:

JCnfl(l _ z)n

(31) fule) =

,  €1[0,1].

Then its derivatives at x =0 and x = 1 are of the following form:

f7(lj)(1) =M;-n, M;€Z, j=0,1,...2n — 1,

(3.2) F0)=L;-n, L;€Z, j=01,...2n—1, j#n—1,
H0) = 1.

Since f, is a polynomial function of degree 2n — 1, fﬁj)(x) =0 for all j > 2n —1 and for all x € [0,1].

Proof. We have only to carefully use Leibniz formula for computing the derivative of a product of two
functions. O

Now, let us use Hermite Principle (see Section 2) for the following integral (n € N*, n an odd number):

I, = /01 fn(z) sin(rz) dz,

where f is the polynomial function defined in (3.1). We integrate it by parts (2n — 1)-times and find:

n—1 n—1
1 . .1 .

(33 Lo = S g (1) 4 (1) i £ (0),

§=0 §=0
Assume that 72 = a/b, a,b € N*, (a,b) = 1. So, from (3.3) we get:

n71 . . . . n71 . . . .
(3.4) w0 L, = Y (=1a T D (1) 4 Y (—1)7a" I £ (0).

j=0 j=0

Now we apply Lemma 3.1 and find that all the terms in these two sums are multiple of n, except the

term j = "7_1 in the second sum (j € N, because n is an odd number).

Thus (3.4) becomes:
(3.5) ma" I, =M -n+(-1)"T a7 b7, M e

Since a and b are fixed numbers, we can take n such that n is prime with a and b. Thus, in (3.5), the
right side is not zero modulo n, i.e. it cannot be zero for such numbers n.
Now we evaluate the left side of (3.5). It is clear that
anfl

n—1
Ta In < m’ﬂ'

for any n = 1,2, ... Thus ma” 11, — 0, when n — oo, taking values such that n is prime with a and b.
Hence, we obtained a contradiction, namely, the nonzero integer numbers from the right cannot be closer
and closer to zero. So 72 is an irrational number.

In particular, if 7 were a rational number, then also 72 would be a rational number, a contradiction.
Hence 7 itself is an irrational number.
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4. e, g€ Q\ {0}, 1S AN IRRATIONAL NUMBER

It is sufficient to prove that e, where ¢ € N*, is an irrational number. Indeed, if ¢ = m/n, where
m,n € N*, (m. n) = 1, and if e? = a/b, a,b € N*, (a,b) = 1, then ™ = (a/b)™ would be a rational
number, etc.

Thus we assume that ¢ € N* and e? = a/b, a,b € N*, (a,b) = 1. In order to use again the Hermite
Principle we consider the following Riemann integral:

1
I, = / Fu(2)e” da,
0

where f(z) is the function defined in (3.1). Now, we integrate by parts (2n — 1)-times and get:

2n—1 2n—1

In = el ZO (_1)] qj+1 f,(l])(l) - ZO (_1)3 qj+1 f’I(L])(O)’
i= i=
We use again Lemma 3.1, formulas (3.2) and find for e? = a/b:
2n—1 ] ] . 2n—1 . ) )
g™ Tp = D (=1 ag® T D (1) = Y (=1)Ybg* D (0) =
§=0 3=0

=M-n+(=1)""tbg".
Let us take now n such that n is prime with bg. So, M - n + (—1)Pbg? is not divisible by n for such n.
So, M -n+ (—1)""1bg" # 0 for values of n. But,

(q2)n—1
(n—1)!

when n — oo, so these nonzero integers, M - n + (—1)"~!bg™ — 0, when n is large enough, such that n
is prime with bg, a contradiction. Thus, e? is an irrational number for any ¢ € Q \ {0}.

bg*" J, <b-q*-

— 0,

Remark 4.1. In this particular case, it is easy to see that J, > 0 for any n = 1,2,... So, it is not
necessarily to take only those n which are prime with bq.

5. €IS A TRANSCENDENTAL NUMBER

Assume that e is an algebraic number, i.e. it is a root of a polynomial with rational coefficients. This
is equivalent to say that there exist ag, aq, ..., ar in Z, with ag, ar # 0, such that

(5.1) ao + are + ... + age® = 0.

For any n € N*| let

a"[P(z)]"
(n—1)!

be a polynomial of degree d = n(k+ 1) — 1, where P(z) = (x — 1) - (x — 2) - ... - (x — k). Like in Lemma
3.1, it is not difficult to see that for any m € {1,2,...,k} one has:

(5.2) gn(z) =

g (m)=M;-n, M; €Z,j=0,1,....d,
O) :Lj - n, Lj EZ,jZO,l,...,d7 j;«én—l,
gV (0) = (=1) [kl

For any m € {1,2,...,k} we consider the following Riemann integral:

(5.4) I,(m) = /Om gn(z)e " du.

(5.3) P
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Since g, is a polynomial of degree d, we integrate it by parts d-times and find:
d d
(5.5) Li(m) ==Y g9 (m) + 3 g9(0).
j=0 J=0
Thus,

k k d k
(5.6) Z ame™ I, (m) = — Z am Y g9 (m) + Zg(j)(O) Z ame™.

d
m=1  j=0 §=0

From (5.1) we can write —ag instead of Efnzl ame™. Thus, from (5.3), (5.6) becomes:
k
Z ame™ I, (m) = M -n — ao(—1)*"[k!]".
m=1

Take now n = p, a prime number sufficiently large, say p > po, such that ag[k!]"™ is not divisible by p for
p > po. Hence, M - p — ag(—1)?[K!]P € Z \ {0} for any p > p,. But,

k k
> ame™I,(m) > |am|em‘| kP l sup |P(x)P
m=1 m=1

z€[0,k]
Let us denote U = Z,’;Zl |am|e™ and V = sup |P(z)|. So,
z€[0,k]

<

(p—1

k
m (V ) k)pil
mzzl ame™ I,(m) W

when p — oo. Thus, we get a contradiction. Hence e cannot be an algebraic number, i.e. it is a
transcendental number.

<U-V-k- — 0,

6. SOME ELEMENTARY FACTS FROM ALGEBRAIC NUMBER THEORY

There are some good books on algebraic number theory. Unfortunately, it is difficult for a reader with
few basic knowledge in undergraduate mathematics to study them. This is why we give here only some
prerequisites on algebraic numbers, which we extensively use in Sections 7 and 8.

Let Q be the rational number field, contained in any other subfield K of C, the field of all complex
numbers, which is algebraically closed, i.e. any polynomial P € C[z] has all its roots in C ([7], Example
5, Ch. VI. See also the elegant and elementary proof of Fefferman [3]). A complex number « € C is said
to be an algebraic number (over Q) if there exist ag, a1, ..., an—1 in Q such that

(6.1) ap+ a1+ ...+ ap_1a" P+ a" =0, n e N*,
This means that « is a root of a monic polynomial P(x) of degree n > 1, i.e. P(a) =0, where
(6.2) P(x)=ao+ a1z + ... +a, 12" ' + 2" € Q[z].

Let us denote Q the subset of all algebraic numbers of C. It is clear that Q C Q. Ifin (6.1) ag,ay, ..., an_1 €
Z, we say that « is an algebraic integer (over Q). Let A be the subset of all algebraic integers of C. So,
Z C A C Q. If a is an algebraic number, we denote Q[a] the least subring of C which contains Q and a,
i.e. the set of all polynomials in «,

f(a) = by + bra + ... + bra®,

where bg, by, ...,b € Q. Let a be an algebraic number and let f, € Q[z] be a monic polynomial of the
least degree such that f,(a) = 0. Since f, is unique, it is called the minimal polynomial of « (over Q).
The degree of f, is called the degree of o and we denote it by deg «. It is easy to see that f, is irreducible
over Q. If deg f,, = dega = n, the other roots as, as, ...,a, € C (in fact in Q) are called the conjugates
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of a. The set {1 = o, ag,...,a, } is called the orbit of «. Sometimes we say that o; = o, ag, ..., a,, are
the conjugates of a.

Let P be the monic polynomial from (6.2) (not necessarily the minimal polynomial of «) and let
a1, g, ..., o be its roots in Q. Let 21, 3, ..., £, be n independent variables and let

81(9617962, ,xn) = E1gign L

S2(T1, T2y ey Tn) = D i icy Tillj
(63) ’ )y n : 1<i<j<n “vv"] 7

Sn (X1, X2y ooy Ty) = T1X9... Ty

be the corresponding fundamental symmetric polynomials in variables x1, xs, ..., z,. In general, a polyno-
mial f(z1,x2,...,2,) € Q[z1,Ta, ..., x,] is said to be a symmetric polynomial if

f($0(1)7 Lo(2)y s xo’(’n)) = f(mla L2y Jjn),
for any permutation o € )", , the group of all permutations of the set {1,2,...,n}. It is clear that the
polynomials $1, Sa, ..., 85, from (6.3) are symmetric polynomials. From Viéte’s formulas one has:

s1(an, o, ., ) = —Gp_1
82(011, A, ..., Ozn) = Qp—2

(6.4) | ,

Sn(aq, g, .. apn) = (=1)"ag
where aq, g, ..., ay, are the roots of the polynomial P from (6.2). It is clear enough that if @ = @y is an
algebraic integer, then s;(aq, g, ...,a,) € Z for any j = 1,2, ..., n.

Theorem 6.1. With the above notation and definitions, let P be a monic polynomial with integer co-
efficients and let aq, as, ..., be all the roots of P (in A). Let f(z1,x2,...,25) be a nonzero symmetric
polynomial in the variables x1, T, ..., Ty, with coefficients in Z. Then f(ay,as,...,a,) is an integer, i.e.
it 1s in 7.

Proof. First of all we prove that f(x1,22,...,2,) = g(s1, S2, ..., $Sn), Where g has integer coefficients and
degg < d =deg f, and sq, $9, ..., 8, are the fundamental symmetric polynomials from (6.3) (see also [7],
4.6 for a proof in a more condensed form). If we do this, the statement of the theorem comes from (6.4).

Since for n = 1 the statement is obvious, we consider n > 2. We proceed by mathematical induction
on n. Assume we proved the statement for kK = 1,2,...,n — 1 variables. Let us prove it for n variables
[statement 1]. For this statement 1 we use mathematical induction on d, the degree of f (the greatest
degree of its monomials). If the degree d of f is zero, we have nothing to prove. Assume that d > 1 and
suppose that we have proved the statement 1 for any degree 0,1,...,d — 1 and let us prove statement 1
for f with degree d.

If f(x1,22,...,2n—-1,0) =0, then f is divisible by z,, and we continue the reasoning from (6.5) bellow,
with F(x1, 22, ...,2,) = f(21, 22, ..., 2,—1,0). So, we may assume that f(z1,x2, ..., 2,—1,0) is not identical
to zero.

Since f(x1,x2,...,Zn—1,0) is a nonzero (n > 2) symmetric polynomial in n — 1 variables, our induction
hypothesis says that

f(xlv L2y .0ty Tn—1, 0) = 91(8/17 sl27 EES) 8;7,—1))
where g1 is a polynomial of degree < d = degf in n — 1 variables with integer coefficients, and
81,89, -y S,_1 are the fundamental symmetric polynomials in these n—1 variables. In fact, s(z1, z2, ..., Tpn—1) =
sj(x1,22, ..., Tn—1,0) for any j =1,2,...,n — L.
Now, let us consider a new polynomial:

h(z1, 22, ..., xn) = 91(81, 2, -y Sn—1) € Z[x1,Ta, ..., Tp].
It is clear that h is a symmetric polynomial of degree < d in n variables. Thus,

F(x1,22, .., Tpn) = f(21,22, .., Tn) — A(X1, T2, ..., Ty)
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is a symmetric polynomial with integer coefficients and F(x1, s, ..., 2p—1,0) = 0. Thus, F' is divisible by
Zy. Since F' is symmetric, it is also divisible by s,, = z1x2...2,. So,

(6.5) F(x1,22, ..., Tpn) = $pG(21, T2, .o, Tn),

where G is a polynomial in n variables with integer coefficients and degG < d — n < d — 1. Now, the
mathematical induction hypothesis on d says that

G(z1,z2,...,xn) = H(s1,52,...,Sn)
with deg H < deg G < d — n. Thus
flxy,@a, .oy xy) = spH(s1, 82, ..., 8n) + g1(51, S2, -+, Sn—1),
where the degree of the polynomial on the right side is < d. Thus, denoting
(81,82, ey Sn) = SnH (81,82, -y Sn) + g1(51, 82,5 +vy Sn—1),

we see that f(x1,xo,...,x,) = g(s1, 82, ..., $n), where deg g < d = deg f, i.e. the statement 1 for n variables
is proved, and so, the induction on 7 is finished. Hence Theorem 6.1 is completely proved. (]

At the beginning of this section we gave some definitions relative to the basic field @ of rational
numbers. For our further purposes we need to start with an arbitrary subfield K of C, the complex
number field. It is clear that Q C K C C. We say that a € C is an algebraic number over K if there
exists a monic polynomial f € K[x] such that f(«) = 0. Denote f, x such a monic polynomial of the least
possible degree. By applying the Euclid division algorithm, we see that f, x is unique with these last
properties: fo x € K[z], fo,kx is monic, fo x(a) = 0 and f, x has the least degree with these previous
three properties. This is why f k is called the minimal polynomial of o over K. We also say that the
degree degy o of o over K is equal to deg f, k. It is easy to see that f, i is irreducible over K, i.e. in
K[z]. Now, a is a simple root of f, i, otherwise f/, x (o) = 0 and deg f,, ;o < deg fa, . Moreover, any
other root 8 of f, i has also f, x as its minimal polynomial, i.e. fg x = fo x. Indeed, since fo x(8) =0,
using the Euclidean division algorithm in K[z], one can see that fg i is a factor of f, x in K[z]. Since
fa, i is irreducible and monic, we see that f3 x = fo k. Thus f, x is the minimal polynomial for all the
conjugates of «, i.e. for all the roots of it.

Lemma 6.2. Let a be an algebraic number over K, a subfield of C, and let f, i be its minimal polynomial
over K. Then fo i has only simple roots.

Proof. Let 3 be a root of fu k. Since fo,x = fp 1, if B was a multiple root of fg k, then fj x(8) =0,
which is not possible, because deg fé!K < deg f3.k- (I

Lemma 6.3. Let K be a subfield of C and let o be an algebraic number over K. Then K|a], the least
subring of C which contains K and «, is a subfield of C, which is a finite vector space over K and
dimg Kla] = Klo] : K = deg fa,x. Thus K[oa] = K(a), the least subfield of C which contains K and .
Conversely, if v € C such that Q[y] : Q < oo, then v is an algebraic number over Q.

Proof. Let
fox(x)=2" +a1z" ' + .. +a, € K[2]
be the minimal polynomial of a. Thus, a,, # 0 and

a" = —a1a" "t — .. —a,.
So,
o™ = —qa” — . —apa =
= al[alanfl + .. tay] — ad” V= . —a,a=

=ba" !+ ba" 2 4.+ b, € Kla].
Continuing in this way, we get:

a"t? =a [bla"_l +ba™ 24+ bn} =
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=b[-aa" ! — . —ay]+ b+ Fbpa =
=" Pt 2+ .+, € Kla].
Thus, for any k € N*, one obtains

n—1
a"th = Zdjozj € Kla].
§=0
Hence, {1,q,...,a" '} is a generating system for K[a]. Now, if

t
D ejal =0, ¢, €K, e #0, j=0,1,...,t, t<n—1,
§=0
then « is a root of the monic polynomial g(z) = Z;;OI exx) € Klz], where €5 = ej/e;, j = 0,1,...,t.
Since fq, K is the minimal polynomial of o and since degg < deg f, i, we obtain a contradiction. Hence
{1,a,...,a" 1} is also a linear independent set over K. This means that {1, q,...,a” 1} is a basis of the
vector space K[a] over K, so K[a] : K =n = deg fo k-
Take now 3 € K|a], B # 0. Since {1, 3, 32, ...} cannot be linear independent over K (dimy K|a]) = n),

we see that there exists a liner combination
M+ MB+ .+ M =0, \; € K,j=0,1,...,¢,
such that Ao, Ay # 0. We know that =1 € C and, multiplying this last equality by 5!, we get:
1
—1 _
= "
So, K[a] is a subfield of C, i.e. the least subfield of C, generated by K and a.

For the last statement, we have to remark that the sequence {1,7,...,4™, ...} cannot be linear indepen-
dent over Q. So, there exists a nontrivial linear combination

(M + 2B+ ..+ M1)€ Kla].

N—-1 )
Yo +4N =0, €0,
=0

etc. O

Corollary 6.4. Let «, 8 be algebraic numbers over Q. Then B is an algebraic number over K = Qlq]

and so, Q[a][B] = Q[e, 8] is a subfield of C, and
(6.6) Qla, 8] : Q = (Qla] : Q) - (Qlav, ] : Qla]) =

= (QIF] - @) - (Qlev, B] : Q[B]) < oo
Hence, the set Q of all the algebraic numbers (over Q) is a subfield of C.

Proof. Since fp o € Q[z] C Qa][z] and fzq(B) = 0, we see that fzg[q is a divisor of fg o in Qla][x].
So, § is an algebraic number over K = Q[a] and Lemma 6.3 says that K[§] is a field, and Q[a][F] : Q
< 00. Thus Q[a, 8] : Q@ < oo and so, the sets {1,a £ 3,...,(a £ 8)™,...} and {1,ap, ..., (aB)™,...} are
linear dependent over Q. This means that there exist N and M natural nonzero numbers and a; € Q,
j=0,1,...,N — 1such that

N-1
Z aj(a+B) +(a+B)N =0,
§=0
and b; € Q, 7=0,1,..., M — 1 such that
M-1 _
> bi(aB)y + (@)™ =0.
§=0
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It is clear that o + 3 is a root of the monic polynomial

N—-1
P(z) = Z ajzd + 2 € Qlx],
j=0
and «af is a root of the polynomial
M—1
Q(z) = Y bzl +2M =0€ Qlal.
j=0

Hence a 4 8 and af are also algebraic numbers (over Q). Q is a field, because an algebraic number
v # 0 has a reciprocal y~! even in Q[y] C Q (Lemma 6.3). It remains to prove formula (6.6). Let
{1,a,...,a" 1} be a basis of the vector space Q[a] over Q. Here n = degga and let {1,4,...,m "'}
be a basis of the vector space Q[a, ] over Q[a]. Here m = degqy, 8- It is easy to prove that {a’f7},
i=0,1,...,n—1,7=0,1,2,...,m — 1 is a basis of the vector space Q[«, 5] over Q. So, one obtains that
Qla, 8] : Q = nm, i.e. formula (6.6) O

Remark 6.5. Q : Q = oo, because we can find algebraic numbers over Q of any degree. For instance,
let n be a positive integer and f,(x) = x™ + 2. It is easy to see that this last polynomial is irreducible, so
any root o, of it has degree n over Q, i.e. fo, 0= fn.

Definition 6.6. Let K C L C C be two subfields of C and let o : L — C be a field morphism of L into
C, i.e. o(a£P) =0(a) £0(B), o(aB) = c(a)o(B) and o(1) =1 for any o, B € L. We say that o is a
K -embedding of L into C if o(y) = for any v € K.
Remark 6.7. Any field morphism o : L — C, where L is a subfield of C, is a one-to-one mapping.
Indeed, o(a) = o(B), or o(a — ) = 0 implies o = B, otherwise 6 = a — 3 # 0, so there exist 61 in L.
Hence, 1 = o(1) = 0(667Y) = 0(6)a(671) = 0, a contradiction Thus, a = .
Lemma 6.8. Let o be an algebraic number over a subfield K of C. Then there exist exactly n =
degy a = deg fo, xk K-embeddings 01,02, ...,0, of Kla] into C, where 0j(o) = «j, j = 1,2,...,n, with
o1 =@, Qg, ..., ap the roots of fo ik, the minimal polynomial of o over K.
Proof. Let
fax(@)=a+az+..+ 12"t 2" € Kz

be the minimal polynomial of a over K, and let ¢ be a K-embedding of K into C. Then

0=o0(ap+aa+..+a, 10" +a") =

=ag+aio(a)+ .. +an_10(@)" ! +o(a)".
Thus o(«) is a root of fo x. Since fo x has simple roots, o(«) = ¢, one of the conjugate of «. Hence,
there exist exactly n distinct K-embeddings of K[a] into C. O

Lemma 6.9. Let K C L be two subfields in C and o9 : L — C be a fixred K-embedding of L into C. Let
a be a fized algebraic number over L with n = deg; . Then there exist exactly n K -embeddings v of L[a]
into C such that p(\) = og(X) for any A € L. We say that u extends oo to Lla].

Proof. Let
b=ag+aa+ ...+ an_lanfl, A0y A1y ey Gpy_1 € L
be an arbitrary element in L[a] (Lemma 6.3) and let 1 be a K-embedding of L[a] into C such that the
restriction of it to L is og. Thus,
p(b) = oo(ao) + op(ar)p(@) + ... + ao(an—1)u(a)" .

From Lemma 6.8 we know that u(a) = «;, where «; is one of the roots of the minimal polynomial of «
over L. Since n = deg f,,1, we see that one has exactly n distinct extensions of oy to La]. O
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Corollary 6.10. Let «, 3 be two algebraic numbers over Q. Then the number of the Q-embeddings of
Q[a, 8] into C is equal to Qla, 5] : Q.

Proof. For each Q-embedding i : Q[a] — C,i=1,2,..,n = degga (Lemma 6.8) one has Q[a, ] :

Qla] = m, Q-embeddings p;j, j = 1,2,...,m which extends o; to Q[e, f], i.e. such that p;;(X) = o;(A)
for any A € Q[a] (Lemma 6.9). It remains to prove that Q[o, 8] : Q = (Qle, 8] : Q[a]) - (Qa] : Q). But
this is exactly formula (6.6) which was proved in corollary 6.4. O

Remark 6.11. One can easily generalize Corollary 6.10. Let K C L be two subfields in C such
that L : K = m < oo. Let v1,792, ..., Vn, ... numbers in L such that v1 ¢ K, v2 ¢ Kln],...,mn ¢
K[v1,72, s Yn—1]s ... Since K[yj41] : K[v;] > 1 and L : K = m, the previous construction can have
only a finite number of steps, i.e. one gets:

(6.7) K C K] C K[y,72] C ... € K[v,7v2, -7 = L.

As in the proof of Corollary 6.4 we can prove that

m=L:K = (K] : K)- (Khual s K)o (L KDy, e o).
We apply now Lemma 6.9 to each inclusion in (6.7) and find that the number of K -embeddings of L into
C is exactlym =1L : K.

Definition 6.12. Let o € Q be an algebraic number (over Q) and let foo € Q[z] be its minimal
polynomial (over Q). The set O(w) of all conjugates of o (over Q), i.e. the set of all the roots of fo g is
said to be the orbit of .

It is clear that if oy = @, ag,...,a, (n = deg fa,@) are all the roots of f, g, then O(a;) = O(a) for
any j = 2,3,...,n, because fu,; o = fa,0 for j =2,3,...,n. Moreover, if 0 : K — C is a Q-embedding of a
subfield K of C, which contains Q[a], then o(O(a)) = O(w).

Definition 6.13. Let M be a finite set of algebraic numbers (over Q). We say that M is closed to
Q-embeddings if for any Q-embedding o : Q — C of the subfield Q of C, one has o(M) C M (in fact
o(M) = M, because o is a one-to-one mapping-see Remark 6.7).

Example 6.14. An orbit O(a) over Q is closed to Q-embeddings.

Proposition 6.15. Any finite subset M of Q, which is closed to Q-embeddings is a finite (disjoint) union
of orbits over Q.

Proof. Let m = |M| the number of elements of M. We proceed by induction on m. For m = 1, we see
that M = {q}, ¢ € Q, so M = O(q). Assume that our statement is true for k = 1,2,...,m — 1 and let us
prove it for kK = m. Let 1 be in M. Since M is closed to Q-embeddings, O(8;) C M. Since |O(f1)] > 1
and since M \ O(B;) is also closed to Q-embeddings, we apply the induction hypothesis and find that

N
M\OB) = U,0(8)

where the last union is a disjoint one. So,

N
w= G o).
O
Let a1 = a, ag,...,ap (n = deg fo,g) be the orbit of an algebraic number « over Q. Since any

Q-embedding o : Q[ay, ag,...,a,] — C give rise to a permutation of ay,as, ..., a,, we see that K =
o (Qlag, ag, ..., an]) C Qay, ag, ..., ay]. Moreover, o is a one-to-one mapping, so

K Q = Q[alaa2a ...,Oén] : Q’

ie. K = Qay, s, ..., o). Thus, any Q-embedding o of K is a one-to-one and onto field morphism on K,
so the set of all such morphisms is a group under the composition law of functions. We call this group the
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Galois group of K and denote it Gal(K/Q), or simple G(K) or G. If instead of Q we take an arbitrary
subfield L of K = Q|a, ag, ..., a,], we also get the Galois group Gal(K /L) of all L-embeddings of K onto
K. From Remark 6.11 we see that the number |Gal(K/L)|, the number of the elements of Gal(K/L),
the order of Gal(K/L), is equal to K : L, i.e. with the degree of the extension L C K.

Since in Section 8 we use the Galois groups G = Gal(K/L) of order a power of p = 2, we recall a basic
result from finite group theory. We say that a subgroup H of G is a normal subgroup of G if ™' Hx = H
for any = € G. In this last case, the equivalence relation: x ~ y if and only if = 'y € H, give rise to a
group structure on the set of equivalence classes G/ ~ . This last group of classes is denoted G/H. If G
is a finite group of order |G| (the number of its elements) then, by counting the number of classes (each
class has the same number of elements), we obtain Lagrange’s formula

G| = [H|-|G/H].
Lemma 6.16. (Corollary 6.6, [7]) Let G be a finite group of order |G| = p™, where p is a prime number
and n > 0. Then there exists a tower of normal subgroups {G;}, i =10,1,....,n,
{1}=GyCc Gy C...CG, =G,
such that |G;/Gi—1| =p for alli=1,2,....,n.
Let us assume now that G = Gal(K/L), where K = Q[ay, aa,..., ], L is a subfield of K, L # K,
{a =a1,09,...,a,} = O(a) and |G| = 2".
Corollary 6.17. With the above notation and hypotheses, there exists a tower of subfields
L=KyCK)yC..CK,=K,

such that K; : K;—1 = 2 for any i = 1,2,..,n. Thus, there exist 81, Ba, ..., Bn € K such that K; = K;_1[3;]
fori=1,2,...,n. In particular, K = L[, B2, ..., Bn].

Proof. 1t is sufficient to take K; = {z € K : o(x) = x, 0 € Gp_;}, where {G;}, i = 0,1,...,n, is the
tower of groups from Lemma 6.16 and G = Gal(K/L). Since the number of K;_j-embeddings of K;
into C is equal to |G;/G;—1| = 2, we see that K; : K;_; = 2 for any ¢ = 1,2,..,n. Thus, if we take any
Bi € K; \ K;_1, we see that K; = Ki—l[ﬂi} fori=1,2,...,n. [l

Definition 6.18. Let K be a subfield of C such that K : Q = n (always Q C K) and let 01,049, ...,0, the
distinct Q-embeddings of K into C (see Remark 6.11). For any o € K (so « is an algebraic number over

Q, because Q[a] : Q < n, Lemma 6.3) we define the following rational number (it is equal to a power of
(—1)™ fa.0(0)), where m = deg fo g-see Lemma 6.20 bellow) :

Nig(a) =o01(a) - o3(a) - ... - op (@),

and we call it the K-norm of a over Q. If K = Q[a], we simply denote Ngjq)(ar) by N(cv), and call it the
norm of a (over Q).

Lemma 6.19. Let o € Q be an algebraic number (over Q) and f. o € Q[x] be its minimal polynomial.
Then N(a) = (=1)" fa,0(0), where n = degg fao,o-

Proof. Let 01,09, ...,0, the distinct Q-embeddings of Q[a] into C.
Since 01(a), o2(@), ..., o, () are all the conjugates of «, the last Viete formula says that

N(a) =o01(a) - o2(@) - ... - op(@) = (=1)" fa.0(0).
O

Lemma 6.20. Let K be a subfield of C such that K : Q = n, and let a be in K such that oy = o, g, ..., iy
are all its conjugates. Then

(68) Nic(a) = (@120-a) 2 = ()" £, 002 € ©.
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Proof. The last equality comes from Lemma 6.19. To prove the first equality, we have to see that any
Q-embedding o; : Q[a] — C is completely defined by o;(a) = a;, i = 1,2, ...,n (Lemma 6.8) and it can be
extended to | = K : Q[a] distinct Q-embeddings p;;, j = 1,2,...,1 of K into C (Lemma 6.9 and Remark
6.11). O

Lemma 6.21. With the above notation, definitions and hypotheses, the mapping N : K — Q is a
multiplicative mapping, i.e.

Nk (af) = Nk (o) - Nk(B)
for any o, B € K.

Proof. We use only the multiplicative property of a field morphism. Indeed, let 01,09, ...,0, be all the
distinct Q-embeddings of K into C. Thus,

Nk (aB) =o1(aB) - o2(aB) - ... on(aB) =
=lo1(a) .- op(@)] - [01(B) - ... - 0n(B)] = Nr () - N (5).

O

Corollary 6.22. Let q be in Q and let o be an algebraic number (over Q) with n = degg a. Then

(6.9) N(ga) = ¢"N(a).

Proof. Let 01,03, ...,0, be the Q-embedding of Q[a] into C. So,

def
N(go) = Noja)(qa) = 01(qa) - 02(q@) - ... - on(qa) =
=qo1(a) - qo1(a) - ... - qop(a) = ¢"N(a).

O

Definition 6.23. Let o € C be a complex number. If a is a root of a monic polynomial P € Z[x], we
say that « is an algebraic integer.

Lemma 6.24. Let o € Q be an algebraic integer. Then a € Z.

Proof. Assume that « = a/b, a,b € Z*, b > 0 and (a,b) = 1, i.e. there is no prime number which divide
both a and b. Let
Px)=co+c1z+ ... F 12"t + 2" € Z[z],
be such that P(«) = 0. Thus
b + b ta+ .+ epba™ ™ =0,

and so, if b # 1, take a prime number p which divide b and see from this last equality that p also divide
a, a contradiction. Hence b =1, i.e. a € Z. O

Lemma 6.25. For any algebraic number o (over Q) there is a positive integer d > 0, such that do is an
algebraic integer. Moreover, degg(da) = degg a and fia,q € Z[z].

Proof. Let

fao@)=co+caz+ ...+ Crn12" 2™ € Q[]
be the monic minimal polynomial of o, and let ¢; = a;/b;, (a;,b;) = 1, and b; > 0 for any j =0,1,...,n—1.
Thus,

(6.10) T A N e )
bO bl bn—l

Let us multiply the equality (6.10) by d", where d is the LCM of by, b, ..., b,—1, and find:

dr dnfl
do U (da) + .. +
bo bl n—1

danfl

(da)™ ! + (da)™ = 0.
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Since

d™ag d"*1a1 da,—1
e =—F—,6 = yee€n_1 = ——— €L,
bo by

we see that da is a root of the polynomial

g@)=eg+erx+..+e, 12" 2" €7,
so da is an algebraic integer. Moreover, since Qa] = Q[da] (both being fields and d € Z C Q),
degg o = Qla] : Q = Q[da] : Q = degg(da), 50 finq = g € Z[x]. O

Lemma 6.26. Let a, 8 be two algebraic integers (Bver Q) in C. Then a £ B and af8 are also algebraic
integers (over Q). In particular, A is a subring of Q.
Proof. Let
ho(x) = ag + a1z + ... + ap_12" " + 2™ € Z[z],
hg(x) =bo+biz+ ...+ b 1™+ 2™ € Zx]
be two polynomials with integer coefficients, such that hq (o) = 0 and hg(8) = 0. So, any element s of
Z|a, B8] = Z[a][B] can be written as
n—1m-—1
s = Z Z ci; o' B, cij € L.
i=0 j=0

Let us denote wi,ws, ...,wy, k = nm, the set of generators {a‘B7} of Z[a, 8], where i = 0,1,....,n — 1,
j=0,1,...,m—1, and let us take an arbitrary element ~ of Z[«, 8]. Thus, for any ¢ = 1,2,...,k on can
write:
k
(6.11) ywi =Y aijw;, aij €L, i,j € {1,2,....k}.
j=1

Denote A = (a;;) the k x k matrix with the integer entries a;;, ¢,7 = 1,2,...,k. So (6.11) can also be

written:
w1 0
w2 0
B . = )
Wik 0

where B = v -1 — A, with I the k x k identity matrix. Since wi,ws,...,w; is a nontrivial solution
of the above homogenous system, we see that det B = 0. Thus ~ is a root of the monic polynomial
P(x) = det(z] — A) with coefficients in Z. Hence 7 is also an algebraic integer (over Q). For v = a £ f3,
a8 we obtain the statement of the lemma. O

Remark 6.27. Let « be an algebraic integer and g € Z[x] be a monic polynomial of the least degree such
that g(a) = 0. Then fo.0 = g, S0 fa,0 € Z[z]. Indeed, since g € Z[z] C Q[z] and g(a) = 0, we see that fo g
is a divisor of g in Q[z]. Since all the conjugates of a are roots of g, i.e, since a(g(a)) = g(o(a)) for any
Q-embedding of Q|a], all these roots are algebraic integers. From Viéte formulas and from the Lemmas
6.24, 6.26, we see that the coefficients of fo,q are integers, i.e. foq =g (because of the minimally of g).
Therefore, o is an algebraic integer if and only if fo o has integer coefficients. However, practically, it is
not a good idea to use this last characterization of an algebraic integer as a definition.

Definition 6.28. We say that an algebraic integer « is divisible by a nonzero integer n if there exists
another algebraic integer B such that a = nf in A.

Lemma 6.29. Let o be a nonzero algebraic integer. Then there exist only a finite number of prime
numbers p which divide .
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Proof. Assume that o = pf3, where p is a prime number and S is another algebraic integer. Let K =
Q[a, A, the least subfield of C which contains Q, o and 8. Thus,

N () = p™ Nk (B),

(see Lemmas 6.20, 6.21). Since Nk (o) and Nk (a) are integers, we see that p is a divisor of the fixed
number Nk (a), so such a p takes a finite number of values. (]

7. A SIMPLE PROOF FOR THE BASIC LINDEMANN’S THEOREM

Remark 7.1. Here are some easy remarks for a reader who has no background in complex function
theory. Let o = a+1ib, a,b € R, i = \/—1, be a complex number. Then, by e* we understand the following
complex number:
e* =e%cosb+ ie®sinb.
Using elementary trigonometry, it is easy to prove that
TP = e . ef, and e = (eo‘)k7
where o, B € C and k € N. So, later in this section, we can freely use equalities of the form:

(eal)kl . (eaz)kz . (ean)kn _ ea1k1+a2k2+...+ankn
foray,...,a, € C and ky, ..., k, € N.

The next result is the famous Lindemann’s Theorem [8]. In the proof of Theorem 7.2 we mix the main
Lindemann idea with some ideas from the proof of a more general result, known as Weierstrass-Lindemann
Theorem [2].

Theorem 7.2. Let a be a nonzero algebraic number, i.e. a nonzero root of a polynomial with rational
coefficients. Then e® is a transcendental number. In particular, since €™ = —1, w cannot be an algebraic
number, i.e. w is a transcendental number.

Proof. Lemma 6.25 says that there exists a positive integer d > 0 such that d-« is an algebraic integer. If
e was an algebraic number, then (e®)? would be also an algebraic number (Q is a field-see Corollary 6.4).
Thus, it is sufficient to prove the statement for o an algebraic integer. We also can assume that a ¢ Z.
Indeed, if « is a positive integer, we proved the statement in Section 5. If « is a negative integer, then
et = (e*o“)_1 cannot be an algebraic number because e~® is not an algebraic number (see Section 5).
Since « is a nonzero algebraic integer, o ¢ Z, its monic minimal polynomial P, ¢ has integer coefficients

(Remark 6.27). Thus,
(7.1) Poo(z) = 2™ +an_12" 4 ... + ap € Z[z],
ag # 0, Pog(a) = 0 and degg(a) > 2 (because « is not in Q).

Let a1 = a,as, ..., o, be all the roots of P, g, i.e. all the conjugates of a over Q. Since P, g is the
minimal polynomial of «, all these roots are distinct (Lemma 6.2) and they are also algebraic integers
(Remark 6.27).

Now, let us assume that e* is an algebraic number, i.e. its minimal monic polynomial f.« g over Q
has rational coefficients, say:

e

bm— b
feag(x) =2™ + Tlmm_l + .+ b—o,
where b; € Z for j =0,1,...,m, m > 1 and b,, > 0,byg # 0. So, if one denotes
Q) = by ™ + by 1™ + . 4 by € Za],

we see that

(7.2) Qr=Q (™) = Zbieml =0,
i=0
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where o1 = a.
In general, for any j = 1,2,...,n, we denote

m

(7.3) Qi=Q(e™) = b
=0

Thus,

(7.4) R=0Q1-Qs - Qp = 0.

Let us denote
S={s=(k1,ko,...kn) eN":0<k; <m, j=1,2,....,n}.
Thus (7.4) can also be written:

(7.5) R= > biy by - br, €3 = 0,
s=(k1,ka,....kn)ES

where a(s) = kiag + kaag + ... + kpay,.

Let us choose only the distinct such «(s) and let us denote them by 31, fa, ..., 8. For such an algebraic
integer a(s) = B; we denote bs the sum of all by, by, ...bg, which appear as coeflicients in front of a e(s)
which is equal to €% . If b7 =0, we do not count the term b;eﬁj in the sum (7.5) and change the order of
51, B2, ..., By such that all b;feﬁj are not zero and f1, 2, ..., B¢ are distinct (maybe with another value of
t). So, the sum (7.5) can also be written:

t
(7.6) R=> bl =0,
j=1

where b € Z* (see the explanation bellow why we can take only those nonzero b7), j = 1,2,...,t and
B, Ba, ..., By are distinct algebraic integers.

This sum is not "empty”, i.e. not all b7 =0, j = 1,2, ..., t. Indeed, let us consider on C the lexicographic
order” <7 ta+ib<c+id, i =+—1,a,b,c,deR,ifa<c,orifa=candb<d. Foranyl=1,2,...,n,
let us choose the greatest element ko relative to ” < 7 in the set T = {koy : kK = 0,1,...,m, b, # 0}
(see (7.2) and (7.3)). It is easy to see that k;, = 1, or m and it is unique in 7; with this property. Now,
the algebraic integer

n
V= Z ko
=1

is one of the {f;};=12,. in (7.6), say B;,. Since by # 0 and by, # 0, we see that b7 = by, ...br, # 0.
Therefore, we can assume that all the integers b} are not zero for any j =1,2,....t.
Relative to the sum in (7.6) we can make the following important remark. Let 7 : Q[fS1, B2, ..., Bt] = C
be a Q-embedding. So,
T(a(s)) = ki7(an) + koT(a2) + ... + kn7(cw).
Since
T(a(s)) = o(k1)ag + o(k)as + ... + o (kn) oy,

where {o(k1),0(k2),...,0(k2)} is a permutation o of the set {k1, k2, ...,k } and

{r(a1),7(@2), ..., 7(an)} is a permutation of {a1,az,...,a,}), the sum of all products by, b, ...bx;,
which appear in front of a e7(*(*)) is the same like the corresponding sum of e*(*). Hence, if a(s) = Bj
and 7(a(s)) = B, then b7 = b}, where b} is the coefficient which appears in front of e Thus, b # 0, i.e.
the sum in (7.6) is ”invariable” to any Q-embedding 7 of Q[S1, B2, ..., Bt]. Thus, all the elements of any
orbit O(B;), j = 1,2,...,t are also in the set {1, f2, ..., B¢}, i.e. this last set is a disjoint union of orbits

O(B;,), ¢ =1,2,...,h, for a subset {f;,, Bj,, ..., Bj, } of {B1, B2, ..., Bt}
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Now, we come back to Hermite Principle and consider the polynomial

o) = [[@-5) e Al

where A is the ring of all algebraic integers in C. Let us denote W = {1, B2, ..., B¢ }, let us fix an arbitrary
prime number p, and let us fix a v € W. With this notation, let us consider the following polynomial:

1 [H(=z)] 1 =
for(z) = € Alzx]|C Q[x],
where Q is the field of all algebraic numbers. Here deg fpy = tp —1 = d,. This polynomial is a
generalization of the polynomial g, from (5.2) in Section 5.
The next integral is a complex integral of an analytic function, computed (for instance) on complex
segments [, d], [0,6], [0,7], etc. We consider

(.7 1ol = | o @) i,

where ¢ is another element of W. We integrate by parts I, ,(0) d,-times and find (see also (5.5)):
(7.8) Ly (8) = =" Fppy (8) + ¢ T Fyy (7)),

where

(7.9) Fy (@) = fpy (@) + (@) 4 oo+ f350) (2).

We prove now that I, ,(§) — 0, when p — oo, for any fixed v,6 € W. Let us take an open disc
D of radius R such that W C D C C and take M > 2R such that |e=%| < M for any = € D. Since
|x — Br] <2R < M for all k =1,...,t, it follows that

Mt
(p—1)!

1p~(0)| < — 0,

as p — oo.

Now, let us come back to formula (7.9) and compute fz(,j%(a:) at x =0 #y (it 6 =+, I, ,(6) = 0) for
any j = 1,2, ...,d,. Recall that

(7.10) Uy(x) = H (x —6)P.

0EW, O£~

Thus, f,%(&) =0 for any 0 < j < p and

(7.11) £9(6) 'Z () P19 [, ()

for d, > j > p. Hence,

=4

(])(5) Mj b,
where M is an algebraic integer (inclusive zero) for any j = 0,1, ..., d).
We easily see that f(J)( ) =0forany 0 <j<p-—1. Forp<j<dp, wesee that

(7.12) f(])( 5 EJ: ( ) ~)P 1](j—k) [Uv(x)](k)

=0

r="

where N; is an algebraic integer. Now
£ D () = Uy ()
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which is a nonzero algebraic integer (see (7.10)). Finally, we see that

Fpr(0)=M-p
for 6 # v, and F, ,(v) = N -p+U,(v), where M, N are both algebraic integers. Now, let us come back
to formulas (7.8) and (7.6), and compute

¢ ¢ t
S bre L, (Bi) = =Y b Fpn(Bi) + e TFyn(7) > biel
i=1 i=1 i=1
Since R = ZE:l biefi =0 (see (7.6)), we get:

t

Z bjeﬁi-rprv(ﬂi) == Z b Fp~(Bi) = L - p — brUs, (Br),
i=1

i=1
where f; = and L is an algebraic integer. Since b;Ug, (8x) is a nonzero algebraic integer, not divisible
by p for p large enough (see Lemma 6.29), we see that for p large enough

t
def % B
Sk(p) € = vref 1,5, (1)

i=1

is a nonzero algebraic integer. We see that

s == ]1 [Z b; Fp 61 (51)]
k=1

k=1 Li=1

(7.13) S(p)

is a symmetric polynomial in the ”variables” 1, fo, ..., B; with integer coefficients. Now, the set W =
{1, B2, ..., Bt} C Qlavr, g, ..., ay] is closed to any Q-embedding o : Q[ay, ag, ..., a,] — C. From Proposi-
tion 6.15 we see that W = U}_;O(8;;), where §;;, j = 1,2..., h, are some elements of W, and O(B;;) is
the orbit of 3;,. Let Vi, € Z[z] be the monic irreducible polynomial which has as the roots the element
of O(B;;). We see that the elements of W are the roots of the polynomial

h
V(z) =[] Vi () € Z[a].

Jj=1

Now,

h t
sw-C0Tl 1] [z B Fy, wo]

J=1Bi,€0(8i;) Li=1

So, we can apply Theorem 6.1 for each polynomial P = V;; and find that each Hﬂ‘o cO(B:.) [Zle b; Fp.i, (Bi)]
i i

is an integer number, i.e. S(p) € Z. Moreover, it is a nonzero integer for p large enough, because for p
sufficiently large each ip-factor, 22:1 bi Fps,, (Bi), in the product (7.13) is not zero (b Ug, (Bi,) is not
divisible by p for p large enough). But S(p) — 0, when p — oo, a contradiction. Indeed, for any ig € W,
Sio(p) — 0, when p — oo, because each I g, (8;) — 0, when p — oo for i = 1,2, ...;t. Hence e® cannot

be an algebraic number, i.e it is a transcendental number.

In particular, if 7 was an algebraic number, then i would be an algebraic number and so, e™ = —1
is a transcendental number (from the first part of Theorem 7.2), a new contradiction. Hence 7 is a
transcendental number. O

Theorem 7.2 has many consequences.

Corollary 7.3. Let r be a nonzero real algebraic number (Ezp. V2,5 + 4\5/§,etc.). Then sinr (r # 0),
cosr, tanr , Inr (r > 0,7 # 1) are real transcendental numbers.
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Proof. Let us assume that sinr is an algebraic number. Since sin®r + cos?r = 1, we see that cosr =
++/1 —sin®r € Q[sinr][cosr], where Q[sin7]fcos7] : Q < 2- [Q[sinr] : Q] < oo, because sinr is an
algebraic number and so, Q[sin7] : Q = degg feinr,0, Where fsnrg € Q[z] is the minimal polynomial of
sinr over Q. Thus, €™ = cosr + isinr is an algebraic number, a contradiction (see Theorem 7.2 and the
fact that Q is a field). The same reasoning also works for cosr. If tanr was an algebraic number, then
— = 1+ tan?r

cos?r
would be an algebraic number too. So,

1

V14 tan?r

is in an extension of degree at most 2 of Q[tanr], and Q[tanr] : Q < oo, because tanr was supposed to
be an algebraic number over Q. Hence, cosr would be an algebraic number, a contradiction.

Now, let us assume that Inr = « is a nonzero algebraic number. Then e* = r is a transcendental
number, a contradiction (Theorem 7.2). O

cosr ==+

8. WANTZEL’S IDEA AND THE ANSWER TO THE THREE FAMOUS GREEK COMPASS AND
STRAIGHT-EDGE PROBLEMS

Given a segment of a straight-line [OA], O # A, the Old Greek Mathematical School was interested
to construct, using only a compass and a straight-edge (in what follows we abbreviate this by a <<CS-
construction>>), a new segment of a given length or a point with some geometrical properties. Here are
three of the most known such problems which remained unsolved up to XIX-th century, when a french
mathematician, P. L. Wantzel, made an enlightened connection between such geometrical problems and
algebraic numbers [11]. In this way he succeeded to transform these geometrical problems into problems
of algebraic numbers. In the following, using our results from Section 6 and Section 7, we give reasonable
and rigorous answers to the next three geometrical Old Greek problems.

Problem 1. (Squaring a circle) Given a segment [OA] of a straightline d = O A, with the length, say
r = 1 unit, using only a CS-construction, find a square which has its area equal to the area of a circle
centered at O and of radius r = 1.

Problem 2. (Duplication of a cube) Given a segment of length [, using only a CS-construction, find
another segment of length L such that the volume of a cube of edge L is twice the volume of a cube of
edge [.

Problem 3. (Trisection of an arbitrary angle) Given an arbitrary angle ZO\B, using only a CS-
construction, find a new angle COD such that the measure of AOB is three times the measure of COD.

Now, we present in the following the great idea of Wantzel (1837) [11]. Let us start with a segment
[OA], O # A, and consider the unity measure the length of [OA], i.e. I{[OA] = 1. Let A = OA be the
straight line generated by the distinct points O and A. We call it the real number line, because any other
segment of length m (of a straight-line) can be "measured” on A; this means that always one can find a
point M ”on the right of O” such that the new segment [OM] has its length equal to m. So, the ”distance”
from O to M is the length of our segment. We write M (m) and call m the coordinate of the point M. It
is clear that O(0) and A(1). Using only a compass one can easily construct all the points N(n), where n
is an integer (n € Z). Take now a half-line Od # OA, and k a nonzero arbitrary natural number. Using
a compass one can construct on Od the points M; (i), ¢« = 1,2,...,k, such that the segment [OM;] has
length equal to i. Now, using a CS-construction, we can draw parallel straight-lines A; to the straight-line
AMj, (the straight-line which connect A and Mjy) such that M; € \; for any ¢ = 1,2, ...,k — 1. Let P(x;)
= A\; N A be the intersection point between the straight-line A; and the straight-line OA = A. Thales
theorem says that x; = i/k, i = 1,2, ..., k. Thus we succeeded ”to construct Q;” on the real number line
A. Tt is easy to make such a construction "on the left” of O, on A. Thus we just made a CS-construction
for the rational number field Q on A.
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_>
Now we use a CS-construction to draw a perpendicular straight-line IT at O on A. We denote ¢ the

— —
vector OA and j = O? , where B is "above” A such that the length of [OB] is 1. Using the unity measure
[OB], we can represent like above all the rational numbers on the ”imaginary number line” II = OB. We

call this couple (OA,OB), or (O, _i>, 7), the complex plane.

Remark 8.1. If M;(z) € A, x € Q, and if My(y) € I, y € Q, then we can easily make a CS-construction
to find the fourth vertex P of the rectangle MoOM,P. We write P(x,y) and say that x and y are the
(rational) coordinates of the point P. We associate to the point P(x,y) the complex number z = x + iy.

Thus, using only CS-constructions, we can represent in the complex plane (O, i, j) all the algebraic

numbers of the algebraic field Q[i], where i = /—1.

Definition 8.2. A complex number a + ib, a,b € R is said to be a CS-number if the point M (a,b) in the

complez plane (O, i, j) can be obtained by a CS-construction.
It is easy to prove the following result.

Lemma 8.3. A complex number z = a + b, a,b € R is a CS-number if and only if a,b are both CS-
numbers.

Lemma 8.4. Let a,b be two nonzero real CS-numbers. Then a b and ab are also CS-real numbers.

Proof. The first statement is obvious. Let us prove the second. Using the symmetry as a CS-construction
we can assume that a,b > 0. In the complex plane (O, i, j ) we consider the following CS-constructed
points: A(1,0), X(a,0) and Y (0,b). Let us use a CS-construction to draw a parallel straight-line 1 to AY
such that X € pu. Let W(0,y) be the intersection between p and II = OY = OB. From Thales theorem
we see that 1/a = b/y, so ab =y, i.e. ab is a CS-number. O

Corollary 8.5. Let z1 = a1 +ib1 and zo = ag +iby be two CS-numbers. Then z1 £ zo and z129 are also
CS-numbers.

Proof. Since z1, z9 are CS-numbers, ay, by, as, by are also CS-numbers (Lemma 8.3). Since a; +ag, by £ba,
ayaz—b1by and agba+agby are CS-numbers (Lemma 8.4), we see that z; +25 and z; 29 are also CS-numbers
(lemma 8.3). O

Corollary 8.6. (se also Remark 8.1) Q and Q[i], i = v/—1 contain only CS-numbers.

Proof. We just proved this statement in Remark 8.1. O

Lemma 8.7. Let z =a+ib, a,b € R be a nonzero CS-number. Then

1 a )

2 a2+ b2 _Za2—|—b2

is also a CS-number. Hence, the subset of all CS-numbers in C is a subfield of C (see also Corollary 8.5)
called the CS-field.

Proof. Using symmetries relative to A and II, one can assume that a > 0,6 > 0. Lemma 8.4 says that
a,b, and a? + b? are CS-numbers. From Lemma 8.3 and Corollary 8.5, it remains to prove that if ¢ € R,
¢ # 0 is a CS-number, then 1/c is also a CS-number. Indeed, let us consider the above complex plane
(O, _i>, ?) and the points: C(c,0) on A and B(0,1) on II. Now, we draw a perpendicular straight-line &
on BC such that B € 4. Let D be the intersection point of § and A. We apply the height theorem in the
rightangle triangle C BD (C/’B\D =90°) and find D(—1/¢). Thus 1/c¢ is a CS-number. O

Lemma 8.8. Let d be a positive real CS-number. Then V/d is also a CS-number-
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Proof. In the complex plane (O, 7, 7) we take the points A(1,0) and D(d+1,0). Let M be the midpoint
of [OD]. It is clear that M is a CS-constructible point. Now, we draw a circle C centered at M and of
radius r = (d + 1)/2. Let E be one of the two intersection points between this last circle C and the
perpendicular straight line n on A = OA = OD, with A € n. Using again the height theorem in the
rightangle triangle DEO (D/E\O = 90°), we sce that the length of the segment [AE] is exactly v/d. Hence,
Vd is a CS-number. d

Proposition 8.9. Let z = a + b, a,b € R be a nonzero CS-number. Then ++/z is also a CS-number.
In particular, if K C C is a subfield of C such that for any z € K, z is a CS-number, and if w is a root
of a quadratic polynomial P € K|x], then K|[w] contains only CS-numbers.

Proof. Since always one can make a CS-construction to find the symmetric of a given point relative to

the straight-lines A = OA and I = OB, we take only the case ++/z = /z, where a > 0 and b > 0. Let
|z| = Va% + b? the absolute value of z. Since z is a CS-number, then a,b,a? + b? are also CS-numbers.
So, Lemma 8.8 says that |z| is a CS-number. Let 6 be the unique solution of the system of equations in

the variable 6 (6 € (0,7/2]):
cosf =
sinf =

If & = 90°, we can easily make a CS-construction for it. So, we assume that 6 < 90°. Since a, b, |z| are
CS-numbers, \/M is also a CS-number. Consider the point M(a,b), so 6 = AOM. Let us construct the
bisectrix O¢ of the angle m and take the point M7 € O§ such that OM;, = \/M It follows that M;
corresponds to the complex number /z = \/m (cos g + i sin g) . ([l

e

S w

>0
>0

z

Corollary 8.10. The CS-field is closed to square Toots, i.e. if z # 0 is a CS-number, then ++/z are also
CS-numbers.

Proposition 8.11. Let a be a CS-number in C, a ¢ Q. Then « is an algebraic number, i.e. a € Q,
degga = 2" for a natural number n, and there exists a sequence ag = 1,01, Q2, ..., 0,1 aj, = a of
CS-numbers such that

Q = Q[Oéo] C Q[al] C Q[al,ag] C...C Q[al,ab ...,O[jofl] C Q[al,ag, ...,ajo,l][a],

where any simple extension, Qlag, a1, ...,;—1] C Qlag, a1, ..., o ], § = 1,2,..., jo in this tower, has degree
2.

Proof. Let @ = a + ib, a,b € R be a nonzero CS-number. Let My(a,b) be the point in the complex
plane, which was successively obtained by k CS-constructions starting from O and A(1,0). So, we see
that one can firstly construct a CS-number in Q or in Q[i] (Corollary 8.6). Let us denote this step by
"step 17. The following step of CS-construction supplies a CS-number either in Q or in Q[é], or in a
quadratic extension of Q or of Q[éi]. This is because at each step we either intersect two straight-lines
with coefficients in Q or in Q[é], or we intersect a circle with a line (or two circles) with coefficients in Q
or in Q[i]. So, after the ”step 2”7 we get a CS-number, say s, such that deggaz = 1,2, or 4, i.e. a power
of 2. Using mathematical induction on k, the number of steps, we easily find that a € Qlay, as, ..., ay],
where 0 < s < k (s = 0 means that we remained in Q) and

Qc @[Ozﬂ C Q[al,ag] C...C Q[Oél,ag, ...,as],

such that Q[ay, ag, ..., 5] : Qlag, ag,...,aj 1] = 2, j = 1,2,...;s. Thus degga = 2° with s € N and, if
a € Qlar, ag, ..., a,] \ Qlag, ag, ..., avjy—1], then

Q C Q[al] C Q[ahag] C...C Q[Oll,ag, ...,ajo,l] C Q[Oll,ag, ...,ajo,l][a].
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Theorem 8.12. Any algebraic number « is a CS-number if and only if Q[ay, s, ..., as] : Q = 2™, where
a = Q1,Qs,...,a5 are the conjugates of a over Q and n € N.

Proof. If n = 0, we have nothing to prove. Let n be a positive integer, assume that Q[ay, as, ..., 5] : Q
= 2" and let us consider the extensions of fields

Q=L C K =Q|ag,aq, ..., as].
Now we can apply Corollary 6.17 to the extension Q = L C K and find a tower of fields

Q c Q[A] c Q[B1, B2] C ... C Q[B1, B2, .., Bs]) = K,
such that
Q[B1, B2 -, Bi] : Q[B1, B2, s Bi1] = 2
for all i =1,2,...,s. Here 8y = 1. Since there exists ig € {1,2, ..., s} such that

a € Q[B1, Ba; - Biy] \ QB1, B2, -y Big—1],
we see that
Q[B1, B2, -, Biy) = Q[B1, P2, -, Big—1][a]-

Since all By, Ba, ..., Bi;—1 are CS-numbers (Proposition 8.9), we see that « itself is a CS-number, being an
element in the quadratic extension

Q[B1; B2; -5 Big—1] C Q[B1, B2, -+ Big—1][]-
Conversely, let us assume that « is a CS-number, o € Q. So, there exists a tower of fields
(8.1) Q=LyCLiC..CL,=Q[a], he{0,1,..},
such that L; : Lj_y = 2 for any j = 1,2,...,h (Proposition 8.11). Take v; € L; \ Lj_1 and find that

Lj = Lj_1]y] for any j = 1,2, ..., h. Let 01, 09,...,05, s = 2" = degg a, be all the Q-embeddings of Q[c]
into C. For any j = 1,2,..., s, we take the range of the tower (8.1) through o; :

Q=LyC O'j(Ll) C...C O'j(Lh) = Q[aj(oz)],
and see that all oj(a) = «;, 7 = 1,2,...,s, the conjugates of «, are CS-numbers (Proposition 8.9).
From Lemma 8.7 we conclude that any element of Q[ay, ag, ..., a5 is a CS-number. We use now the

basic Primitive Element Theorem ([7], theorem 4.6) and find an element 5 € Q[ay, ag, ..., a5 such that
Qlar, @z, ..., ] = Q[p]. Since § is a CS-number, degg 8 = 2" = Q[] : Q (Proposition 8.11). O

Remark 8.13. The condition degya = 2", n > 1 is not sufficient for the CS-construction of . Here
is a counterexample and an application of Theorem 8.12. Let o be a root of the polynomial P(x) =
xt —x+1 € Qx]. First of all let us prove that P is irreducible over Q. Since the only possible roots of P
in Q are 1, we see that P has no roots in Q. So, the unique possibility for P to decompose itself over
Q is:

P(z) = (2% + az + b) (2 + cx + d),
where a,b,c,d € Q and both factors are irreducible over Q. Identifying the coefficients we get the system:

a+c=0
b+d+ac=0
ad+bc=—1

bd =1

It is easy to see that this system reduces to the equation
a®—4a®> -1=0,

which has no solution in Q. Hence P is irreducible over Q. We prove now that the extension Q C Q[a]
of degree 4 has no subextension of degree 2. Assume that there exists an element B of degree 2 in Q|a].
Since a* = a — 1, degg a =4, and because we can assume that B2 = q € Q, this B can be written as:

2 3
B =ag+ ara + asa” + aza”’, ag,a,as,a3 € Q.
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and
B% = a% — a2 +aa+ (a2 — a?,))()z2 + a§a3+
+2 [7&10,3 —+ (a0a1 —+ ajas — CL2a3)Oé —+ (aoag —+ agag)a2 —+ (a0a3 —+ alag)o;’} .
Since {1, a, a?, a3} are linear independent over Q (deg fo,0 = 4, not less), agp,a1,az,as must be rational
solutions of the system:

2

a% + 2apay + 2a1a3 — 2a2a3 =0

a% — a% + 2apaz + 2asa3 =0

a% + 2apasz + 2a1a2 = 0.
If a3 = 0, we obtain a; = as = a3 = 0, so B = ag € Q. Let us assume that az # 0 and divide the
equations of the system by a3. Now, denoting ag/az = bo, a1/az = by and az/az = by, we finally obtain
the following system:

b3 + 2bgby + 2by — 2by = 0
b%—1+2b0b2+2b220 , bo,b1,b2 € Q.
14 2bg + 2b1by =0

By the elimination of by, b1 we obtain the following equation in the variable by = T

8y” — 16y° — Tyt + 2493 — 16y —y +1=0.

By checking y = +1, £1/2, £1/4, £1/8 we see that these numbers cannot be solutions of the above
equation. Thus, a3 # 0 gives rise to a contradiction. Hence, in Q[a] we have no subextension of
degree 2 over Q, i.e. « is not a CS-number (Proposition 8.11). From Theorem 8.12 we can immediately
conclude that Qo = oy, ag, a3, a4] : Q = 12, or 24. where and oy, a2, a3, a4 are all the conjugates of
a. Indeed, P(z) = (z — a)Q(z), Q(x) € Qla][z], in Qla]. If @ had a factor of degree 2 in Q[a], then
Qlar, ag,asz,aq] : Q = 4, or 8, i.e. a power of 2. From Theorem 8.12 we would obtain that o is a
CS-number, a contradiction. Thus Q(z) is irreducible over Qo] and its degree over Qla] is 3. Thus
Qla, ag, ag, 4] : Q =12, or 24.

Remark 8.14. (Answer to Problem 1) Everything reduces to a CS-construction for \/m. If one could
do this, from Proposition 8.11 we find that \/7 is an algebraic number, or that w itself is an algebraic
number, a contradiction (Theorem 7.2). Hence, problem Problem 1 has no solution at all.

Remark 8.15. (Answer to Problem 2) The question reduces to a CS-construction for V2. But ¥/2 is
not a CS-number because degg /2 = 3, which is not a power of 2 (see Proposition 8.11). Hence, problem
Problem 2 has no solution at all.

Remark 8.16. (Answer to Problem 38) Let us assume that after a CS-construction we succeed to
construct an angle of 20° = 60°/3. It is clear that an angle of of 60° has a CS-construction. For instance,
take a point Y € II (in the complex plane (0,7,?)), where I = OB, B(0,1), such that the length of
[AY] is 2 units. Then the angle OAY has the measure equal to 60°. Since Y (0,/3), we see that Y is a
CS-number. If we could find a CS-construction for an angle of 20°, then o = cos20° is a CS-number.
From the known formula:
cos 3z = 4cos® x — 3 cos x,

we find (for x = 20°) that

8a® — 6o — 1 =0,
i.e. that a is a root of the equation

823 — 62 —1=0.
It is easy to see that this polynomial is irreducible over Q (it has no rational root). So, degg o = 3, which
is not a power of 2. Hence « is not a CS-number (Proposition 8.11), i.e. Problem 8 has no solution.

Acknowledgement. We are grateful to Prof. dr. Victor Alexandru (University of Bucharest) for a
useful discussion on the statement of Theorem 8.12. We are also grateful to the referee for giving us a
lot of suggestions in order to improve the first version of this paper.
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1. INTRODUCTION

A well-known problem in submanifold theory is the immersibility of a Riemannian manifold in a
Euclidean space. The embedding theorem of J.F. Nash [19] states that every Riemannian manifold can
be isometrically embedded in Euclidean spaces with sufficiently high codimension. There were several
reasons for which Nash’s theorem was difficult to apply. One reason is that it generally requires a
large codimension for a Riemannian manifold to support isometric embeddings in Euclidean spaces.
Another reason is that at that time there were not known general optimal relationships between the
classical intrinsic invariants and the principal extrinsic invariants for arbitrary submanifolds of Euclidean
spaces, excepting the three fundamental equations of submanifolds. This leads to another fundamental
problem in submanifold theory: Find simple relationship between the main extrinsic invariant (squared
mean curvature) and intrinsic invariants of a submanifold. In order to provide some answers to this
fundamental problem, B.Y. Chen in [7], [8] introduced new types of Riemannian invariants, known as
Chen §-invariants.

The Chen first invariant §j; of a Riemannian manifold M is defined by

dm(p) = 7(p) — (inf K)(p).

where 7 is the scalar curvature of M and K (m) denotes the sectional curvature of a plane section 7 in
T,M,pe M.

For n-dimensional submanifolds M in a real space form R(c) of constant sectional curvature ¢, the
following basic inequality involving the intrinsic invariant d;; and the squared mean curvature was es-
tablished in [7]

n?(n — 2 1
(L1) Sar < M||H|2+2<n+1><n2>c,
where H is the mean curvature vector.

A slant submanifold [6] is a submanifold N of an almost Hermitian manifold (M, J) with constant
Wirtinger angle (or Kaehler angle). The Wirtinger angle (X) of a tangent vector X to N at a point
p € N is the angle between JX and the tangent space of N at p. Special cases are complex submanifolds
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(6 = 0) and totally real submanifolds (§ = 5). Furthermore A. Lotta [17] introduced the class of slant
submanifolds of almost contact metric manifolds.

A semi-slant submanifold of a Kahlerian manifold is a submanifold whose tangent bundle is the direct
sum of a complex distribution and a slant distribution with the slant angle 6 # 0 (see [22]). Moreover,
Cabrerizo et al. [4] introduced the class of a semi-slant submanifold of a Sasakian manifold. The
authors defined and studied bi-slant and semi-slant submanifolds of an almost contact metric manifold, in
particular a Sasakian one. They proved a characterization theorem for semi-slant submanifolds and obtain
integrability conditions for the distributions which are involved in the definition of such submanifolds.
Cioroboiu [12] established Chen inequalities for semi-slant submanifolds in Sasakian space forms by using
subspaces orthogonal to the Reeb vector field.

There were many authors who studied Chen’s inequalities for different submanifolds in different types
of ambient spaces (see [1], [2], [5], [10], [13], [14], [16], [20], [23]).

2. PRELIMINARIES

In this section, we recall some definitions and notations used throughout this paper.
Let M be a (2m + 1)-dimensional almost contact metric manifold endowed with a Riemannian metric
g, a tensor field ¢ of type (1,1), a structure vector field £ and a 1-form 7 which satisfy

X = —X + n(X)E,
=0, n(¢) =1, n(eX)=0, nX)=g(X9),
90X, 9Y) = g(X,Y) =n(X)n(Y), g(¢X,Y) = —g(X, oY).
We denote by V the Levi-Civita connection of ¢. If, in addition,
(Vxo)(Y) = g(¢X,Y)§ — n(Y)$X,
for any vector fields X,Y on M, then M is said to be a Kenmotsu manifold. One also has
Vx€=X —n(X)§ = —¢"X.

A Kenmotsu manifold with constant ¢-holomorphic sectional curvature c is called a Kenmotsu space
form and is denoted by M(c). The curvature tensor R of a Kenmotsu space form is given by [15]

AR(X,Y)Z =(c = 3)[g(Y, Z)X — g(X, Z)X] + (c +1)[g(Y, Z)¢X
—9(¢X, Z)oY —29(¢X,Y)bZ + g(X, Z)n(Y)§
(2.1) —9(Y, Z2)n(X)§ + n(X)n(2)Y —n(Y)n(2)X],

for any X,Y € TM. o
Let M be an n-dimensional submanifold of a Kenmotsu space form M equipped with a Riemannian
metric g. The Gauss and Weingarten formulae are given respectively by

VxY =VxY +h(X,Y),
VxY = —AnX + VN,

for all X,Y € TM and N € T+M, where V is the Levi-Civita connection on M and V+ the normal
connection, respectively. The second fundamental form h is related to the shape operator A by

The equation of Gauss is given by

(2:2) R(X,Y,Z, W) = R(X,Y,Z W) — g(h(X, Z), h(Y,W)) + g(h(X, W), h(Y, Z)),
for all X,Y,Z, W tangent to M .
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Let {e1,...,en} be an orthonormal basis of the tangent space T,M. The scalar curvature 7 at p is
defined by

(2.3) )= 3 Kehe),
1<i<j<n

where K (e; A ej) denotes the sectional curvature of the plane section spanned by e;, e;.
In particular, if we put e, = &, then (2.3) implies

n—1
(2.4) 2r= Y K(eihe)+2) K(eiA).
1<i#j<n—1 i=1

Let L be a k-plane section of T, M and X a unit vector in L; we choose an orthonormal basis {e, ..., ex }
of L such that e; = X. The Ricci curvature Ricy, of L at X is defined by

(2.5) Ricp,(X) = K12+ Kis+ -+ + Ki.

We simply call it the k-Ricci curvature.
The mean curvature vector H(p) at p € M is given by

(2.6) H(p) = > her, o).
=1

If we put h;; = g(h(ei,ej),er), 4,5 = 1,...,n,r € {n +1,...,2m + 1}, the squared norm of the second

fundamental form A is
2m—+1 n

> = > > (i)
r=n+1i,j=1
For any X € TM, we can write X = PX + FX, where PXand FX are the tangential and normal
components of X, respectively. We denote

1P =) g°(Pei,e;).

1,j=1

Definition 2.1. A submanifold is called totally geodesic if the second fundamental form vanishes iden-
tically; it is totally umbilical if h(X,Y) = g(X,Y)H, for any tangent vectors X,Y on M.

Definition 2.2. [4] A differentiable distribution D on M is called a slant distribution if for each p € M
and each non-zero vector X € D,, the angle 6p(X) between ¢X and the vector subspace D, is constant,
i.e., independent on the choice of X; 6p(X) is called the slant angle.

Definition 2.3. [4] A submanifold M tangent to the structure vector field § is said to be a bi-slant
submanifold of M if there exist two orthogonal distributions D; and Ds such that

(i) TM admits the orthogonal direct decomposition TM = Dy & Dy & {£}, where {£} is the 1-
dimensional distribution spanned by &,
(ii) D1, D4 are slant distributions with slant angles 61, 6.

Definition 2.4. [4] A submanifold M tangent to ¢ is said to be a semi-slant submanifold of M if there
exist two orthogonal distributions D; and Dy on M such that

(i) TM admits the orthogonal direct decomposition TM = Dy ® D2 & {£},
(ii) The distribution D; is an invariant distribution, i.e., ¢(D1) = D,
(iii) The distribution Ds is a slant distribution with slant angle 6 # 0.

A Dbi-slant submanifold of an almost contact metric manifold M is called proper if the slant distributions
D; and D3 have the slant angles 61,62 # 0, 5.
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Suppose M is a proper bi-slant submanifold with dimension n = 2d; + 2dy + 1 in M. Let us consider
an orthonormal basis of 1), M

e1,ep =sectPey, -, eaq,—1,€2q, = sec i Peag, _1,€24,42 = secBaPeag, 11,

: 762d1+2d2717 62d1+2d2 = sec 9262d1+2d2717 62d1+2d2+1 = 5'

Then
2 .
2., \_ Jocos®0, for ie{l,3,..,2d — 1},
g (e eiv1) = { cos? 0y, for i€ {2dy+1,...,2d; + 2dy — 1},
(2.7) Z g (pe;j, e;) = 2(dy cos? 0 + dy cos® 0s).

i,j=1

3. CHEN FIRST INEQUALITY FOR BI-SLANT SUBMANIFOLDS IN KENMOTSU SPACE FORMS

Pandey et al. [21] obtained B.Y. Chen inequalities for a bi-slant submanifold M of a Kenmotsu space
form, when the structure vector field £ is tangent to M. In this section, we prove Chen first inequality for
proper bi-slant submanifolds in Kenmotsu space forms, by using orthogonal subspaces to the structure
vector field &.

We need an algebric lemma from [7].

Lemma 3.1. [7] Let aq,...ax,b be k+ 1 (k > 2) real numbers such that

k k
O = (k= 1)} e+

Then 2aiae > b, with equality holding if and only if a1 + a2 = az = ... = ag.

Theorem 3.2. Let ¢ : M — M(c) be an isometric immersion of an n-dimensional (n > 3) proper
bi-slant submanifold M in a (2m + 1)-dimensional Kenmotsu space form M(c). Then
(i) For any plane section 7 invariant by P and tangent to D,

r-Kn) < 3Dy M=
(3.1) + 3 1 1) cos? by + dy cos? 05] — (n — 1),

(ii) For any plane section 7 invariant by P and tangent to D,

r- K < 20Dz MDY
(3.2) +3S +1 [dy cos® 0y + (da — 1) cos?® B3] — (n — 1).

4

The equality case of the inequality (3.1) or (3.2) holds at a point p € M if and only if there exist an
orthonormal basis {e1, ez, ...,en, = &} of T,M and an orthonormal basis {en+1, ..., €2m, €2m+1} Of T;-M

such that the shape operators of M in M(c) at p have the following forms

a 0 0O --- 0
0 p—a 0O --- O
0 0 wo oo 0

An+1 = ’
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n o hp 0 - 0
hiy —hiy O 0
A, = 0 o 0 - 0] re{n+1,..,2m+ 1}

0 0 0 0 O
Proof. We assume that M is an (n = 2d1+42ds+1)-dimensional proper bi-slant submanifold of a Kenmotsu
space form M (c¢) with constant ¢-holomorphic sectional curvature c.
Let p € M and {ey, ez, ..., e, = £} an orthonormal basis of the tangent space T, M and {e,11, €nt2, ..., €2m+t1}

an orthonormal basis of T;-M .
From the equation (2.4), one has

n n—1 n—1
(3.3) 2r = Z R(ei,ej,ej,e;) = ZR(ei,ej,ej,ei) +2 Z R(e;, &, &, ¢;).
ij=1 i#£] i=1
In the Gauss equation (2.2), weput X =W =¢; and Y = Z =e;, Vi,j € 1,2,...,n, and we take the
summation over 1 < 4,5 <n. We get

n—1 n—1 n—1
(3.4) Z R(ej,ej,ej,e;) = Zﬁ(ei,ej,ej,ei) - Zg(h(ez,ej (eire;)) + Z (€i,€i), hiej, e;)).
1#£] i#£j i#£j i#£j

By the formula (2.1) of the Riemannian curvature tensor of a Kenmotsu space form M(c), we have

R(ei,ej,ej,e:) = % [g(es, e;)g(esr ) — gles ej)g(e;, e:)]
+ L eomtengles. ez> o3 n(es)g(enres)
+n(ej)n(ei)glei e5) —nlei)n(ei)gle;, e;)

—g(dei,ej)g(dej, ei) + 9(@56]'7 e;)g(dei, e;)
+ 29(61‘, ¢6j)g(¢6ja 61)}
Then

n—1
- c—3 c+1
(35) ZR(eivejvejaei) = 4 (n—l)(n72)+3 4 Zgz(d)eivej)'
i#] i#]
If we substitute the equation (3.5) in the equation (3.4), we get

n— n—1
c—3
ZR(eiaejaej7ei) = 4 (’I’L—l)( +3*Zg (belae]
i#j i#]
n—1 n—1
(3.6) —Zg (e, €5), h(ei, e ) —I—Zg (e:,€:),h(ej,e))).
i#j i#]

The equation (3.3) becomes

n n—1
c—3 c+1
27 = Y Rlesej,¢5,e:) = (=D =2)+3— > g°(beire;)

ij=1 i#j

n—1
(37) _Zg elaej elaej +Z 61,61 ejaej))+2ZR(eia£7£aei)~

i#] i#] =1
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Calculate
n—1 n—1 nfli
Z K(f A ej) = Z R(€i7 57 §7 ei) = Z R(eia 57 57 ei)
i1 j=1 i=1

(3.8) - i g(h(&,€), hiej,e5)) — i g(h(&,€;), h(&, €;)).
i=1 =1

From the properties of a Kenmotsu manifold one has h(£,£) = h(¢, X) = 0. Then

n—1
(39) Z R(eivgagv ei) = _(n - 1)

i=1

If we substitute the equation (3.9) in (3.7) we get
2T = i R(ei €. € ei) = C_S(n_ 1)(n_2)
= IRV RV E) 4
c+ 1

(3.10) +3——PII* = [Al* + n? | H|* — 2(n - 1),
where

|P|? = Z g (pei,ej) = 2(dy cos? 0y + dy cos® 6).

i,j=1
Now denote by
emor Dy T30 4y o)
1 4
(3.11) C+1HP||2+2(n—1)
The equation (3.10) is equivalent to
(3.12) n*|H | = (n = 1)(e + [|P]*).

Let pe M, 7 CT,M, dim 7m = 2, and 7 orthogonal to £ and invariant by P

Now, we consider the following two cases:

Case I. The plane section 7 is tangent to D;. We may assume that 7 is spanned by the orthonormal
basis {e1,e2}. We take e, in the direction of mean curvature vector H. The relation (3.12) becomes

n 2m+1
n T 2
(3.13) (Zh “) =m-1S > > (b)) +ep,
i,j=1r=n+1
or equivalently,
n n 2m+1 n
Bl = |0 Y 05 e S S
=1 i=1 i#j r=n+2 i,j
Using Lemma 3.1 we derive
2m+1 n
(3.15) 2 hE T =) ( h"+1 + ) ) (h
i#£] r=n+21i,j5=1
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On the other hand, we have

K(m) = R(e1,e2,ea,e1) = g(h(er,e1), h(ea,e2))

-3 1
—g(h(e1,e2), h(er,e2)) + CT + 3cos? 6101r .

Then
2m+1
— ” c—3 c+1
K(rm) = Z {hnhw - (hlz)Q] T +3cos” 0 <4> .
r=n+1
By using (3.15) we obtain
2m—+1 n—1
c—3 c+1 1 -
K(m) > —— +3cos 0 (4) +3 > Z (hy;)?
r=n+21,j=3
1 2m—+1 2m—+1 €
tg D W+ hs)®+ Y [(h)° + (h5)*] + 5
r=n-+2 r=n+1j5>2
From the last equation we get
— 1
(3.16) K(m) > 643—1-3005291 (CZ> +§.
If we substitute (3.11) in above relation, we obtain
n?(n —2) n(n — 3)(c —3)
K < 2Ty gy MR T O 9)
c+1 9 9
(3.17) +3 [2(d1 — 1) cos® 01 + 2d3 cos” O2] — (n — 1),

which is the inequality (3.1)

Case II
If the plane section 7 is tangent to Do and invariant by P, similarly we get
n?(n —2) n(n — 3)(c — 3)
- K(n) < —— 2| H|? + —2— =
1
+35 + [2d; cos? 0 + 2(dy — 1) cos? O3] — (n — 1),

which is the inequality (3.2)
The case of equality of the inequality (3.1) at a point p € M holds if and only if equalities in inequalities
(3.15), (3.16) and Lemma (3.1) hold, i.e.,

h;?jﬂ:o, Vi, i, > 2,
hi; =0, VYi#j i,j>2r=n+1,.,2m+]1,

(3.18) Wi +h5y =0, Vr=n+2,.,2m+1,
hi; = h3; =0, Vi>2,r=n+1,..,2m+1,
R it = pEEt = = L

Moreover we may choose ej, eo such that h?;“ 1= 0 and we denote by a = h?f“ L= hg; L

p=hit == hptth
Then we obtain the desired forms for the shape operators A, r € {n+1,--- ,2m+1}. Also, if u =0,
the submanifold is minimal. O
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4. RICCI CURVATURE AND SQUARED MEAN CURVATURE

B.Y. Chen in [9] established a sharp relationship involving the Ricci curvature and the squared mean
curvature on an n-dimensional submanifold M in a Riemannian space form R(c) of constant sectional
curvature c¢. For any unit tangent vector X at p € M, its Ricci curvature satisfies

2
Rie(X) < (n— e+ %HHHZ.

The above inequality is called Chen-Ricci inequality.

On the other hand, K. Arslan et al. [3] established a Chen-Ricci inequality for submanifolds in
Kenmotsu space forms. Also I. Mihai [18] obtained a Chen-Ricci inequality for submanifolds in Sasakian
space forms.

D.W. Yoon [24] established the following Chen-Ricci inequality for bi-slant submanifolds in a cosym-
plectic space form.

Theorem 4.1. [24] Let M be an n-dimensional bi-slant submanifold satisfying g(X, Y ) = 0, for any
X € Dy and any Y € Do, in a cosymplectic space form M(c). Then

(1) For each unit vector X € T,M orthogonal to § and
(i) X is tangent to Dy, we have

1 1
(4.1) Ric(X) < 1 {(n — e+ 5(30052 0 —2)c+n* | H 2} .
(i) X is tangent to Do, we have
' 1 1 2 2 2
(4.2) Ric(X) < 1 (n—1)c+ 5(3005 O —2)c+n” || H |7 ;.

(2) If H(p) = 0, then a unit tangent vector X at p satisfies (4.1) or (4.2) if and only if X € N,
where N, = {X € T,M|h(X,Y) =0,VY € T,M}.

(3) The equality case of (4.1) and (4.2) hold identically for all unit tangent vectors orthogonal to &
at p if and only if p is a totally geodesic point.

In this section we will study the relation between the Ricci curvature and the squared mean curvature
for bi-slant submanifolds in a Kenmotsu space form.

Theorem 4.2. Let M be an n-dimensional bi-slant submanifold in a (2m + 1)-dimensional Kenmotsu
space form M(c). Then:
(1) For each unit vector X € T,M and
(i) X tangent to Dy, we have

1 — 1
(4.3) Ric(X) < anHHH2 +(n— 2)% + 3% cos? 6y — 1.
(ii) X tangent to Do, we have
. 1, 2 c—3 c+1
(4.4) Ric(X) < " |H|*+ (n—2) Tt 3 g cos 6o — 1.

(2) If H(p) =0, then a unit tangent vector X at p satisfies (4.3) or (4.4) if and only if X € N,.
(3) The equality cases of (4.3) and (4.4) hold identically for all unit tangent vectors orthogonal to &
at p if and only if p is a totally geodesic point.
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Proof.
1) Let X € T,M be a unit tangent vector X at p. We choose an orthonormal basis {ey,--- ,e, =
P
& ent1, s €ami1} in Tpﬁ(c) such that eq1,--- ,e, are tangent to M at p, with e; = X. We recall the
equation (3.10)
" c—3
2T = Z R(e;,ej,ej,e;) = T(n —1(n-2)
,j=1
c+ 1
(4.5) +3 IPI1* = (I8 + nl H[I* = 2(n - 1).
Then we can write
9 9 c—3 c+1 9 9
(4.6) n 2" =27 — ——(n = 1)(n = 2) = 3——=|[P|" + [A]" + 2(n - 1).
which leads to
2m+1
nH|? =2+ > [(B5))? + (hby + o+ bl )2 +2> (hI)?
r=n+1 i<j
2m-+1 C+ 1
=2 ) > hphy - (n—l)(n—2)—3 |P)|? +2(n — 1).
r=n+12<i<j<n
It follows that
1 2ml
n?||H|? =2 Z Kij +2Ric(X) + 5 > (Wt R,
2<i<j<n r=n+1
1 2mtl
T3 Z (hiy = hby — -~ = hy,)?
r=n+1
2m+1 2m+1
23 D T2 > > ik
r=n+11<i<j<n r=n+12<i<j<n
c—3 c —|— 1
- (n—1)(n —2) = 3——||P||* +2(n - 1).
Then we get
1 2m—+1
2 2 r _
n HH” _5 Z ( + +h’nn =2 Z K1]+2RZC( )
r=m-+2 2<i<y
1 2m—+1
T3 Z T R I
r=n+1
2m—+1 2m—+1
2 3, D ()t =2 > D bk
r=n+1:i<j r=n+12<i<j
c—3 c + 1
(4.7) - (=1n-2)- | P|I? +2(n —1).
We compute
(48) Z Kij = Z R(ei,ej,ej,ei)JrQZR(ei,f,f,ei).
2<i<j<n 2<i<j<n—1 i=2
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From the Gauss equation

n—1 2m+1
(4.9) Z R(ei,ej,ej,e;) = Z Z h;hgj Z Re;,e5,¢€5,€;).
2<4<j r=n+12<i<j 2<i<y
we get
n—1
— c—3 c+1
(4.10) Z R(ej,ej,ej,e;) = 3 (n—2)(n—23) 1 Z g(de;, e;).
2<i<j 2<i<j<n

By substituting the equation (4.10) in equation (4.9)

2m—+1
> Renejene)= > > [y — (hy)?]
2<i<j<n—1 ren+12<i<j<n—1
c—3 c+1
(4.11) +—g(n=2)(n-3)+3 Z g(¢ei, e5)
2<i<j<n

and then by the equation (4.8) we have

ZKijZ%(n—2)(n—3)+3czl Z g(de;, e;)

2<i<j 2<i<j<n
2m—+1 n—1
(4.12) +2 33 [hghh; — (hi)?] + 2 Rlei 6,6 ).
r=n+12<i<j 1=2
Similarly
n—1
(413) ZR(ei7€a§7€i) = _(n_2)
i=2
Then

c—3 c+1
> Kij=——(n—=2)(n—-3)+3——[IP|* — | Pe||’]
2<i<j
2m+1
(4.14) +2 ) Y [hphy; = (hig)?] = (n—2).

r=n+12<i<j

Therefore
(4.15) Ric(X) < in2||HH2 +(n—2)=< < 3, 36+ L Pey)? -
(i) If X is tangent to D1, we have || Pey|? = cos? 61; then from (4.15) we obtain
(4.16) Ric(X) < in2||H||2+ (n—Q)% +3% cos?0; — 1.

(ii) If X is tangent to Dy, we have || Pe1||? = cos? f2; then from (4.15) we obtain

c—3
4
(2) Assume H(p) = 0. Equality holds in (4.3) or (4.4) if and only if

hig =hiz=---=hi, =
Then hi; =0, forall j € {1,--- ,m+1},r € {m+2,--- ,2m + 1}, that is X € N,.

(4.17) Ric(X) < in2||H||2+(nf2) +3C+ cos? g — 1.
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(3) The equality cases of (4.3) and (4.4) hold for all unit tangent vectors at p if and only if

hi; =0, i#j, re{m+2---,2m+1},
his+---+h),., —2h, =0, 1e{l,---,m}, re{m+2--- 2m+1}.

It follows that p is a totally geodesic point.
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1. INTRODUCTION

Let Cy and C; be the set of all real and complex numbers respectively. Bicomplex numbers are defined
by C. Segre [10] as: z = U1 4 Uaiy + Usig + Uyiyia, where U1, Uy, U3, U4 € Co, and the independent units
i1, 19 are such that 4,2 = 492 = —1, and 4142 = i24;. We denote the set of bicomplex numbers C, is defined
as: Cy = {Z 1 2 = 01+ 0911 +O3i9 + Oy4iqio, 01, 02,03,04 € (Co}, ie., Cy = {Z sz =11 4i9l0, 1,15 € (C1},
where [; = U1 + Uqip € Cq and Iy = U3 + U4t € Cy.

Tricomplex numbers are defined by G. B. Price [9] as: n = U1 + Ugi1 + Uszis + U4gj1 + UOsis + Ugja +
U773+ Ugiy, where U1, Us, U3, Uy, U5, Ug, U7, Ug € Cp, and the independent units i1, io, i3, 14, J1, Jo, j3 are
such that 4,2 = i42 = —1, iq = i1j3 = t1i203, jo = i193 = 4301, J2° = 1,j1 = i1ia = i2i; and j;2 = 1. We
denote the set of tricomplex numbers Cjz is defined as:

(Cg = {7] n= U1 + Ugil + Ugig + U4j1 + 65i3 + UﬁjZ + U7j3 + Ugi4, Ul, 62, 63, 64, 65, U(,‘, 67, Ug € Co},
ie., Cs = {77 =z + 1329, 21,22 € (Cg}, where z1 = U1 + Uiy € Cy and 2o = U3 + Uyis € Co.

If n = 21 +i329 and g = wy + igwe be any two tricomplex numbers then the sum is n + p
(z1 +i322) £ (w1 + igwa) = (21 £ w1) +43(22 £ wa) and the product is n.u = (21 + i322).(w1 + izws) =
(z1w1 — zow2) + i3(z1w2 + 22w1).

Let 0,1,e; = 1+ j3/2,e2 = 1 — j3/2 be four idempotent elements in C3 such that e; + e = 1 and
e1eo = 0. Every tricomplex number n = 21 4 i322 can be uniquely be expressed as the combination of ey
and e, i.e., 1 = z1 +i329 = (21 —ia22)e1 + (21 +1i222)e2. This representation of 7 is called the idempotent
representation with respect to the idempotent components 7 = (21 — i222)e; and 1y = (21 + i222)es.

An element 1 = z1 + i329 € Cj is called invertible if there exists an element p in Cg such that nu =1
where 1 is called inverse of 1. An element in Cj is called nonsingular element if it has an inverse in Cj
and an element in Cg is called singular element if it does not have an inverse in Cs.

An element p = w; + iswe € Cs is nonsingular iff |w? + wo?| # 0 and singular iff |w;? + wo?| = 0.

The inverse of u is defined as p~! = Wi -taws

wi?+wa?
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The norm ||.|| of C3 is a positive real valued function and ||.|| : C3 — Co™ by

|21 + i322]|
= {lal +|=?}?
[|(Z1 —ig22) > + | (21 +4222)[* 2
2
= (012 + 022 + 057 + U4% + 057 + Ug? + U7 + Us?)?,

1]l

where n =01+ 0211 + U3i2 4 U471 + Ost3 + Ugja + Orjs + Ogiy = 21 + 1320 € Cs.

Define a partlal order Z%;, on Cs as follows. For 77 = 21 +i329 and p = wq +i3w2 be any two tricomplex
numbers. 1 3, p if and only if 21 3, wi, and 2o Z;, wa. It follows that n =<, p if one of the following
conditions is satisfied:

(i) 21 = w1, 22 = wa,
(i) 21 <i, w1, 22 = wo,
(111) 21 = W1, 22 <4, W2,
(iv) 21 =i, w1, 22 <, W2,
In particular we will write n =3 Fia 1 if n =i, 1 and n # p and one of (ii),(iii), and (iv) is satisfied, and we
will write n <;, p if only (iv) is satisfied. Note that

(M 0 Ziy =l < |l

(L) {[77 =+ pal | < ([l =+ [1pell,

(II1) |lan|| = |al||n||, where a is a non negative real number,

(IV) np|] < 2|\77|H|u||, and the equality holds only when atleast one of n and u is nonsingular,
(V) [l Il = |[nl|=" i 1 is & nonsingular,

(VI) H%H = %, if 11 is a nonsingular.

A. Azam et al introduced the concept of complex valued metric spaces in [1]. The notion of bicomplex
valued metric spaces was introduced by J. Choi et al in [2]. In [5], G. Mani et al. introduced the idea
of tricomplex valued metric spaces, developed some properties, and demonstrated common fixed point
results for mappings satisfying a rational inequality.

Definition 1.1. [5] Let ® # () be a set. A tricomplex valued metric is a mapping d : ® X & — Cs
satisfying the following azioms:
(i) 0=, d(o,w), YV o,we D,
(i) d(p, )f()zfandonlyzfgfwm@
(111) d(o,w) = d(w,0), V o,w € P,
(iv) d(o, @) Zis d(0,0) +d(0, @), V 0,0, € D.

The pair (®,d) is called a tricomplex valued metric space.

A. Mutlu et al [7] introduced the notion of bipolar metric space to give a new definition of distance
measurement between the members of two separate sets. Bipolar metric space is a metric space gener-
alization. Recently, many articles have appeared on fixed point theory in bipolar metric spaces; see, for
example, [3, 4, 6, 8, 12, 11] and the references therein.

Definition 1.2. [7] Let ® # 0 and ¥ # 0 be two sets. A bipolar metric is a mapping D : ® x ¥ — [0, c0)
satisfying the following azioms:
(I) D(o,@)=0= o =w, whenever (9,w) € ® x ¥,
(I1) 0=w = D(o,w) =0, whenever (o,w) € & x ¥,
(ITIT) D(g,w) = D(w,p), V 0,0 € DN,
(IV) D(o1,w2) < D(01,w1) + D(02,™1) + D(02,@2), V 01,02 € P, and wy,ws € V.
The triple (D, U, D) is called a bipolar metric space.
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In this paper, we extend the domain of tricomplex valued metric to the Cartesian product of two non-
empty sets, and we present a new definition of tricomplex valued bipolar metric space that generalizes the
notion of tricomplex valued metric space. Also, we derive some properties of tricomplex valued bipolar
metric spaces. Furthermore, in tricomplex valued bipolar metric space, we prove some fixed point results
for contravariant maps satisfying various types of rational inequalities.

2. TRICOMPLEX VALUED BIPOLAR METRIC SPACES

Definition 2.1. Let ® # () and ¥ # () be two sets. A tricomplex valued bipolar metric is a mapping
d:® x U — Cj satisfying the following conditions:
(i) 034, d(o,w), whenever (p,w) € & x U,
(ii) d(o,w) =0= o= w , whenever (o,w) € P x U,
(iii) 0 =w = d(p,w) = 0, whenever (p,ww) € & x U,
(iv) d(o,w) =d(w,0),V o,w € &NV,
(V) d(gl,’WQ) :513 d(ghwl) + d(gg,wl) + d(QQ/WQ), A 01,02 € (I), and w1, Wy € v,

The triple (P, ¥, d) is called a tricomplex valued bipolar metric space(or, TVBMS).

Remark 2.2. (i) Let (®,%,d) be a TVBMS. If ® N = ), then (®,¥,d) is called disjoint. The
space (®,9,d) is said to be a joint if ® NV # . The sets U and @ are called right pole and left
pole of (D, ¥, d), respectively.

(ii) Let (®,d) be a tricomplex valued metric space, then (®, ®,d) is a TVBMS. Conversely, if (®, U, d)
is a TVBMS such that ® = U, then (®,d) is a tricomplex valued metric space.

Example 2.3. Let ® = (0,00) and ¥ = (—00,0]. Let d(p,w) = (i2i3)|0 — w|, where (o,w) € & x V.
Then (®,¥,d) is a disjoint TVBMS.

Definition 2.4. Let (®,V,d) be a TVBMS. Where points of the sets ¥, ®, and ® NV are called right,

left, and central points respectively. A sequence that contains only right(or left, or central) points is called
a right (or left, or central) sequence in (P, ¥, d).

Definition 2.5. Let (®,¥,d) be a TVBMS. A left sequence (0,)52, converges to a right point w (or
(0n)2, — w) if and only if for every ¢ € C3 with 0 <,, ¢, there exists an integer ng € N(Natural
numbers) such that d(on, @) <y ¢, ¥ 1 > ng. Also a right sequence (wy)S>, converges to a left point
(or (wn)22, — o) if and only if for every ¢ € Cg with 0 <, ¢, there exists an integer ng € N such that
d(o,w,) <is ¢, V> ng. When it is given (0,,)°2, — & for a TVBMS (®,V,d) without precise data
about the sequence, this means that either (0,,)°2, is a right sequence and ¥ is a left point, or (0,)5%, is
a left sequence and 9 is a right point.

Lemma 2.6. Let (®,V,d) be a TVBMS. Then a left sequence (0,)52; converges to a right point w if
and only if ||d(on,@)|| = 0, and also a right sequence ()52, converges to a left point o if and only if
|ld(e, @n )| — 0.

Proof. Let (0,)52; be a left sequence, and (0,)52; — w € V. For a given real number € > 0, let
c= % + ilﬁ + ig% —l—jl% + ig% —|—jg% —|—j3% + i4%. For every ¢ € Cs with 0 <;, ¢, there exists
an integer ng € N such that, for all n > ng, d(on, @) <, .

ld(on, @)|| <lcll =€, ¥'n > no.

It follows that ||d(on,™)|| = 0 as n — oo. Conversely, suppose that ||d(on,w)|| — 0 as n — oo. Then
given ¢ € C3 with 0 <, ¢, there exists a real number § > 0 such that for z € Cs

[|lz]] < = 2z <y, c
For this §, there exists an integer ny € N such that

[|d(on, )| < 0, ¥ n > ng.
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This means that d(g,, @) <, ¢, ¥n > ng. Hence g, — w € ¥.
Obviously, a right sequence (wn) >, converges to a left point g if and only if ||d(g, @, )|| — 0 and this
complete the proof. O

Lemma 2.7. Let (,VU,d) be a TVBMS. If a central point is a limit of a sequence, then it is the unique
limit of the sequence.

Proof. Let (0r)%2, be a left sequence, (0,)22; — 0 € ®N Y, and (0,)52,; — w € ¥. For a given real
number € > 0, let ¢ = %‘l’il%+i2%+]’1%+i3%+]’2%+j3ﬁ+i4%. For every c € C3 with 0 <;, ¢,
there exists an integer ng € N such that, for all n > ng, we have d(on, 0) <i, §, and d(on, ™) <i, 5, and

then
c ¢
¢ ¢
ld(e, )| < lld(e, ©) + d(en, 0) + dla DI < 10+ 5 + 5 = el = e.
Since € > 0 is arbitrary, we have d(p,w) = 0 which implies o = w. O

Lemma 2.8. Let (®,V,d) be a TVBMS. If a left sequence (0,)52, converges to w and a right sequence
(wn)S2, converges to o, then d(on,wy) — d(o,@) as n — oo.

Proof. Let (0p)22; = w € ¥, and (w,)52; — ¢ € ®. For a given real number € > 0, let ¢ =
% + ilﬁ + ig% +]'1% + ig% +j2% +j3% + i4%. For every ¢ € C3 with 0 <;, ¢, there exists an
integer ng € N such that, for all n > ng, we have d(g,, @) <i, §, and d(o,w@,) <i, §, then

d(@a ) jlg d(@a wn) + d(Qnawn) + d(Qna w)

implies
C C
d(o,w) — d(on, @n) Si; d(o, wn) + d(on, w) < 3 + 3
ld(on, @n) — d(o, @)|| < ||d(0,@n) + d(on, @)|| < ||c|| = €,¥n > nq,
and hence d(g,,w,) — d(p,w) as n — oco. 0

Definition 2.9. Let (®1,U1) and (Pa, ¥o) be two tricomplex valued bipolar metric spaces, and f :
<I>1U\I/1 —)q)QU\IIQ.
(i) If f(®1) C Py and f(V1) C Uy, then f is called a covariant map from (®1,¥q) to (P2, ¥s), and
we write f: (D1, Vq) = (Do, ¥o).
(ii) If f(®1) C Uy and f(¥1) C By, then f is called a contravariant map from (®1, V1) to (Pa, ¥a),
and we write f: (P1,¥1) = (Pg, Uy).

Remark 2.10. Suppose d1, and dg be two tricomplex valued bipolar metrics on (1, V1) and (P2, V) re-
spectively. We can also use the symbols f : (®1,V1,dy) = (Pa, Wo,ds) and f : (P, V1,dy) 2 (Pa, Ua, ds)
in the place of f: (D1,¥1) = (P2, Us) and f: (P1,Py) = (Pg, Uy).

Definition 2.11. Let (®,9,d) be a TVBMS.

(i) A sequence (on,wy) on the set ® x W is called a bisequence on (P, ¥,d).

(i) If both (0n)22, and (w,)52, converges, then the bisequence (on,wy) s called convergent. If
both (0n)22, and (wy)22, converges to a same point o € ® NV, then the bisequence is called
biconvergent.

(iii) A bisequence (gn,wy) on (P, U, d) is called a Cauchy bisequence, if for each ¢ € C3 with 0 <, ¢,
there is an ng € N such that d(0n, @Wn1m) <is ¢, ¥ 1 > ng.

Lemma 2.12. Let (®,V,d) be a TVBMS. Then (0n,wn) is a Cauchy bisequence if and only if
[|d(0n, @ntm)|| = 0 as n — 0.
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Proof. Let (on,w,) is a Cauchy bisequence. For a given real number € > 0, let ¢ = % + il% + 7:2% 4
Jiyg Tisyg Tiayg sy tiayg. Foreveryce Cs with 0 <, ¢, there exists an integer ng € N such
that, for all n > ng, d(0n, @nitm) <is C.

||d(9n7wn+m)” < HCH =€, Vn2>ng.

It follows that ||d(on, @n+m)|| = 0 as n — co. Conversely, suppose that ||d(on, @Wn+m)|| = 0 as n — oco.
Then given ¢ € C3 with 0 <;, ¢, there exists a real number J > 0 such that for z € Cs

llz]] <d = 2z <45 ¢
For this d, there exists an integer ng € N such that
[ld(0n, @nim)|| <6, ¥V n > ng.
This means that d(gn, @ntm) <is ¢, ¥ > ng. Hence (on, @y, ) is a Cauchy bisequence. O

Proposition 2.13. Let (P, ¥,d) be a TVBMS. Then every biconvergent bisequence is a Cauchy bise-
quence.

Proof. Let (on,wn) be a bisequence, which is biconvergent to a point p € ® N ¥. For a given real
number € > 0, let ¢ = % + ilﬁ + ig% —i—jl% + ig% —‘y—jg% —i—jg% + i4%. For every ¢ € C3 with
0 <i, ¢, there exists an integer ng € N such that for every n > ng, d(on, ) <i, 5, and for every n > ny,
d(0, @Wn4m) =i, 5. Then we have

C C
d(Qnawn+M) :51'3 d(gnv Q) + d(Q, 9) + d(gv wn+m) "<i3 5 + 0 + iavn Z no.

c c
lld(en, @ntm)ll < lld(en; 0) + d(e, 0) + d(e, Wn+m)l| <15 + 0+ Sl = lle|| = €, ¥n = no.
So (on,wy) is a Cauchy bisequence. O

Proposition 2.14. Let (®, ¥, d) be a TVBMS. Then every convergent Cauchy bisequence is biconvergent.

Proof. Let (on,w,) be a Cauchy bisequence such that (0,)52; convergent to w in ¥ and (w,)5,

convergent to ¢ in ®. For a given real number € > 0, let ¢ = ﬁ + ilﬁ + Z’Q% +j1% + igﬁ +j2ﬁ +
jgﬁ + i4%. For every ¢ € C3 with 0 <;, ¢, there exists an integer ng € N such that d(on, ™) <i, §,
d(0, @Wnim) =iy §, for all n. > ng, and d(on, Wnym) <is 5, for all n > ng. Then

c ¢ c
d(@aw) jis d(Q, wn—i—m) + d(@na wn+m) + d(@'m w) <is g + § + g;vn > ng.
c ¢ ¢
ld(e. @) < lld(e. Disr) + dlen, Frsm) + dlen @ <15+ + £l = el = €0 > m.
Therefore d(p,z) = 0 and so that ¢ = w. Then (g,,wy,) is biconvergent. O

Definition 2.15. A TVBMS (®,V,d) is called complete, if every Cauchy bisequence is convergent, or
equivalently, biconvergent.

3. MAIN RESULTS

In this section, we shall prove some fixed point theorems for different types of contravariant mappings
on TVBMS.

Theorem 3.1. Let (P, ¥,d) be a complete TVBMS with nonsingular 14 d(p,w) and ||1+d(o,w)|| # 0,
whenever (o,w) € ® X W. If a contravariant map f : (®,¥,d) = (P,V,d) satisfies d(f(w), f(0)) =

~13

(o, ™) + Hd(g’);%?i)(cé(fw(;z)’w), whenever (o,w) € ® X ¥, for some A\, € (0,1) with A+ 2u < 1. Then the

function f: ®@UWY — & UV has a unique fized point(or, UFP).
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Proof. Let g9 € @, wo = f(00) € ¥, and 91 = f(wp). Suppose, w, = f(0,) and g,+1 = f(wy,), for all
n € N. Then (g,,w,) is a bisequence on (®, ¥,d). For all n € N, from

d(on,w@n) = d(f(@n-1), f(on))

pd(on, f(0n))d(f(@n-1), @n—1)
1+ d(on,wwn-1)

pd(on, @n)d(0n, ©@n—1)

1+ d(on,@n-1)
pd(on; @n)d(0n, Wn—1) I
1+ d(on, @n—1)
< Ald(en, @n-1)l + 2ulld(on, @)

jig )\d(gn; wnfl) +

= AMd(on, @p-1) +

Hd(gn;wn)H < ||>\d(9n7wn71)+

we conclude that

A
d ny n Si d ny n— ’
ld(on @)l < 75 Ild(on, )l

and
d(on;@n-1) = d(f(@n-1), f(on-1))
Md(gn—h f(@n—l))d(f(wn—l)v wn—l)
_<i Ad n—1, “n—
~E (Q L 1) * 1 + d(gnflvwnfl)
ﬂd(gn—lywn—l)d(gnawn—l)
= Ad(on— y Wn—1) +
(Q L 1) 1+d(9n717wn71>
Md(gnfbwnfl)d(gnawnfl)
d n» n— S )\d n—1» n— +
|d(on, @n—1)]| [Ad(on—1,@n—1) T — I
S AHd(Qn—lywn—l)H + ZMHd(anwn—l)Ha
so that
- < n—1i» n— 9
(e o)l £ T2 ldear 70
Therefore, by putting 8 = ﬁ, we have
|ld(en, )| < B2"(|d(00, 0)|
and

lld(en, wn—1)Il < 82"~ *[|d(e0, @)l

For every m,n € N,

d(@n, wm) jig d(@ny wn) + d(gn+1; wn) + d(QnJrl» wm)
iy (B + B2 d(e0, @0) + d(ont1, @m)
Ni?) °

jiz (ﬂQn + B2n+1 + ...+ 62m—1)d(907 wO) + d(Qm; wm)

jiz’, (ﬁzn + 52n+1 + ...+ ﬁQm)d(go,wo), ifm > n,

lld(en, @m)l| < (87" + B2 + ..+ 82™)||d(e0, wo)|, if m > n,
and similarly, if m < n, then

d(0n, Wm) Zis (B2 + 522 4+ B2 ) d (00, w0),

l|d(on, @m)|] < (B2 4+ 82742 44 52 d( 00, o) -
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By 8 € (0,1), ||d(on, @m)|| = 0, as n,m — oo, we conclude that (g,, w0, ) is a Cauchy bisequence. Since
(®,¥,d) is complete, (g,,w,) converges, and biconverges to a point 8§ € ® N ¥. Hence, f(0,) = w, —
6 € ®NWY as n — oo implies d(f(0), f(on)) — d(f(9),0) as n — oo, by using Lemma 2.8. Also by taking
the limit from

Md(@n7 wn)d(f(e)v 9)
1+ d(@na 0)

d(f(0), f(en)) Zis Ad(en,0) +

we obtain

M”d(gm wn)d(f(6)7 9)”

1d(£(0), f(en))I] < Alld(en, O)]] + Mtden 0l

as n — oo, we get d(f(0),0) = 0. Hence f(0) = 6. Therefore 6 is a fixed point of f.
If 9 is another fixed point of f, then f(J) =4, 9 € & N ¥, and hence,

pd(0, £(0)d((9).9) _
1+d(6,9) iy Ad(6, 7).

Therefore ||d(0,9)|| = 0 so that § = J. So f has a UFP. O

The above Theorem 3.1 generalizes a Corollary 5 of [1].

Example 3.2. Let ® ={0,1,2} and ¥ = {0,3}. Let d(o, @) = (1 +i3)|o — @|, where (0, @) € @ x V.
Then (®,%,d) is a complete TVBMS. Define a contravariant map f : (®,¥,d) = (®,¥,d) by f(0) =0

f(3) =0, and f(2) = 3. Then, f satisfies the inequality d(f(w), f(0)) Zis Ad(0, @) + e 1(-531)(?(1];()12)717)

for A = % and p = %. By Theorem 3.1, f has a UFP zero in N W.

Theorem 3.3. Let (®,¥,d) be a complete TVBMS with nonsingular 1+ d(o, @) and Hl—i—d(g, w)|| #
whenever (o,w) € ® x U. If a contravariant map f : (®,¥,d) = (P, V,d) satisfies d(f(w), f(o
0,1

Ad(o, f(0)) + d(f(w),w)] + ”d(g’ﬁfzi)(i)(g;”) =) whenever (o,w) € ® x W, for some A,p € (0,

2\ 4+ 2u < 1. Then the function f: ®U W — @ UWY has a UFP.

|| #
) Sis
)

with

Proof. Let 0o € ®, wo = f(00) € ¥, and 01 = f(wy). Suppose, @, = f(on) and ont1 = f(w@y), for all
n € N. Then (g,,w,) is a bisequence on (¢, ¥,d). For all n € N, from

d(on,@n) = d(f(@n-1), f(on))

Sio Ao £(2) + d(f @), )]+ LA S oo ) )
pd(0n, @n)d(0n, @n_1)
1+ d(on, wn-1)
/Ld(gnawn)d(gn,wn—l) H
1+ d(@ny wnfl)

A[d(on, @n) + d(on, @n-1)]|| + 2p]|d(0n, @n)ll,

)\[d(gn,wn) + d(Qnawn—l)} +

|ld(on, @n)l|

IN

||)\[d(gnawn) + d(Qnawn—l)} +

IN

we conclude that

lld(en, wn-1)Il,

A
<
ld(en. mo)l| € =52
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and
d(Qmwn—l) = d(f(wn—l)af(gn—l)>
Sis  Ald(on—1, f(on-1)) + d(f(@n-1), @n-1)]
Nd(gnflv f(anl))d(f(wnfl)a wnfl)
+
1+ d(on—1,@n-1)
Md(gnflawnfl)d(gn;wnfl)
= Ald(on—1,@n— d(on, @n—
(ents @) dlem ns) L g, )
ﬂd(gn—lywn—l)d(gnawn—l)
_ < _ _ _
||d(Qn7wn 1)|| >~ ||)\[d(@n 1, Wn 1)+d(9nawn 1)}+ 1+d(Qn717wn71) H

< AMd(on—1,@n—1) + d(on, @n—1)]|| + 2p/|d(0n, @n—1)||

so that
d(ens n-1)ll < ———|ld(e il
n;wnf = T N o n— ,’lﬂn, )
1 T—r—2 1 1
Therefore, by putting 8 = ﬁ, we have
||d(0n, @n)|| < B*™||d(00, @0)]|

and

lld(en, @n-1)Il < B2~ |d(c0, wo)Il-

For every m,n € N,

d(Qna wm) jig d(@na wn) + d(Qn+la wn) + d(Qn+17 wm)
Sis (B4 P d(00, @0) + d(0n+1, @)
(\/i3 e
Sie (BB 4 L+ B2 N d (00, @0) + d(0m, Tim)
Zis (,6’2” + B8y 4+ Bzm)d(go,wo), if m > n,

lld(en, @m)l| < (87" + B2 + ..+ 82™)||d(e0, wo)|, if m > n,
and similarly, if m < n, then

d(gnvwm) ji;; (ﬂQﬂ’L-‘rl + 52771-"—2 + ...+ 52n+1)d(903w0)7

ld(n, )| < (B2 + 822 + .+ 52T ]|d (00, o).

By 8 € (0,1), ||d(on,@m)|| = 0, as n,m — oo, we conclude that (g, ;) is a Cauchy bisequence. Since
(®,V,d) is complete, (g,,w,) converges, and biconverges to a point § € ® N ¥. Hence, f(o,) = w, —
0 € dNT as n — oo implies d(f(0), f(on)) — d(f(6),0) as n — oo, by using Lemma 2.8. Also by taking
the limit from

pd(on, wn)d(f(0),0)

d(f(a)v f(gn)) jzs /\[d(Qnawn) + d(f(e)v 0)} + 1+ d(gn 9)

we obtain

plld(on, )1 (0).0)]
(). 0Dl < Aldton, ) +d(7(0), )] + FEE TR0 0oL,

as n — oo, we get d(f(0),0) = 0. Hence f(0) = 6. Therefore 0 is a fixed point of f.
If 9 is another fixed point of f, then f(J) =4, 9 € & N ¥, and hence,

4(6,9) = d(7(0). 1)) i, N0, 1(0)) + d((0), )] + “A0TEONETD0)
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Therefore ||d(€,9)|| = 0 so that § = ). So f has a UFP. O
The above Theorem 3.3 generalizes a Theorem 3.2 of [11].

Example 3.4. Let ® be the collection of all singleton subsets of R and ¥ be the collection of all compact
subsets of R. Let d(o, E) = |o — inf(E)| + iz|o — sup(E)|, where (9, E) € ® x U. Then (®,¥,d) is a
complete TVBMS. Define a contravariant map f: (9, ¥, d) = (®,¥,d) by f(E) = w, for all

E € ®UV. Then, f satisfies the inequality d(f(E), f(0)) Zis Ad(0 f(g))+d(f(E),E)]+“d(g’{g‘f’l)1)(2fé()E)’E)

for A= l and u=0. By Theorem 3.3, f has a UFP {1} € 2N V.

Theorem 3.5. Let (®,%,d) be a complete TVBMS with nonsingular 1+ d(g, f(e)) + d(f(w),w) and
[11 4+ d(o, f(0)) + d(f(w),w)|| # 0, whenever (9,w) € ® x V. If a contravariant map f : (2, V,d) =
(w

(,9,d) satisfies d(f(), (0)) Zi, Md(e. @) +d(o, (2)) +d(f(w). @)+ g ef N T frry - whenever

(0,w) € & x U, for some A\, € (0,1) with 3\ + 2u < 1. Then the function f: PUTY — ®U T has a
UFP.

Proof. Let go € ®, wyp = f(00) € ¥, and 01 = f(wp). Suppose, w,, = f(on) and o,+1 = f(wy), for all
n € N. Then (o, w,) is a bisequence on (®, ¥, d). For all n € N, from
= d(f(wn-1), f(on))
Sis  Ald(on, @n-1) + d(on, f(0n)) + d(f(@n-1), @n-1)]
Nd(9n7 (Qn)) ( (wn 1) wn71>
(0n)) +
)

d(Qna wn)

_|_

L+d(on, f(on d(f(wn-1),@n-1)
pd(on, @n)d(0n, @n-1)
1+ d(on,wn) + d(on, Wn-1)
Nd(Qnawn)d(Qmwn—l) H
1+ d(on,wn) + d(on, wn—1)
Alld(en, @n—1) + d(on, @n) + d(en, @n—1)]l| + 2ul|d(en, @n)|

A[ (anwn 1 + (Qnywn)"i'd(gn;wn 1)]+

[ld(en, @n)|

IN

H)‘[d(gnvwn—l) + d(@na wn) + d(@m wn—l)] +

IN

we conclude that
2\

|| < de(@mwn*l)H’

lld(on, @n)

and

d(on,;@n-1) = d(f(@n-1),f(on-1))
Zin AMd(en—1,@n-1) +d(on—1, f(on-1)) + d(f(@n-1), @n-1)]
pd(on—1, f(0n-1))d(f(wwn_1),@n1)
1+ d(@nfh f(gnfl)) + d(f(wnfl)ﬂwnfl)
= Ad(en-1,@n-1) + d(0n-1,@n-1) + d(0n, @n—1)]
pd(on—1,@n—1)d(0n, @n_1)
1+ d(on—1, fon-1)) +d(f(wn-1), @n-1)

||d(9na wn—l)” S ||/\[d(Qn—l7wn—1) + d(Qn—lvwn—l) + d(@nawn—l)]
Nd(gn—lywn—l)d(gnawn—l) H
1 + d(Qn—h f(Qn—l)) + d(f(wn—l)awn—l)

S )\H[d(gnfhwnfl) + d(anlawnfl) + d(@na wnfl)]H + 2M||d(gnu wnfl)”

+

_|_

+

so that
2\

< m”d(gmlawnfl)ﬂv

||d(9na wnfl)
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Therefore, by putting 8 = we have

2)
1-A—2p’
|ld(on, @n)[| < B2*{|d(00, 0|
and
lld(en, @n-1)|| < B2~ |d(e0, wo)] |-
For every m,n € N,

d(Q'ru wm) f—jig d(QTu wn) + d(gn+1u wn) + d(Qn+17 wm)

Sis (B4 BPNd(00, @0) + d(on+1, Tim)

iz e
Sis (B2 4 P L+ BN d (00, wo) + d(0m, wm)
jig (ﬁ?ﬂ + 62n+1 + ...+ ﬁ2m)d(1907w0)a ifm > n,

lld(en, @m)l] < (82" + B2 + ..+ 52™)||d (00, wo)|, if m > n,

and similarly, if m < n, then

d(gnaw’m) jig (627”4_1 + ﬂ2m+2 + ...+ B2n+1)d(907 w0>7

ld(n, )| < (B2 + 522 + .+ B2F1)]|d (00, o).

By 8 € (0,1), ||d(on,@m)|| = 0, as n,m — oo, we conclude that (g, w,) is a Cauchy bisequence. Since
(®,V,d) is complete, (g,, ) converges, and biconverges to a point § € ® N ¥. Hence, f(on) = w, —
0 € N as n — oo implies d(f(0), f(on)) — d(f(0),0) as n — oo, by using Lemma 2.8. Also by taking
the limit from

A (0), £(2)) iy Nl(00s8) + g, o)+ d(116),0) + L5220

we obtain
lld(on; wn)d(f(0),0)]]
(). (el < Nld(en. 0) +dlon, =) +d(F(O),O)]| + g 2o e

as n — oo, we get d(f(0),0) = 0. Hence f(0) = 6. Therefore 0 is a fixed point of f.
If ¥ is another fixed point of f, then f(¢) =¥, ¥ € & N ¥, and hence,
pd(0, £(0))d(f(9), V)

A(0.9) = d(1(0). F) Sy N(0.9) + (0, 16)) + d(F(0).9)] + L T

Therefore ||d(€,9)|| = 0 so that § =. So f has a UFP. O

The above Theorem 3.5 generalizes a Theorem 3.3 of [11].

4. CONCLUSIONS

All tricomplex valued bipolar metric space fixed point theorems are generalisations of tricomplex
valued metric space fixed point theorems, which are generalisations of bicomplex valued metric spaces
and complex valued metric spaces. Because complex valued metric spaces are generalisations of metric
spaces, studies of fixed point results in tricomplex valued bipolar metric spaces are important.
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